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PREFACE

Since the late 1920s, most of the many thousands of publications contributing
to quantum chemistry have dealt with issues and problems that essen-
tially concern, or are applicable to, the ground or the low-lying discrete
states of atoms and molecules and of electronic matter in general. In this
context, samples of topics that have been examined are many-faceted for-
malisms, analysis and computation of various features of the many-electron
problem, computational methodologies and techniques, results of compu-
tation of properties and of low-energy chemical reactions, computation of
spectroscopic data involving mainly discrete states, etc.

On the other hand, significant advances have also been made in the
broader domain of quantum chemistry, a prime example being areas of
research that involve the continuous spectrum and, as such, are more com-
plex, conceptually, formally, and computationally. When the continuous
spectrum of a quantum system acquires physical significance, a plethora of
special and challenging physical and mathematical features and questions
emerge that are absent in problems involving just the discrete spectrum.

In the variety of excitation or de-excitation processes that allow the
preparation and/or observation of the system via the participation of the
continuous spectrum, the dominant and most interesting characteristics are
generated by the transient formation of nonstationary or unstable states. For
example, the excitation may be caused by the absorption of one or of many
photons during the interaction of an initial atomic or molecular state with
pulses of long or of short duration. Or, the transient formation and influence
on the observable quantity may occur during the course of electron–atom
scattering or of chemical reactions.

In principle, the physics involving unstable states ought to engage descrip-
tions that are time dependent. Yet, in the formulation and practical solution
of related problems, both time-dependent and time-independent treatments
are pertinent and necessary. Furthermore, in certain theoretical approaches,
the phenomenologies as well as the computational methodology are based
on constructions that are non-Hermitian. We add that the Hamiltonians may
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viii Preface

or may not include the coupling of atomic or molecular states to external
electromagnetic fields.

The two volumes of Unstable States in the Continuous Spectra, which we
have edited (Part I is AQC volume 60 and Part II is the present volume,
63), contain a total of 15 review articles on topics covered by the general
theme. The invitation of the contributing experts had as one of its purposes
to create a book on the above theme where the spectrum of the information
contained in it is wide, authoritative, and relevant to quantum chemistry. The
invited authors were free to choose their topic(s) and style of presentation.
Before final acceptance, their manuscripts were subjected to “friendly yet
critical” review by referees suggested by the authors, aiming at improving
the contents as much as possible.

The first volume contained nine state-of-the-art chapters on fundamen-
tal aspects, on formalism, and on a variety of applications. The various
discussions employ both stationary and time-dependent frameworks, with
Hermitian and non-Hermitian Hamiltonian constructions. A variety of for-
mal and computational results address themes from quantum and statistical
mechanics to the detailed analysis of time evolution of material or photon
wave packets, from the difficult problem of combining advanced many-
electron methods with properties of field-free and field-induced resonances
to the dynamics of molecular processes and coherence effects in strong
electromagnetic fields and strong laser pulses, from portrayals of novel
phase space approaches of quantum reactive scattering to aspects of recent
developments related to quantum information processing.

The present volume of the Advances in Quantum Chemistry is the sequel
of the first volume, mentioned above, i.e., Unstable States in the Continuous
Spectra, Part II: Interpretation, Theory and Applications. It contains six chap-
ters with contents varying from a pedagogical introduction to the notion of
unstable states to the presence and role of resonances in chemical reactions,
from discussions on the foundations of the theory to its relevance and pre-
cise limitations in various fields, from electronic and positronic quasi-bound
states and their role in certain types of reactions to applications in the field
of electronic decay in multiply charged molecules and clusters, as well.

Given the plurality of the aforementioned discussions in both volumes, we
hope that both senior and young quantum chemists and physicists with an
interest in the specific theme of “unstable states in the continuous spectra”
and in quantum theory, in general, will find the present set of two volumes
resourceful, innovative, and helpful.

Cleanthes A. Nicolaides
Athens, Greece

Erkki J. Brändas
Uppsala, Sweden
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Luca Argenti, Dept. Quı́mica, Módulo 13, Universidad Autónoma de
Madrid, 28049 Madrid, Spain.
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CHAPTER 1
On Resonance: A First Glance into
the Behavior of Unstable States
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Abstract Dynamical processes in nature often involve unstable states. Analyzing sys-
tems with a finite lifetime can be challenging for a practitioner of quantum
mechanics. To study such processes in a quantum system, one must venture
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2 Shachar Klaiman and Ido Gilary

into the continuum where the use of a continuous superposition of states,
i.e., a wave packet, is required. Most of our quantum education focuses on
quantized bound states rather than on the behavior of wave packets. Here,
we aim to give a pedagogic introduction to the behavior and analysis of
unstable states. To achieve this, we introduce two complementary view-
points by which such states can be analyzed. We further discuss the physical
mechanisms through which quantum unstable states are formed.

1. INTRODUCTION

The word resonance is a very widespread term in the scientific world. Com-
mon uses range from being in a or on resonance to resonance poles and peaks.
As with many such ubiquitous terms, they evolve with time and tend to take
a life of their own acquiring new meaning and connotations as time goes by.
This can lead to some confusion and ambiguity when different definitions
are evoked. Here, we wish to explore the meaning of this term attributed to
unstable states in quantum mechanics.

Given a quantum mechanical system, i.e., a Hamiltonian, one can gen-
erally separate the spectrum into two types of solutions: bound states and
continuum states. Regularly, introductory courses and texts in quantum
mechanics focus on bound states. These are found by searching for solutions
of the time-independent Schrödinger equation (TISE) with the appropri-
ate boundary conditions (BCs), which for bound states are such that the
wavefunction vanishes at all the boundaries. The imposed BCs lead to the
quantization of the bound spectrum. This quantization facilitates the under-
standing of quantum phenomena related to bound states since one can often
relate the desired phenomenon with the occupation of only a few well-
defined states. Unfortunately, the continuum part of the spectrum is not as
gratifying. In the continuum, we are forced to use wave packets rather than
a single eigenstate to describe quantum particles. Single eigenstates in the
continuum are not amenable to the usual probabilistic interpretation, which
requires the normalization of the particle wavefunction. Wave packets are
built by integrating over a continuous range of energy eigenstates to cre-
ate localized wavefunctions. Therefore, when describing phenomena that
require the continuous part of the spectrum, it becomes increasingly difficult
to correlate an observed effect with a single eigenstate of the TISE.

The necessity of working with wave packets presents an intrinsic difficulty
in the treatment of the system. One can no longer be content with the solu-
tions of the time-independent Schrödinger equation, and a solution to the
time-dependent Schrödinger equation (TDSE) is required. Although analy-
sis based on the TDSE is certainly possible, one is often not well accustomed
to it. This is mainly because most of quantum mechanical textbooks build
our intuition and understanding with examples of solution of the TISE, and
the TDSE is mostly disregarded. We should mention here a recent textbook
by Tannor [1], which recognized this void and aims to fill it.
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Notwithstanding the above mentioned difficulties in treating processes in
the continuum, many physical situations allow for a simpler approach based
on resonance states. Resonance states are solutions of the TISE, which corre-
spond to unstable quantum states, i.e., states with a finite lifetime. Although,
by definition, these processes occur solely in the continuum, i.e., bound states
have an infinite lifetime, resonance states are quantized solutions of the TISE.
Therefore, describing a continuum wave packet using such resonance states
would circumvent one of the biggest difficulties in the continuum – the
inability to associate the physical phenomenon with a finite number of phys-
ical states. An extensive account of the theoretical framework of resonance
phenomena as well as the various methods used to treat it can be found in
Refs. [2, 3]. Quite generally, one can classify processes in the continuum into
two types: a full-collision process and a half-collision process, according to
the initial preparation of the system. In a full-collision process, particles are
scattered from a potential and are then measured in the asymptotic region,
i.e., the particles start and finish in the asymptotes. In a half collision, how-
ever, the system is prepared in an excited state and one measures the breakup
into products of this excited state, i.e., particles that are initially located in
the interaction region are measured at the asymptotic region. In this chapter,
we focus on half-collision processes demonstrating the connection between
a wave packet solution of the TDSE and a resonance solution of the TISE.
This connection between the solutions of the TDSE and the TISE puts one on
solid ground even when the continuum is involved.

Since we hope to give here an introductory account of resonances, we shall
focus on systems where the dynamics is controlled by a single metastable
state, i.e., an unstable state with an appreciable lifetime. This might seem at
first rather limiting, but in fact it accounts for many physical situations. The
conditions for single resonance dynamics will be expanded on further in the
following. In addition in order to maintain a simple picture we will illus-
trate everything for a single particle in one dimension although most of the
arguments that will be made in this chapter could be readily generalized to
many-body problems in higher dimensions. One of the most famous exam-
ples as well as one of the first applications of resonance theory in quantum
mechanics was given by Gamow in 1928 [4] in his study of α decay. Since
this phenomenon is extremely robust, many other examples can be found in
various fields of physics [5]. Just to name a few disciplines, these include,
for example: particle [6–8], atomic [9–13], molecular [14–16], and mesoscopic
[17–20] physics, as well as the interaction of such systems with electromag-
netic radiation [21, 22] or their implementation in electronic applications
[23–25].

The simplest way to construct a system that supports a metastable state
is to first consider a system with at least a single bound state. If we wish
to probe a particle in this bound state, we must couple it to the “outside”
world where our measurement devices are. There are, in general, many ways
by which such a coupling can occur. One common possibility is to scatter
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particles of the bound target and measure the resulting cross section, i.e., a
full-collision experiment. This is the situation, for example, in experiments
probing quantum dots via a conductance measurement [17, 26]. Yet another
possibility is to manipulate the bounding potential using external forces such
that the bound state is pushed into the continuum, i.e., a half-collision exper-
iment. A well-known example are Stark resonances, which are the result of
placing atoms inside a dc electric field [27].

For pedagogic as well as illustrative reasons, we begin our discussion by
presenting a solution of the TDSE for a model problem. On this model prob-
lem, we demonstrate in Section 2 that a wave packet solution of the TDSE
can be of a dual nature and possess both the characteristics of a bound
and a continuum state. Most importantly we show a stationary nature of
the time-dependent dynamics. This oxymoron is at the heart of resonance
theory. Following the time-dependent analysis, we proceed to discuss a sta-
tionary analysis using resonances. This is done in Section 3. Ensuing from
the complementary pictures of both the stationary and the time-dependent
strategies, Section 4 aims to clarify and unite the two approaches, settling
the seemingly disturbing dissonance. In Section 5, we present the possible
quantum mechanical sources for the formation of metastable states. We then
present our conclusions along with possible other features that could be the
subject of further study.

2. A QUANTUMMECHANICAL RESONANCE STATE FROM A
TIME-DEPENDENT PERSPECTIVE

At first glance, one can not hope to find general features that are common
to different solutions of the TDSE. There are simply to many variables, one
might rightfully assume that the solution depends greatly on the initial con-
dition and that every potential displays completely different features. Unlike
a solution of the TISE, where we can define a state by its energy and write
its time dependence explicitly, a general wave packet solution of the TDSE
cannot be so characterized in a similar manner. In this section, however,
we will show that under certain conditions even a wave packet, a dynamic
time-dependent entity by definition, has many of the common attributes of
a stationary state.

2.1. From bound state to metastable state

Consider, as an example, the following variation of the often-used one-
dimensional potential [28]:

V(x) =
(

1−
V0

cosh2
βx

)
e−αx2

. (1)
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Figure 1.1 The one-dimensional potential given in Eq. (1) is depicted for two different
choices of α: (a) α = 0 and (b) α = 0.05. The following parameters are the same for both
potentials: V0 = 1, β = 1. The potential in (a) supports a single bound state at the energy
E0 = 0.5[a.u.], and the corresponding probability density is drawn, where the energy of the
state serves as a baseline. The potential in (b) supports no bound states but only continuum
states. Still we draw the probability density of the continuum eigenfunction close in energy
to E0 = 0.5[a.u.].

We shall use the values V0 = 1 and β = 1 throughout. If we take α to be
zero, the potential in Figure 1.1a supports a single bound state at the energy
E0 = 0.5[a.u.]. Here and in the following, all quantities are given in atomic
units for which ~ = 1 and m = 1. Figure 1.1a also displays the correspond-
ing bound state wavefunction, ψ0(x). The bound state wavefunction, as
expected, decays exponentially in the classically forbidden region and is
highly localized within the potential well. Consider now a particle in the
bound state of the above potential with α = 0 at time t = 0. The solution of
the TDSE reads

ψ(x, t) = e−iE0tψ0(x), (2)

where E0 and ψ0(x) are defined above. Clearly, the probability density is time
independent, i.e., a stationary state. If we write a general time-dependent
solution as

ψ(x, t) = 3(x, t)eiS(x,t), (3)

where 3(x, t) and S(x, t) are real functions, which give the amplitude and
phase of the wavefunction, respectively, then a stationary state also has
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the unique property that S(x, t) = f (t), i.e., the phase of the time-dependent
wavefunction, is position independent. We should remark here that the
above “definition” of a stationary state assumes that the solution of the
TISE is real. For a Hamiltonian with time-reversal symmetry one can always
satisfy this condition. We shall see the importance of this property in the
following. The particle itself will always remain in the bound state, a
property which can be quantified as an infinite lifetime of the state.

We now perturb the bound system described above such that the potential
is changed and now α = 0.05. The new potential is depicted in Figure 1.1b.
Basically, we left the bottom of the potential well, where the bound state
was situated intact and etched away the potential everywhere else. The new
potential does not support any bound states, and the entire spectrum is con-
tinuous. A scattering continuum state at an energy close to that of the bound
state in Figure 1.1a is also shown in Figure 1.1b. Evidently, a large amplitude
of the probability density of the continuum state in Figure 1.1b is still local-
ized in between the barriers. Note, however, that outside the barriers, the
small amplitude of the wavefunction oscillates all the way to infinity; thus,
this state is not square integrable. This means that it cannot by itself describe
a single particle trapped between the barriers.

Following the perturbation, the particle previously inhabiting the bound
state wavefunction ψ0(x) is no longer in a stationary state. The previous
eigenstate is now a wave packet, i.e., a superposition of the eigenstates
of the perturbed Hamiltonian. Since the perturbed potential supports no
bound states (see. Figure 1.1b), this superposition will include only contin-
uum states φE(x), which can be energy normalized according to 〈φE |φE′

〉 =

δ(E− E′). Thus, the wave packet will have the form

ψ(x, 0) =

∞∫
0

C(E)φE(x)dE, (4)

where

C(E) =

∞∫
−∞

φ∗
E
(x)ψ(x, 0)dx. (5)

As discussed above, the continuum eigenfunctions φE(x) are not square
integrable. Nevertheless, since we begin with a square integrable function
ψ(x, 0), the integrals for the expansion coefficients C(E) will converge and
the wave packet will remain square integrable at all times. The time-reversal
symmetry of the Hamiltonian also implies the conservation of the total
momentum; hence, if we have an initially bound system where < p(0) >= 0,
this average value will remain constant even when the wave packet evolves
and leaks out of the interaction region.
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If we wish to follow the time-dependent, dynamical properties of the
wave packet, we must solve the TDSE with the ground state ψ0(x) of the
unperturbed system as an initial condition:

ψ(x, 0) = ψ0(x) =
1

√
2 cosh x

. (6)

2.2. Evolution of the resonance wavefunction

We begin our analysis by discussing the probability density of our wave
packet and its evolution in time. In the absence of a potential, a free wave
packet would simply diffract, spreading through all space up to a uniform
distribution at infinite times. A common textbook example [29] is to show
that at sufficiently long times, regardless of the initial wave packet, the prob-
ability density at each point falls as t−1. In the presence of the potential,
however, the behavior of the wave packet changes dramatically. Figure 1.2
displays the probability density ρ(x, t) = |ψ(x, t)|2 as a function of time inside
the interaction region, i.e., between the barriers. Clearly, the probability den-
sity decays inside the interaction region pointing out the finite lifetime of
the previously bound particle, i.e., the formation of a metastable state. Evi-
dently, the decay is much slower than the diffraction limit of t−1. We shall see
in the following that for times larger t0 ≈ 5[a.u.], the decay actually takes an
exponential form.

We turn now to study the properties of the metastable state in more detail.
We, therefore, concentrate on the long-time behavior, i.e., t > t0, and defer
the discussion of the short-time dynamics to a later section. Figure 1.3 shows
snapshots of the probability density of the evolving wave packet at different
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Figure 1.2 The probability density as a function of time in atomic units. The probability
at time zero is given by ρ(x, 0) = 1

2 cosh2 x
. The decay in the interaction region can be well

approximated as exponential.
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Figure 1.3 Snapshots of the probability density (solid line, left y-axis) at different times.
The phase S(x, t), see Eq. (3), of the wave packet is also displayed (dashed line, right y-axis).
Note that at times different than zero, the phase is x dependent, meaning that we are not in
a stationary state. Furthermore, note that in the interaction region, i.e., between the barriers,
the phase is approximately constant.

times. At time t = 0, the wave packet is completely localized between the
two barriers. As time progresses, one can see that the probability density
between the barriers falls, i.e., the particle is tunneling out of the potential
well and is moving to the asymptotes. Thus, the original bound state with
an infinite lifetime now decays and has a finite lifetime. This metastable state
has been produced by coupling the bound state with the continuum outside
of the potential well, or in other words, we have perturbed the potential such
that the particles in the bound state can escape – in this case via tunneling.
We should emphasize here that there is no violation of the conservation of
matter. The decay is only evident since we are restricting our view of the
world to the interaction region. If we were to integrate the probability density
of the wave packet over the whole space, no loss of matter would be evident.
Figure 1.3 also displays the phase S(x, t) (see Eq. [3]) of the wave packet at
different times. Initially (at t = 0), the phase was zero. As the wave packet
evolves in time, however, the phase starts to modulate and becomes spatially
dependent. This is to be expected from a nonstationary state. Still, as one can
see in Figure 1.3, the phase in the interaction region, i.e., between the barriers,
is almost constant, reminiscent of the constant phase one would get for a
bound state of the system. Outside the interaction region, the phase becomes
linear with the position.

To better understand both the position and the time dependence of S(x, t >
t0), we plot the phase as a function of these variables in Figure 1.4. Evi-
dently, the phase drops linearly with time. In accordance with Figure 1.3,
Figure 1.4 also shows the phase growing linearly with the position outside
the interaction region and remaining constant within it. The above evidence



To protect the rights of the author(s) and publisher we inform you that this PDF is an uncorrected proof for internal business
use only by the author(s), editor(s), reviewer(s), Elsevier and typesetter diacriTech. It is not allowed to publish this proof online
or in print. This proof copy is the copyright property of the publisher and is confidential until formal publication.

AQC 05-ch01-001-032-9780123970091 2012/1/30 12:03 Page 9 #9

On Resonance: A First Glance into the Behavior of Unstable States 9

0

−50

−100

−150

−50

250

150

50

0

50

x [
a.u.]

t [a.u.]

S
(x

, t
)

Figure 1.4 The phase S(x, t) of the wave packet as defined in Eq. (3). The initial state is the
bound state of the unperturbed potential given in Eq. (6).

suggests the following general form for S(x, t):

S(|x|, t > t0) =

{
−εt+ ϕ |x| < L

kr|x| − εt+ ϕ |x| > L , (7)

where we have defined the interaction region in the range x ∈ [−L, L]. In
our example, the rate of change of the local phase obtained from a linear
regression on the outer part is ∂S

∂x = kr = 0.965[a.u.] while the rate of change
of the phase in time is ∂S

∂t = −ε = −0.465[a.u.], and ϕ is an arbitrary phase
factor. The behavior outside the interaction region is reminiscent of a free-
propagating wave that behaves as eikrx. The particles leave the interaction
region with momentum kr moving toward the asymptotes. In other words,
outside the interaction region, all we have are free particles escaping. To sum-
marize, inside the interaction region, we have the phase behavior of a bound
state, whereas outside we have the behavior of a continuum state.

2.3. Dynamics inside the interaction region

Let us now turn to the kinetics of the particles escaping the interaction region
and analyze the decay rate of the wave packet. Figure 1.2 shows the proba-
bility density in the interaction region as a function of time. From the figure,
it seems that the probability density in the interaction region decays expo-
nentially. This can be verified by calculating the norm inside the interaction
region, which is given by

NL(t) =

L∫
−L

|ψ(x, t)|2dx, (8)
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Figure 1.5 The natural logarithm of the local norm, see Eq. (8), as a function of time. The
straight line at long times confirms our conjecture of exponential decay, see Figure 1.2. The
formula for the straight line found from a linear regression is also presented in the figure.

where as before we have defined an interaction region for x ∈ [−L, L]. Clearly
the value of L is not uniquely defined, but as a rule of thumb, one can
choose L such that it is larger than the last classical turning point at the
average energy of the wave packet. For the potential used in our example,
see Figure 1.1b, we choose L = 5. Figure 1.5 depicts ln (NL(t)) as a function
of time. The resulting equation of a linear regression is also presented. This
indicates that from a certain time t0, the decay of NL(t) is exponential and we
can write

NL(t > t0) = e−t/τNL(t0), (9)

where we define τ to be the lifetime of the metastable state. In our example,
τ = 108[a.u.] and it appears from the inset of Figure 1.5 that t0 ≈ 5.

In the spirit of the above discussion, let us consider a local expectation
value of the Hamiltonian where we confine the integration to the interaction
region. By doing so, we are considering only the part of the wave packet
that remains in the interaction region. In order for this expectation to have
meaningful physical context, we must normalize it by the total probability
to remain in this region given by NL(t). Thus, we are evaluating the average
energy of the particles that are yet to escape. Explicitly, the local expectation
value reads

〈Ĥ〉L =

∫ L

−L ψ
∗(x, t)Ĥψ(x, t)dx∫ L

−L |ψ(x, t)|2dx
. (10)
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Figure 1.6 portrays the real and imaginary parts of the local average energy
for the example given above. Note that the local expectation value is not
real since we are not integrating over the entire space, i.e., the Hamiltonian
operator in the restricted space is non-Hermitian. The first thing evident from
the behavior of the local expectation value is its saturation to a constant value
at large times. This is one more property the wave packet at large times has
in common with a stationary state, which would have a constant average
energy at all times. The actual physical meaning of the real and imaginary
parts of the local average energy still needs to be examined. Consider ψ(x, t),
a solution of the TDSE satisfying

Ĥψ(x, t) = i
∂

∂t
ψ(x, t). (11)

Multiplying Eq. (11) by ψ∗(x, t) from the left and then subtracting from the
result its complex conjugate, we are left with

ψ∗(x, t)Ĥψ(x, t)− ψ(x, t)Ĥψ∗(x, t) = i
∂

∂t
|ψ(x, t)|2. (12)

Integrating from −L to +L, we find that

∂

∂t
NL(t) = 2 Im

 L∫
−L

ψ∗(x, t)Ĥψ(x, t)

. (13)
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Figure 1.6 The real (top) and imaginary (bottom) parts of the local average energy defined
in Eq. (10) as a function of time. At large time, the values of both the real and imaginary parts
converge and become approximately constant.
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Comparing Eqs. (9) and (13), we can conclude that for sufficiently long times
such that Eq. (9) is satisfied, we get that

Im
[
〈Ĥ〉L

]
= −

1
2τ

. (14)

Similar manoeuvering, i.e., multiplying Eq. (11) by ψ∗(x, t) from the left and
then adding to the result its complex conjugate and integrating over the
interaction region, one finds

Re

 L∫
−L

ψ∗(x, t)Ĥψ(x, t)

 = −Im

 L∫
−L

ψ∗(x, t)
∂ψ(x, t)
∂t

 . (15)

Using Eq. (3) and the fact that for sufficiently long times the behavior of
the phase S(x, t) is portrayed in Eq. (7), we get that the real part of the local
expectation value of the Hamiltonian reads

Re
[
〈Ĥ〉L

]
= −

∂S(x, t)
∂t

= ε. (16)

Therefore, the local expectation value of the Hamiltonian reads

〈Ĥ〉L = Re
[
〈Ĥ〉L

]
+ i Im

[
〈Ĥ〉L

]
= ε −

i
2

1
τ

. (17)

Taking into consideration the observed analogy between the behavior of
a wave packet at large times and a stationary state in the interaction region,
we are prompt to make the following ansatz for the wavefunction ψR(x, t) in
the interaction region:

ψR(x, t) = ψ(|x| < L, t > t0) = e−i(ε− i
2 0)tψ(|x| < L, t0). (18)

We are essentially postulating, in light of the evidence given above, that from
a certain time t0 the wave packet inside the interaction region evolves like a
stationary state with a complex energy E = ε − i

20.
We should now examine how this ansatz agrees with the “experimental”

evidence given above. First, we look on the probability density as a function
of time, which reads

ρ(x, t) = |ψR(x, t)|2 = e−0tρ(x, t0), (19)

when

|x| < L; t > t0. (20)



To protect the rights of the author(s) and publisher we inform you that this PDF is an uncorrected proof for internal business
use only by the author(s), editor(s), reviewer(s), Elsevier and typesetter diacriTech. It is not allowed to publish this proof online
or in print. This proof copy is the copyright property of the publisher and is confidential until formal publication.

AQC 05-ch01-001-032-9780123970091 2012/1/30 12:03 Page 13 #13

On Resonance: A First Glance into the Behavior of Unstable States 13

This is indeed the behavior observed in Figure 1.2 in which the probability
density decays exponentially with time. In view of Eqs. (9) and (17), one can
identify the relation between the imaginary part of the complex energy in
Eq. (18) and the lifetime of the state, i.e., τ = 1

0
. We remind the reader that

we are working in atomic units where ~ = 1; thus, the energy is inversely
proportional to time. Next, we turn to examine the local energy expectation
value given the ansatz in Eq. (18). The wavefunction in Eq. (18) is postulated
to be a solution of the TDSE in the interaction region and for times larger
than t > t0. We can, therefore, write

ĤψR(x, t) = iψ̇R(x, t) =
(
ε −

i
2
0

)
ψR(x, t). (21)

Integrating Eq. (21) in the interaction region and dividing by NL(t) immedi-
ately yields that the local energy expectation value reads

〈Ĥ〉L = ε −
i
2
0. (22)

This is precisely what we found earlier using the TDSE and the asymptotic
behavior of the norm and phase in Eq. (17). If we return now to examine
the asymptotic limit of 〈Ĥ〉L, see Figure 1.6, we can indeed verify that the
asymptotic value of the imaginary part of the local average coincides with
half of the value of 0 that was extracted from Figure 1.5. As with an ordinary
stationary state, the real part of the local expectation value tells as something
about the position in energy of the state. Note that the value of ε is close to
the original value of the bound state energy (see Figure 1.1), suggesting that
the coupling to the continuum outside the well is rather weak.

2.4. Dynamics outside the interaction region

So far we have concentrated on the dynamics inside the interaction region
and have shown that in this region the wave packet at long times behaves
much like a stationary state with a complex energy. We now turn to discuss
what happens outside the interaction region. Looking on the amplitude of
the evolving wave packet just outside the interaction region, we observe a
“wave front.” This wave front has an exponential form as can be observed in
Figure 1.7, where we show the density |ψ(x, t)|2 of the wave packet at some
time t = 200[a.u.] on a logarithmic scale. That is outside the barriers we can
more or less write 3(x, t) of Eq. (3) as

3(|x| > L, t) ' η(t)eki|x|. (23)

The rate of exponential increase in this example, which was obtained from a
linear regression on the outer region, is ∂ln3

∂x = ki = 0.0048[a.u.].
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Figure 1.7 The probability density of the wave packet at time t = 200 on a logarithmic
scale. Note that outside the interaction region, we have an exponentially diverging function.

It is important to stress that the behavior of the wave packet outside
the interaction region portrayed in Figures 1.4, 1.7 and correspondingly
Eqs. (7, 23) does not extend over the whole space and the wavefunction
eventually decays (in space). This is to be expected because we are dealing
with a well-behaved square integrable function. This important point will be
addressed in Section 4.

Let us recapitulate our findings from the above example. By exposing a
bound state to a continuum, a metastable state is formed. Inside the inter-
action region at sufficiently long times, we can approximate the dynamics
very well by using the resonance wavefunction ψR(x, t), see Eq. (18). This
resonance state resembles a stationary state albeit with a complex energy. The
properties of the resonance state can be extracted via local expectation values
where the integration is performed over the interaction region only. Hope-
fully, we are now comfortable to state that a quantum mechanical resonance
state is an exponentially decaying metastable state of the system localized in the
interaction region with a finite lifetime τ and positioned at an energy ε.

3. A STATIONARY ANALYSIS OF RESONANCE STATES

In the previous section, we have shown that resonance states can be
described using the solution of the TDSE by analyzing the evolution of a
wave packet. This kind of analysis is, however, usually difficult and time
consuming as the wave packet needs to be propagated to large times, which
is often challenging numerically. We have also observed that the long-time
behavior of the wave packet in the interaction region resembles that of a
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stationary state with a complex energy. It would thus be extremely beneficial if
one could calculate this stationary state without the need to solve the TDSE,
i.e., propagate a wave packet in time. This is the goal of the forthcoming
section.

3.1. Expansion of localized functions in terms of scattering states

Consider the stationary solutions of the TISE for the perturbed potential, see
Figure 1.1b. Explicitly the solution of the following eigenvalue equation:[

−
1
2
∂2

∂x2
+ V(x)

]
φ(x) = Eφ(x). (24)

The bound state of the unperturbed system (α = 0), see Figure 1.1a, becomes
a superposition of the eigenstates of the perturbed system (α = 0.05) when
we etch the potential at the asymptotes. We may attempt an analysis of the
evolving wave packet based on the the eigenstates of the new problem. Since
the potential is now unbound, it supports only a continuum of scattering
states φE . Figure 1.8 portrays several continuum eigenstates of the Hamilto-
nian. As can be seen, the vast majority of the continuum eigenstates have
a very small amplitude inside the potential well. We can label these as φout

E
.

In a sharp contrast, some of the continuum eigenstates are highly localized
inside the potential, as can be seen in the solid line in Figure 1.8, and in fact
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Figure 1.8 The probability density of several continuum eigenstates of the Hamiltonian in
Eq. (24) plotted on the baseline of their corresponding energy. The potential is also plotted
for convenience. Note that most continuum states (dashed lines) are delocalized and have a
very small amplitude inside the potential well between the two barriers, whereas there are
continuum functions that are localized inside the well. The localized eigenstate (solid line) is
the same as shown in Figure 1.1.
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appear to behave much like bound states. Thus, we attach the label φin
E

to
these states. A closer inspection reveals that even though the φin

E
states seem

at first identical to the wavefunctions of bound states, they differ greatly
in their behavior outside the potential well. The continuum states oscillate
outside the potential barriers and thus cannot describe a localized particle.
Obviously, the distinction between “localized” states – φin

E
and “delocalized”

states φout
E

is rather arbitrary, and the behavior of the continuum states will
change continuously from one type of states to the other, but around the
energy of a localized continuum state, one will find a highly dense energy
range with similar localized continuum states.

Looking now at the expansion in Eq. (4), the wave packet ψ(x, t) will con-
tain contributions from these two “groups” of continuum eigenstates, which
will depend on the expansion coefficients C(E) given in Eq. (5) and can now
be separated to

Cin(E) =

∞∫
−∞

[φin
E
(x)]∗ψ(x, 0)dx,

Cout(E) =

∞∫
−∞

[φout
E
(x)]∗ψ(x, 0)dx. (25)

With this somewhat artificial separation, we can recast Eq. (4) as

ψ(x, 0) =

∞∫
0

Cin(E)φin
E
(x)W(E)dE

+

∞∫
0

Cout(E)φout
E
(x)[1−W(E)]dE, (26)

where W(E) is a window function that is equal to 1 in the energy range
of φin

E
(x) and 0 elsewhere. Bearing in mind that our initial wave packet is

a localized function in the potential well, it is straightforward to conclude
that φin

E
will be highly occupied as opposed to φout

E
. Accordingly, we can

expect that Cin(E)will peak at the energy where φin
E

has the largest amplitude
inside the well and will drop sharply with the variation of E while the char-
acter of the continuum wavefunction changes from φin

E
to φout

E
. The energy

range over which this occurs can be very narrow and is comparable with
0. Nevertheless, we must still use a continuous superposition of eigenstates,
albeit over a short range of energy, in order to correctly describe the evolution
of the wave packet.

Even though we have a continuous superposition of states in Section 2, we
observed in the interaction region the behavior of a stationary state, which
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can be characterized in a very similar manner to a bound state. Consequently,
we want now to employ a mechanism by which all of the information gath-
ered from the time propagation of the wave packet would be extracted from
a time-independent formulation. For simplicity, we restrict the discussion
to one dimension although it can readily be applied to multidimensional
systems as well.

Given a one-dimensional potential, in all but the rarest situations, one
can quite easily define an interaction region. Let us define the interaction
region as the region in space where x ∈ [−L, L]. Considering the example
described in the previous section, we wish to treat the case where a particle
is placed initially at the interaction region but due to the occupation of con-
tinuum states begins to leak from the interaction region and moves toward
the asymptotes. If the particle does not occupy any bound states, then at infi-
nite time there will be a zero probability of finding it inside the interaction
region. Therefore, if we situate ourselves in the interaction region, it appears
that particles are vanishing. This fictitious loss of particles is the physical
origin of the non-Hermiticity to be introduced shortly.

3.2. Stationary solutions with outgoing waves

Consider the one dimensional TISE in Eq. (24), where we allow x to vary
between −L and L, i.e., in the interaction region only. In order to solve this
equation, we must supplement it with some boundary conditions. Although
motivated from different quantum phenomena, Siegert [30] was the first
to introduce the idea of solving the TISE with outgoing BCs, also known
as Siegert boundary conditions or radiation boundary conditions. In one
dimension, these outgoing BCs read[

∂

∂x
− ik

]
φ(x) = 0 at x = L, (27)[

∂

∂x
+ ik

]
φ(x) = 0 at x = −L, (28)

where k =
√

2E. These BCs imply that we are seeking solutions that have
only outgoing flux at the boundaries, i.e., φ(|x| ≥ L) = eik|x|. This is precisely
the behavior of the states we wish to describe where a particle reaching the
boundary of the interaction region moves past it and never returns. This was
the situation illustrated in Section 2, where as depicted in Figure 1.3 only
outgoing flux was observed. The BCs in Eqs. (27) and (28) render the Hamil-
tonian in Eq. (24) non-Hermitian unless k is purely imaginary. We also note
that in principle the boundary conditions in Eqs. (27) and (28) accommodate
for purely incoming solutions if the real part of the wave vector k is
allowed to be negative. The solution of the TISE with the Siegert bound-
ary conditions yields an infinite, discrete set of eigenstates and eigenvalues.
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In general, the eigenvalues and eigenstates are complex. It is common to
divide the spectrum of the Hamiltonian with Siegert boundary conditions
into four parts:

1. If k is purely imaginary and positive, then these states correspond to
bound states with asymptotic behavior φ(|x| ≥ L) ∝ e−|k||x|. The bound
state solutions are the only solutions with positive imaginary values of
the wave vector [31].

2. The second type of solutions are those for which k is purely imaginary and
negative. These states are called antibound states and have the asymptotic
behavior of φ(|x| ≥ L) ∝ e+|k||x|.

3. The next type of states and those that will interest us the most are the
resonance states for which k = kr − iki, where kr and ki are real positive
numbers. These are outgoing states because the real part of k is positive.
As will be shown below, these states diverge asymptotically.

4. Due to time-reversal symmetry, every resonance solution has an antires-
onance solution, also known as antiresonance states, that occurs at
k = −kr − iki. These antiresonance states are incoming states that also
diverge at the asymptotes.

In addition to looking at the position of the eigenvalues in the k-plane, we
can also analyze their appearance on the complex energy plane due to the
direct connection between the energy of the particle and its momentum at the
asymptotes: E = k2

2 . Figure 1.9 shows the distribution of the Siegert solutions
on both the Energy and the wave vector (k) planes.

3.3. Properties of the stationary resonance state

The Siegert states that have to do with metastable decaying states are the
resonance solutions for which kres = kr − iki. These are the only states with a
negative imaginary part of the energy, the signature of a decaying state. We
can define the resonance complex energy as Eres =

k2
res
2 = ε −

i
20, where ε is

called the resonance position and 0 is called the width of the resonance and
is related to the lifetime of the metastable state by τ = 1

0
. Accordingly, the

time dependence of such stationary solution reads

ψres(x, t) = e−iErestφres(x) = e−0t/2e−iεtφres(x), (29)

which decays exponentially with time. The problem with such a solution is
the asymptotic behavior in the spatial domain, which is

φres(x→±∞) = A±e±ikresx
= A±e±ikrxeki|x|. (30)

From this equation, we see that the particles in such a stationary state will
be escaping the interaction region with momentum kr as can be verified by
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Figure 1.9 Distribution of the Siegert solutions in the complex energy plane (left) and the
complex wavevector (k) plane (right). The resonance solutions (I) resulting from outgo-
ing wave boundary conditions are situated in the fourth quadrant of both the energy and
wave vector planes. For every resonance, there corresponds an antiresonance (J) with a
complex conjugate energy that results from incoming wave boundary conditions. On the
real axis of the energy plane and on the imaginary axis of the wave vector plane, one finds
the bound states (•) with asymptotically vanishing solutions and antibound states (3) with
asymptotically diverging solutions.

evaluating the flux J(x, t) of the wavefunction at the asymptotes:

J(|x| → ∞, t) = Im
[
ψ∗res

∂

∂x
ψres

]
= krρ(x, t). (31)

Equations (29) and (30) show us that whenever we have a solution with tem-
poral decay, it will be accompanied by spatial divergence. This means we
cannot use these solutions for any quantum mechanical evaluation since they
cannot be normalized. This, however, does not mean these solutions should
be rendered useless for the interpretation of the physical situation. First,
knowing the complex resonance energy tells us the rate of decay. Second,
in many scattering experiments, sharp features in the cross section appear
because of the existence of resonances. In fact, the resonance solutions can
be correlated with the poles of the scattering matrix. The nomenclature width
attached to the imaginary part of the complex energy relates between the
width of a peak in the cross section and the corresponding resonance energy
[32, 33].

The Siegert resonance state provides a method of calculating the lifetime
and position of the decaying state without the need to solve the TDSE. Aside
from the practical advantage, they also greatly facilitate the understanding
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of such metastable states since we can now describe them using a single state
and not by using a wave packet, see Section 2. The information that can be
extracted from the resonance state is not limited to its complex energy, i.e.,
to its position and lifetime. If one extends the basic framework of quantum
mechanics to include non-Hermitian operators, many physical observable
can be calculated using only a single resonance state, which would otherwise
require the solution of the TDSE with a wave packet. For more details and
examples, see the review article [34].

Except for very few cases, e.g., [35], one cannot solve the TISE explicitly;
therefore, one cannot find the Siegert states directly. Still one would like
to be able to calculate the resonances of the system. Most of the methods
developed over the years, which allow the solution of the TISE for differ-
ent potentials, are based on the variational principle. These in turn are based
on square integrable functions. In the 1970s, Balslev and Combes [36] and
Simon [37] presented a complex scaled Hamiltonian with the same bound
spectrum as the original Hamiltonian along with complex energies, which
corresponded to the resonance solutions. This complex scaling was done by
continuing the coordinates of the Hamiltonian into the complex plane, i.e.,
x→ xeiθ . The main advantage of this continuation is that the resonance wave-
functions become square integrable and can be calculated using the ordinary
methods by which the Schrödinger equation is solved. For an introductory
presentation on complex scaled Hamiltonian, see [38]. Several variations as
well as alternatives of the original complex scaling method have been sug-
gested over the years. We refer the interested reader to the reviews in Ref.
[34, 39, 40] and references therein. Over the past decade methods that do not
rely on transforming the Siegert solutions into square integrable states have
emerged, e.g., [41].

We can use any of the above mentioned techniques to find the resonance
solutions of the TISE for the model potential presented in the previous
section. Doing so, we find that there is a resonance solution at the complex
energy (in atomic units):

Eres = 0.465−
i
2
· 0.00926. (32)

This is the resonance solution with the smallest position, i.e., smallest real
part of the complex energy. Comparing this result with the measurements
from the time-dependent simulation in Section 2, the agreement is truly
remarkable. The corresponding momentum kres,

kres =

√
2Eres = 0.964− i · 0.00480, (33)

is also in absolute agreement with the analysis of the wave packet outside the
interaction region in Section 2. This is the great advantage of the stationary
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method. While the time-dependent perspective discussed in the previous
section required the propagation of the wave packet to long times in order
to recover the resonance parameters, the time-independent method requires
finding just a single eigenstate and eigenvalue of the system at hand.

4. UNIFIED PICTURE OF RESONANCE STATES

In the previous sections, we have seen that a resonance can be described
through both a time-dependent approach and a time-independent approach.
The goal of this section is to create a unified picture that joins both method-
ologies and explain how general wave packets evolve into pseudostationary
decaying states.

Let us recap the properties of a wave packet populating a resonant state
we observed in Section 2:

1. After some initial rearrangement time, a bound-like wavefunction is
obtained in the interaction region.

2. Outside the interaction region, one observes escaping particles with
constant velocity.

3. The probability to remain inside the interaction region decays exponen-
tially with time.

4. The local expectation of the energy inside the interaction region is com-
plex. This complex value saturates to a constant value as time evolves.
The real part of the local average energy dictates the phase modulation in
time, whereas the imaginary part of the local average energy is one-half
the rate of decay from the interaction region.

5. Outside the interaction region, the probability density seems to increase
exponentially in space.

If the stationary analysis of Section 3 is to replace the time-dependent one,
the above properties must be in some way related to the stationary reso-
nance solutions. Recalling that in the stationary analysis we enforced certain
boundary condition that led to the following unique properties of resonance
eigenstates:

1. The asymptotic behavior of a resonance state is of outgoing waves, i.e.,
φres(|x| > L) ∝ e±ikrxeki|x|.

2. The energy of a resonance state is complex. This is the result of the BCs
that render the Hamiltonian non-Hermitian.

3. The time-dependent resonance wavefunction ψres(x, t) decays in time
because of the negative imaginary part of the complex energy.

4. The momentum (wave vector) is also complex. The real part of the com-
plex momentum kr defines the velocity of the escaping particles while
the imaginary part of the complex wavevector causes the wavefunction
to exponentially diverge in space.
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The joint properties of the two approaches above stem from the fact that
the time-dependent resonance ansatz of Section 2, see Eq. (18), is completely
reproduced by the stationary resonance solution of the TISE of Section 3, see
Eq. (29). This is the great advantage of the Siegert BCs – to produce solutions
to the Schrödinger equation that satisfy the aforementioned ansatz.

4.1. Expansion of the stationary resonance state in time

What is most upsetting about resonance solutions of the TISE is that they are
exponentially diverging in space and thus cannot describe our metastable
wave packet, which is square integrable by its own. As we saw in the previ-
ous section, this is a direct consequence of the temporal decaying property
of the resonance state. We have also observed some local exponential diver-
gence in the time-dependent solution in Figure 1.7, but how does it all come
together? If we assume that the wave packet behaves like the stationary state
in some restricted part of space and write3(x, t) of Eq. (3) in the outer region,
we get

3(|x| > L) = |A±|e−0t/2e±kix. (34)

This is the manner at which the wave packet in Section 2 evolves just out-
side the interaction region as portrayed in Figure 1.7 and Eq. (23), where
η(t) = e−0t/2

|A±|. There we got that the exponential increase of the ampli-
tude goes exactly as the imaginary part of the complex momentum of the
stationary state ki = Im[kres] = 0.0048[a.u.]. This shows that even outside
the barriers, there is a region where the evolution is similar to that of the
stationary resonance state.

An important question emerges from this analysis regarding the choice of
the boundary of the interaction region, which from the above argument can
now extend well into the asymptotic region. In order to address this issue,
we can study the behavior of our wave packet over a wider extent in the
spatial domain. This is portrayed in Figure 1.10, where we show the evo-
lution of the probability density on a logarithmic scale. What is seen in the
evolution can be characterized as a “resonance front” that expands in time.
Evidently, as time goes by, the resonance nature of the wave packet occupies
a larger part of space. In other words, the boundary of the resonance state is
expanding in time. This idea was eloquently presented in Ref. [42], where it
was used to demonstrate that when one considers a moving boundary, there
is a conservation of the particles in the stationary resonance state. A crude
approximation that yields a similar result was previously given in Ref. [33].

At this point, we have a comprehensive picture of quantum resonance
states. The discussion above shows that the non-Hermitian stationary res-
onance solutions of Section 3 are real flesh and blood beings even in the
Hermitian world dictated by the TDSE. As a wave packet evolves with time,
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Figure 1.10 The probability density of the wave packet at different times on a logarithmic
scale. Note that the region of exponential increase in the spatial domain is expanding with
time.

the larger the region in space exhibiting the properties of the resonance is. In
order for the wave packet to “fully occupy” the resonance, it had to have
started decaying infinitely long time ago, which would be the source for
the particles accumulated at the asymptotes. Since this is not possible when
we are starting with an initially localized wavefunction, this means that we
can never solely populate exactly a single resonance state. This is the rea-
son we still have oscillations superimposed over the asymptotic exponential
behavior of the wavefunction.

4.2. The “death” of a resonance state

This brings us to one final important point. The fact that we cannot pop-
ulate just a resonance state implies that just like other mortal beings, the
resonance is born at some instance in the dynamics and dies at some later
time in the evolution of the wave packet. There will always be contributions
to the wave packet from either faster or slower continuum states. The fast-
moving states dominate the dynamics before we observe the properties of
the resonance state in the interaction region. This can be seen in the inset
of Figure 1.5, where we see the probability density of the wave packet in
the interaction region before we arrive at the exponential decay on the long
timescale of Figure 1.5. When we propagate the wave packet to very long
times with respect to the lifetime of the resonance, we eventually will reach a
point where the decay of the probability density inside the interaction region
will change to a power law of t−3, which is much slower than the exponen-
tial decay [43–45]. This behavior is evident in Figure 1.11, where we see a
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Figure 1.11 The probability density of the wave packet inside the interaction region (NL(t))
at extremely long times on a logarithmic scale. Note that the decay from the interaction
region changes its behavior from exponential to a power law of t−3.

transition from the exponential decay law after t = 4000[a.u.], which means
that a period of more than 38 times of the resonance lifetime has passed by.
We can study the physical properties of the system using the stationary res-
onance solution in the intermediate times, which are usually more relevant
since the probability to remain in the interaction region is still significant.

5. THE ORIGIN OF RESONANCES

In the previous sections, we introduced resonance states and discussed situ-
ations in which resonances can be observed. In this section, we address the
question of the origin for the appearance of resonances, or in other words, the
basic question is what can bring about the formation of metastable states. In
a very general manner, it is common to classify resonances into two main
groups: shape-type resonances and Feshbach-type resonances. Although the
classification is not unique and may depend on the chosen representation of
the Hamiltonian [46, 47], it can be extremely helpful in understanding the
physical mechanism that leads to the formation of the metastable state.

5.1. Shape-type resonances

As the name suggests, shape-type resonances result from the shape of the
potential at hand. But, what attributes must a potential have in order to trap
the particle for a finite time and thus form a metastable state? The wave
nature of particles in quantum mechanics provides two typical ways for a
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potential to form a metastable state. If the potential has a local minimum
above the threshold, e.g., see Figure 1.1b, one can consider a reference Hamil-
tonian where we modify the potential such that the previous local minimum
becomes a global one, e.g., see Figure 1.1a. Thus, we have moved the local
potential well below the threshold. If the reference Hamiltonian supports any
bound states, then it is likely to observe metastable states around the bound
states’ energies in the original potential. The decay of the metastable state in
this case can be associated with the tunneling through the potential barriers
that form the local minimum.

In order to elucidate this concept, let us consider perhaps the simplest
molecular system, the hydrogen molecular ion H2

+. Within the Born–
Oppenheimer approximation, the potential in the ground electronic state
of this molecular ion is very well represented by the following Morse
potential [48]:

Vg(R) = D0(e−2α(R−R0) − 2e−α(R−R0)), (35)

where D0 = 0.1025 [a.u.], α = 0.72 [a.u.], and R0 = 2 [a.u.]. When the system
has no rotational energy (i.e., j = 0), the system supports several vibrational
bound states. When the system is rotationally excited, the above potential
energy curve is perturbed by the centrifugal term:

Vrot(R) =
j(j+ 1)
2µR2

. (36)

As the rotational number j is increased, the bottom of the potential well in
Eq. (35), which is holding the nuclei together, is pushed up and a centrifugal
barrier is formed between the potential well and the asymptote. Eventu-
ally the molecular ground state is pushed above the threshold and into the
continuum. This is evident in Figure 1.12, where we display the effective
potential for the vibration in several rotational levels. We can see that for
j = 40 the molecular ion is no longer bound and will eventually dissociate
by tunneling through the centrifugal barrier.

Such high rotationally excited states in diatomic systems play a signif-
icant role in understanding molecular processes occurring in interstellar
space [49]. For the specific system of H2

+, these rotationally hot states can
be produced for instance by the dissociation of CH4

2+ dications [50].
The situation depicted above is an example for the most common and

vivid manner for the appearance of a resonance due to the shape of the
potential. However, such metastable states can form even when the energy
of the resonance state does not reside within some effective local well in the
potential under study. A second way by which shape-type metastable states
can form has much in common with optical resonators. In order to form a
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Figure 1.12 The potential energy curves for the vibrational motion of H2
+ in the ground

electronic state in various rotational states. The various plots are a sum of the potential
energy in the ground electronic state given in Eq. (35) and the rotational energy given in
Eq. (36). The plotted curves correspond to rotational numbers j = 0 (solid dark line), j = 15
(dashed dark line), j = 30 (solid light line), and j = 40 (dashed light line). The inset shows the
region in the potential formed for j = 40 where the well holding the rovibrational ground
state of the molecular ion is pushed above the dissociation threshold. This will eventually
lead to the dissociation of the molecule.

resonator, we need the wave to scatter back and forth between two scatter-
ers. A scatterer for this purpose can be any sharp variation of the potential.
If the potential provides such a situation, then at a certain energy a res-
onance state may form. Furthermore, metastable states, albeit short-lived
resonances, exist even above the potential maxima, so there is not neces-
sarily a straightforward connection with some bound state of a reference
Hamiltonian.

5.2. Feshbach-type resonances

Feshbach-type resonances [51], also known as Fano resonances [52] and
Floquet resonances [22] depending on the system studied, are formed in
a different manner. We encounter this type of metastable states whenever
a bound system is coupled to an external continuum. In the same spirit as
before, one can define a reference Hamiltonian in which the closed channel
containing the bound states is uncoupled from the open channel through
which the asymptote can be reached. When the coupling is introduced,
the previously bound state decays into the continuum of the open chan-
nel. The distinction from shape-type resonances, described above, is that the
resonance state decays into a different channel of the reference Hamiltonian.
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Figure 1.13 The ground (lower solid line) and excited (dashed line) potential energy curves
of the molecular ion H2

+. The upper potential curve represents the ground electronic poten-
tial curve shifted by the energy ~ω of one photon of the electromagnetic radiation. The
ground vibrational wavefunction in the ground electronic state is coupled to the continuum
of scattering states of the excited electronic potential depicted here by dense set of energy
levels.

To illustrate this phenomenon, we return to the molecular hydrogen ion
H2
+. The ground vibrational state of the system is bound in the poten-

tial depicted in Figure 1.13. Suppose now that we expose the system to a
monochromatic electromagnetic radiation with a frequency ω. The radia-
tion field now couples between the ground electronic state and the excited
electronic state of the system. The excited electronic state of the hydrogen
molecular ion is a dissociative potential curve, which is well approximated
by [48]:

Ve(R) = D0(e−2α(R−R0) + 2.22e−α(R−R0)), (37)

where α, D0, and R0 are identical to those of Eq. (35). For simplicity, we will
assume that the whole effect of the radiation field is twofold: (i) To add
the photon’s energy of ~ω to the electron in the ground state. (ii) To cou-
ple between the ground and electronic states via the dipole d(R). The above
physical situation is visualized in Figure 1.13, where we draw the poten-
tial energy curves of the ground electronic state Vg(R), the shifted ground
electronic state Vg(R)+ ~ω, and the excited electronic state Ve(R).
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To capture the essence of the Feshbach resonance phenomenon, we will
need to understand what happens to the ground vibrational state φ0(R) of
the ground electronic state, also depicted in Figure 1.13, because of the inter-
action with the continuum of states ϕE(R) of the excited electronic state. The
physical process described above can be formulated as a two coupled chan-
nels problem where the solution ψg(R) in the closed channel (the ground
state) depends on the solution ψe(R) in the open channel (the excited state)
and vice-versa. The coupled Schrödinger equations read(

T̂R + Vg(R)+ ~ω d(R)
d∗(R) T̂R + Ve(R)

)(
ψg(R)
ψe(R)

)
= E

(
ψg(R)
ψe(R)

)
. (38)

It is obvious that the total solution of this problem,

ψ(R) =
(
ψg(R)
ψe(R)

)
, (39)

will be a mixture of the system in the ground state ψg(R) and the system
in the excited state ψe(R). Thus, the previously bound vibrational state φ0 on
the ground electronic potential will now decay because of the coupling to the
continuum of scattering states on the excited electronic potential induced by
the radiation. The interaction with the continuum comes through the tran-
sition dipole elements d = 〈φ0|d(R)|ϕE〉 and will couple φ0 to the states ϕE in
the continuum in the vicinity of Eb = E0 + ~ω. The strength of the coupling
with the continuum is controlled by intensity of the radiation and will deter-
mine how long it takes the molecular ion to dissociate. So, the situation we
describe here is of a state that is initially bound in a closed channel but will
decay after a characteristic time to the open channel. In other words, we have
a Feshbach-type resonance state.

6. CONCLUSIONS

The analysis of a wave packet constructed from continuum states can be a
formidable task. The ability to fully grasp an observed phenomenon lies to
a great extent in our ability to associate it with a well-defined origin. When-
ever a bound state is exposed to a continuum, e.g., when one wishes to probe
it, a metastable state is very likely to be formed. Any exceptions are mostly
constructed examples rather than physical realities. If the system supports
a metastable state, any wave packet that at time zero is located inside the
interaction region would adhere to the following general behavior. At short
times, any components whose lifetime is shorter than that of the longest lived
metastable state leave the interaction region to the asymptote. The extent of
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this short timescale depends on the initial wave packet. Following this depar-
ture of fast components from the interaction region, the regime of resonance
dynamics commences. This regime was the focus of this manuscript. During
this time, the dynamics in the interaction region can be well described by a
pseudostationary resonance state, a solution of the TISE with outgoing BCs,
which has a complex energy. In many cases, this is the most important phys-
ical regime because it does not depend on the initial wave packet and can
be used to extract physical information about the system. The final stage of
the dynamics occurs when the density inside the interaction region is almost
depleted and the slowest components of the wave packet start to be notice-
able. This is manifested in the transition of the decay from exponential to a
power law behavior as discussed in the text.

The chapter is intended to be only a first glance on resonances, hopefully
providing compelling evidence for the physical importance of the station-
ary solutions of the non-Hermitian TISE with Siegert BCs. If the physical
system supports a long-lived metastable state, most of the physics in the
interaction region of interest can be extracted from the stationary solution
and there would be no need to solve the TDSE at all. This is a truly remark-
able advantage of non-Hermitian quantum mechanics. Although we have
demonstrated this only on a single state, one could imagine situations where
two metastable states are occupied, thus introducing interesting dynamical
effects into the interaction region. One would then be inclined to calculate
other local expectation values such as the position and momentum of the
wave packet. This can be done very successfully using the stationary res-
onance states [53] but is beyond the current scope. Yet another aspect that
we can be discussed is the connection of resonance states and resonance
peaks appearing in the cross section of full-collision processes. We refer the
interested reader elsewhere [31, 33, 54].
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Abstract Owing to the remarkable agreement between precise quantum chemi-
cal predictions and the most accurate experiments including sophisticated
advanced instrumentation, it is usually concluded that the many-body
Schrödinger equation in particular and also quantum mechanics in gen-
eral describe reality to an unsurpassed exactitude. However, the correlation
between the micro- and the macroscopic (classical) levels leads to well-
known paradoxes in our fundamental scientific understanding. Hence, our
aim is to examine the characteristics and the rationale for developing an ana-
lytic foundation for rigorous extensions of quantum mechanics beyond its
long-established domain in physics, chemistry, and biology. In this discourse,
we will see the fundamental importance of the notion of so-called unsta-
ble states, their definition, determination, and characterization. Within this
vein, paradoxical and inconsistent issues related to the various attempts to
apply microscopic organization to derive scientific laws in the macroworld
are considered. The theoretical framework is augmented with quantum log-
ical principles via a reformulation of Gödel’s theorems. We arrange the
assemblage of the mathematical ideas as follows. First, we give a detailed
examination of the second-order differential equation with respect to spe-
cific boundary conditions and associated spectral expansions, followed by a
general formulation via precise complex symmetric representations exempli-
fied and derived from dilation analytic transformations. Associated dynamical
timescales are represented and investigated via the corresponding Dun-
ford formula. Relevant applications, where the above-mentioned unstable
or metastable states emerge, are reviewed and compared with conventional
bound-state and scattering theories with an analysis of their directive per-
formance and stability. The manifestation and generation of triangular Jordan
block entities as extended versions of nonstationary states are derived and
further investigated and generalized to thermally excited scattering environ-
ments of open dissipative systems. Illustrative applications to condensed-
and soft condensed matter are provided, and a surprising treatment is given
to the Einstein laws of relativity. As a conclusion, we emphasize the com-
putational and model building advantages of a conceptual continuation
of quantum mechanics to rigorously incorporate universal complex reso-
nance structures, their life times, and associated localization properties. We
also prove the appearance of nonconventional time evolution including
the emergence of Jordan blocks in the propagator, which leads to the ori-
gin of so-called coherent dissipative structures (CDSs) derived via uniquely
defined spatiotemporal neumatic (from the Greek pneuma) units. This self-
referential organization yields specific information bearing transformations,
cf. the Gödel encoding system, which might connect developmental and
building matters with functional and mental issues within a biological frame-
work at the same time providing background-dependent features of both
special and general relativity theory. With these theoretical ideas as back-
ground, we advocate a new clarification of the dilemma facing micro–macro
correlates including an original characterization of unus mundus, i.e., the
underlying holistic reality.
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1. INTRODUCTION

A general query facing every scientifically oriented mind is whether the
unity of the language of science (physicalism) in the strict sense, i.e., if all
scientific laws can be derived from the laws of physics, will reduce the dif-
ferent branches of science to physical theory. The ongoing debate between
intellectuals and scholars honoring monistic or dualistic doctrines are com-
prehensive and intensive [1]. The novel understanding of causation in terms
of Schrödinger’s equation [2], the nondeterministic and a-causal flavor of
Heisenberg’s uncertainty principle [3], and finally the nonstationary nature
of Dirac’s quantum theory of emission and absorption of radiation [4] has
far from resolved the issues with ferocious disputations still going on, from
general mind-body issues to detailed concerns regarding the possibility to
simulate a living brain with a machine, e.g., artificial intelligence. With this
ambient portrayal, it is therefore a valid question to ask whether the limits of
physical theory in general and quantum mechanics in particular have been
achieved and if not: what remains to be improved and further developed,
and if new domains of exploration and research become successful, what are
the ensuing consequences?

In the above assessment, there lie paradoxical and contradictory issues,
viz. the incongruous understanding of certain deep-seated properties of
micro–macro correlates. On the macroscopic level it is natural to charac-
terize the law of causality as a fundamental rule, while cause and effect
appear to come to an end and hence nonexistent in the microscopic arena.
Similarly, time reversible laws appear legitimate in the latter domain while
temporal irreversibility directs the macroworld. An analogous inconsistency
emerges when one attempts to derive thermodynamic laws from the position
of statistical mechanics. Other difficulties emanate from problems to unify
quantum mechanics with general relativity and to incorporate the function-
alistic aspects of biology, see more below, into a unitary science based on
physics. Obviously, the thesis of physicalism, see above, is far from complete,
but notwithstanding this uneasiness, there appears an agreed adherence to
monistic doctrines among many various scientific specialists. This is under-
scored despite the logical conundrums, which seem to follow from Gödel’s
incompleteness theorem(s) [5].

However, the split between monistic and dualistic systems of belief often
borders along the concept of supervenience (characterization of a relation
that emergent properties bear to their base properties), see also Ref. [6]
for a modern appraisal. To use philosophical relationship terminology: if
one states that biology (naturally) supervenes on physics, i.e., when phys-
ical (spatiotemporal) facts about the world determine biological facts, it
is nevertheless called into question whether biology logically supervenes
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on physics [6]. Although this review will examine the present limits of
physics in general and quantum physics in particular we will also attempt
to import imperative analytical implications via the use of fundamental log-
ical principles. In this endeavor, we will continue our research toward the
resolution of persistent micro–macro paradoxes comprising stronger state-
ments of reductive explanation and the possibility of logical supervenience
(logical relationship to the base facts) on physics.

In previous reviews of the present author [7–9], the extension of quan-
tum mechanical laws to open, so-called dissipative, systems has been pro-
pounded. The area of applications has involved atomic and molecular target
computations, scattering theoretical arrangements, structure and classifica-
tion, large complex multipart structures in condensed and soft condensed
matter including complex biological organizations and ultimately the inte-
gration of small microscopic systems, all things considered, capable of
depicting cosmological dimensions. From the theoretical viewpoint, the gen-
erality of the development concerns the original formulation of boundary
conditions in Schrödinger-like, second-order differential equations using rig-
orously defined spectral categorizations via general scaling transformations
to the subsequent incorporation of these modifications to general master
equations within the domain of thermodynamics and statistical mechanics
all the way up to biological, complex enough, systems. Accordingly, the
generalized notion of unstable resonance states has been utilized as con-
ceptual representations for the scientific picture. In particular, the author
has belabored nonstatistical interpretations of open dissipative systems and
associated dynamical consequences. The self-referential character of the
description, here made obvious by its classical canonical form, with a Segrè
characteristic larger than one separates directive teleonomic statements from
nonteleological language. For definitions and references, see the brief state-
ment before the end of the section below. To get a flavor of the type of
problems that one might discuss and analyze within this edifice, we mention
the following issues:

what distinguishes living matter from inanimate systems?
what is the proper framework for a bona fide science of biology? (Mayr [10])
are we as living subjects subjected to Gödel’s incompleteness theorem? (Seel and
Ladik [11])
do we have a law of microscopic self-organization?
could self-referentiability be turned into a (biological) natural law?
are there sentient computers? (Dyson [12])
can physical teleomatic laws be transformed into teleonomic rules?
are there any similarities between the analogies mind-body and structure-matter?
is there a global principle under which classical and quantum mechanics can coexist?
what is the role of temperature in biological systems?
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how can we merge quantum and thermal correlations?
what is the role of gravity in biology?
what are the consequences regarding the positions on AI? (Penrose [13])
what are the cosmological teleological consequences? (Hawking [14])
can decoherence be prohibited and what does this mean?

The use above of the somewhat controversial terms of teleology goes back
to Mayr’s essay collection [10], where, slightly simplified, teleomatic pro-
cesses are governed by natural laws and teleonomic ones are goal-directed
due to the influence of an evolved program.

Before we proceed to discuss and further examine the feasibility of such
wide-ranging proposals along the lines developed in the introduction above,
we will prepare the potential reader with the appropriate mathematical
background for the necessary analytic extension and its associated logical
principles.

2. GENERAL MATHEMATICAL DETAILS

Since teleological–functional explanations, i.e., normally those prescribing a
macroscopic goal-directed organization, seem to “evaporate” as soon as one
acquires a microscopic perspective based on fundamental time-reversible
physical laws, we have yet another realization of an inconsistent micro–
macro correlates. Hence, our first task will be to review and analyze the
appropriate mathematical aspects regarding the fundamental formulation
of microscopic fundamental physical laws. Since we will attempt to build
a bridge between quantum theory and a nonquantal vernacular, we will
focus on the descriptions in terms of original operator expression in a com-
plex symmetric setting. Rather than expounding on modern developments
including exotic dimensions at unconventional scales and interpretations,
we will find that the former exhibits self-referential gauges, see more in
subsequent sections, so far not integrated in the latter. We will not make
this exposition all-inclusive since we have discussed and re-examined these
issues recurrently. In Ref. [7], we gave an initial motivation regarding how to
find realistic time developments going beyond the traditional view based on
unitary time evolution.

The goal is to find unique analytic structures, of basic importance for
advanced physical theories, which are concerned with particular complex
structures on the so-called unphysical Riemann sheet and to determine the
associated build-up of the corresponding resolvents or Green’s functions.
This includes the analysis of related autocorrelation functions, their Fourier–
Laplace transforms, and in general examining the signal determining the
extended spectrum (and vice versa) giving new insights into the properties



To protect the rights of the author(s) and publisher we inform you that this PDF is an uncorrected proof for internal business
use only by the author(s), editor(s), reviewer(s), Elsevier and typesetter diacriTech. It is not allowed to publish this proof online
or in print. This proof copy is the copyright property of the publisher and is confidential until formal publication.

AQC 06-ch02-033-118-9780123970091 2012/1/30 12:22 Page 38 #6

38 Erkki J. Brändas

of chemical and physical systems. It is also appropriate in this development
to mention and refer to Schrödinger’s famous treatise, posing quantization as
an eigenvalue problem, and the relation between this requisite and the tech-
nical problems of square integrability appropriately defining the well-known
Hilbert space.

Note that there are precise relations between the time-independent and
the time-dependent formulations. A detailed account was recently given in
Ref. [8], pertaining to research carried out while the author spent extended
visits at the Florida Quantum Theory Project. For the most part Hamiltonian
operators exhibiting absolutely continuous spectra, i.e., in most atomic and
molecular applications, time-dependent investigations have been significant;
see a recent edition of Advances in Quantum Chemistry [15]. In particular,
variance and width variational calculations [16–18], normalization studies
via contour integration and scaling transformations [17, 18], and derivation
of novel types of uncertainty principles [19] showed promise for further
studies beyond pure formalism. For instance, successful and accurate com-
putations on so-called state-specific methods for field-free and field-induced
unstable states in atoms and molecules have been examined and studied
thoroughly over the years by Nicolaides and collaborators [15, 18, 20].

For more about basic formulations of general time-dependent and time-
independent partitioning techniques, see Appendices A and B as well as
Refs. [21–31]. Note that our rationale is to give a mathematical platform,
based on unstable or metastable resonance states, for a rigorous appraisal
of physical theories and related applications in general and to a discussion
of the above-mentioned issues in particular. It is, therefore, necessary to give
a precise and consistent account of the standard theoretical regime in terms
of relevant mathematical formulations to establish a nontrivial but neverthe-
less much needed generalization. As our recent reviews have not included
a more detailed exposition of the boundary condition problem, we will first
turn toward this task below.

2.1. Boundary conditions—the differential equation

As mentioned in Appendix A, we are interested in problems where the dif-
ferential operator exhibits an absolutely continuous spectrum, σAC, and to
consider its consequences and operational importance. In particular, we are
interested in the relationship between the implementation of singular bound-
ary conditions, the spectral properties, and the topological consequences.
Normally these problems are adequately handled by conventional scatter-
ing theory. However, there are many physical situations, e.g., the standard
example of the hydrogen atom perturbed by an electric field, where standard
scattering theory does not apply. The Stark effect in the hydrogen atom, nev-
ertheless, concerns potentials that belong to Weyl’s limit point case [32–35]
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(separated in conventional parabolic coordinates). In addition to yielding
alternative formulations and numerical treatments of problems involving
σAC, the Weyl–Titchmarsh theory [32, 33] provides a rigorous platform for
analytic continuation of the whole differential equation onto the complex
plane. We will examine the generalization of the spectral theory as well as the
attendant consequences for the Fourier–Laplace transform and the precise
microscopic time evolution. The formulation, below, conforms to previous
applications [35, 36], yet we will make the portrayal a bit different.

2.1.1. Weyl’s theory
Although we will use analogous notations of previous references, we will
make a simple generalization by discussing the partial differential equation
(V is real with the mass of the particle left out in the kinetic part)

L[u] = (−1+ V)u = λu; λ = E+ iε; ε 6= 0 (1)

where 1 is the Laplacian and V is a real potential to be defined appropri-
ately below. Since our aim with this review concerns the limits of physical
theories, we will make some general comments and exemplify some rel-
evant trends, see Figures 2.1, 2.2 and Refs. [37–39]. Note that there are 11
sets of orthogonal coordinate systems [37] in which the Helmholtz equation,
Eq. (1) with V constant, separates, see Figure 2.1 above for the coordinate
surfaces of the most general orthogonal curvilinear system, the so-called

x

y

z

Figure 2.1 Examples of ellipsoidal coordinate surfaces. The grid is formed by the intersec-
tion of the coordinate surfaces. From Ref. [38] with permission of IJQC.
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Figure 2.2 Display of the equipotential surfaces of a general potential, separable in ellip-
soidal coordinates. Taken from Ref. [38] with permission of IJQC. For more details see
Refs. [38, 39].

ellipsoidal coordinate system [37–39], see also references therein. The solu-
tion sought for is denoted by u, satisfying prescribed boundary conditions
with λ a complex parameter. More details will be discussed below. In pass-
ing, we observe that the classical Sturm–Liouville theory for second-order
ordinary differential equations consists of finding the eigensolution uk and
eigenvalues Ek to Eq. (1) on a finite interval of their variables (and with
no singularities of the potential inside). Note that we will formulate Eq. (1)
generally as a partial differential equation, nevertheless, the equation may
be separable provided the potential has a suitable symmetry. For exam-
ple, we may mention the problem of scattering off the most general type
of potential, separable in ellipsoidal coordinates, Figure 2.2, and the anal-
ysis of associated cross section expansions in terms of perturbed Lamé
wavefunctions [39].

To determine the interplay between the spectral properties, both σP and
σAC, of the operator L and the prescribed boundary conditions, we return
to Weyl’s theory [32]. The key quantity in Weyl’s extension of the Sturm–
Liouville problem to the singular case is the m-function or m-matrix [32–36].
To define this quantity, we need the so-called Green’s formula that essen-
tially relates the volume integral over the product of two general solutions
of Eq. (1), u and υ with eigenvalue λ and the Wronskian between the two
solutions; for more details, see Appendix C. The formulas are derived so
that it immediately conforms to appropriate coordinate separation into the
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ordinary case depending on the properties of the potential V. Hence, we
obtain

(λ− λ∗) =

∫
Vb−V0

uυ∗dV =
∫

Sb−S0

[uυ] dS (2)

where

[uυ] = u
∂υ∗

∂n
−
∂u
∂n
υ∗ (3)

and ∂

∂n means the derivative along the normal to the surface S, and Vb and V0

are volumes defined by the surfaces Sb and S0, with Vb > V0. Subsequently,
we introduce two linearly independent initial value solutions ϕ and ψ (not
to confuse with the notation in Appendices A and B), where ψ is chosen to
be the regular solution, i.e., with an initial value on S0, such that ψ = 0 in
the limit V0 → 0 (if V is nonsingular at the origin we impose the condition
ψ = 0, while in the singular case the boundary condition is obtained from
an appropriate limiting procedure, more on this is discussed later). The m-
coefficient, m(λ), is defined by the requirement that χ , defined by (with ϕ

canonically chosen, see below and Appendix C)

χ(λ) = ϕ(λ)+m(λ)ψ(λ) (4)

remains square integrable as Vb →∞. In fact if the potential is singular at
the origin a similar analysis should be carried for V0 → 0. For simplicity,
we will only discuss the singular point associated with one of the limits,
i.e., infinity, but the extra complication of two singular end points are easily
handled by an appropriate m-matrix for the left-hand and the right-hand
problem, respectively, with the trace of the so-called Coddington–Levinson
m-matrix identified with the presently derived formula, see below, for the
m-function [36, 40].

For λ, nonreal, i.e., ε 6= 0, solutions of Eq. (4) exist for most potentials of
physical interest. In particular, in Weyl’s terminology, the limit point case
guarantees that the limit Vb →∞ exists uniquely [32]; see Ref. [35] for some
simple limit point conditions, including not only most potentials of con-
ventional scattering theory but also background effects related to dilated
short-range potentials, including the Coulomb case and the previously men-
tioned Stark effect in the hydrogen atom [35, 41, 42]. Note the complications
at the origin of the radial part of the Coulomb differential equation (spherical
coordinates (r,ϑ ,φ) = (r,�)), see [36, 42] for more details. In this particular
case, the boundary condition, ψ = 0 ; r = 0, assures the self-adjointness of
the three-dimensional (3D) Laplacian.
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With this background, we can choose ϕ and ψ canonically without restric-
tion at S0, see Appendix C for more details, i.e.,

[ϕψ] = 1 (5)

It is now a trivial matter to determine m such that χ(λ), in Eq. (4), is square
integrable at infinity, i.e.,

m±(E± i0) = − lim
V0→∞

ϕ(E± i0)
ψ(E± i0)

= − lim
V0→∞

W(ϕ(E± i0),χ(E± i0))
W(ψ(E± i0),χ(E± i0))

= − lim
V0→∞

[ϕ(E± i0),χ ∗(E± i0)]
[ψ(E± i0),χ ∗(E± i0)]

(6)

where the Wronskian is simply defined as W(u, υ) = [uυ∗].
Since we will, see further below, introduce the Mellin transformation to

analyze scale invariance in connection with the micro–macro problems, it
will be natural to rewrite some of our formulas in a spherical coordinate
system, i.e., in terms of (r,ϑ ,φ) = (r,�) with (u→ ru)

L[u] =
(
−
∂2

∂r2
+ L2(r,�)+ V(r,�)

)
u(r,�) = λu(r,�) (7)

and with the angular term given by

L2(r,�) = (r2 sin2
ϑ)−1 ∂

2

∂φ2
+ (r2 sinϑ)−1 ∂

∂ϑ

(
sinϑ

∂

∂ϑ

)
(8)

It is customary to introduce the auxiliary quantity or the logarithmic
derivative (since we have taken h

2π = 1, the coupling constant g = 1)

igz(r,�) =
∂u(r,�)
∂r

u(r,�)
(9)

to obtain the well-known Riccati equation, which is stable for the appropriate
exponential type solution, compare for instance the celebrated Jost function
in scattering theory, see Ref. [36]

−igz′(r,�) = (λ− V)− z2(r,�)−
L2(r,�)u(r,�)

u(r,�)
(10)

Although Eq. (10) contains a “difficult non-local term,” we can obviously
handle this by analyzing each case in terms of eigenfunctions to L2. Project-
ing out the odd and even parts of z, see Ref. [43] for more details, z = ze + zo,
where ze(zo) is even (odd) in g (or real and imaginary if V is real and ε = 0),
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one obtains

iz′e = 2gzezo

iz′o = g
{

z2
e + z2

o − (λ− V)+
L2(r,�)u(r,�)

u(r,�)

} (11)

which can easily be formally solved (r0 is the radius of the sphere V0)

{
ze(r,�)
ze(r0,�)

} 1
2

= exp

−ig

r∫
r0

zo(s,�)ds

 (12)

yielding the formal expression for u(r,�), λ suppressed and g = 1. Note
also that ze has two branches, i.e., if ze(r) satisfies Eq. (11), so does −ze(r)
(depending on the limiting procedure ε→±0) and hence we obtain

u±(r,�) = u±(r0,�)

{{
ze(r,�)
zo(r,�)

} 1
2
}

exp

±i

r∫
r0

ze(s,�)ds

 (13)

Realizing that Eq. (13) gives an explicit solution of (1) with an appropriate
V, in terms of logarithmic derivatives, it is possible to identify u with the
well-known Jost solution denoted as f (r,�), see more below and Ref. [44],
which here must be proportional to the Weyl’s solution χ(r,�). With this
identification, we obtain the generalized Titchmarsh formula (generalized
since it applies to all asymptotically convergent exponential-type solutions
commensurate with Weyl’s limit point classification)

m(λ,�) = −
[φ χ±]
[ψ χ±]

= −
[φ f±]
[ψ f±]

(14)

or in terms of logarithmic derivatives, the formula is

m±(λ,�) = −
φ(iz±)− φ ′

ψ(iz±)− ψ ′
(15)

Before leaving this subsection, we confirm that no subjective features
and/or approximations have been incorporated in the description.

2.1.2. Scattering theory
As already mentioned, there are precise conditions that tell whether a poten-
tial belongs to Weyl’s limit point, see Ref. [32–36, 40]. These conditions
guarantee that there exists a unique square integrable solution at the singular
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point at infinity (remember ε 6= 0). The limit ε→±0 gives the unique square
integrable eigenfunction for an eigenvalue in the point spectrum σP and the
± exponential-type solutions corresponding to σAC. For the Stark effect in
the hydrogen atom these are the so-called Airy functions, whereas for a limit
point potential

V(r,�) →
r→∞

0 as
const (�)

r 1+δ
; δ > 0 (16)

they are the well-known Jost functions f±(k, r), see Ref. [44]. In the asymptotic
limit, they become (� is suppressed)

f±(k, r) ∝ exp(±ikr); k =
√
λ (17)

For δ = 0 (limit point at infinity), one obtains the corresponding Coulomb
modifications, see Refs. [36, 42] for the complications at origin. Note also the
strong dependence on the incident directions for “ellipsoidal” potentials yet
the optical theorem holds, see Ref. [39].

To complete the relation with standard scattering theory (using com-
mensurate potentials), we conclude that Weyl’s and Jost’s solutions relate
as

χ±(r, λ) = c±(λ)f±(k, r) (18)

Incidentally we can limit ourselves to real energies, identifying, in the limit
to the real axis and the unique bound state solution alternatively the two
branches in the continuum, while if the energy is complex we must keep in
mind that f+(k, r) correspond to a unique square integrable solutions if I (k) >
0 and f−(k, r) if I (k) < 0, where I (k) denotes the imaginary part of k. In the
case of σAC, the logarithmic derivative obtains two branches corresponding
to the limits ε→±0

z±(r,�, λ) →
r→∞
±ik (19)

and for E ∈ σP

z+(r,�, λ) →
r→∞
−κ ; κ = ik (20)

(and similarly for z−(r,�, λ)). The coefficient c± in Eq. (18) is now easily
expressed in bracket notation

c± = −
1

[ψ , f∓(k)]
=

1
W(f±,ψ)

(21)
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which leads the definition of the “generalized” Jost function

f±J (k) = −[ψ , f∓] =W( f±,ψ) =
∣∣ f±J (k)

∣∣ exp {∓iδk} (22)

and

χ±(r, λ) =
exp {±iδk}∣∣ f±J (k)

∣∣ f±(r, k) (23)

To complete the reformulation of scattering theoretical concepts, we can
also write down the S-matrix, the flux J (Weyl normalized)

S =
f−J (k)
f+J (k)

; J(k) = iW(k,χ+,χ−) = i[χ ,+ χ−] (24)

From Eqs. (14) and (15), one obtains with m±(E) = Rm(E)± i Im(E) =
mR(E)± i mI(E), where Rm, Im are the real and imaginary parts of m+), i.e.,
when (k =

√
E)

mI(E) = i
W(E, f+, f−)

2
∣∣∣ fJ(
√

E)
∣∣∣2 =

k∣∣ fJ(k)
∣∣2 (25)

Equation (25) is known as Kodaira’s theorem [45], see also Refs. [36, 46],
and it expresses the spectral density for ordinary second-order singular
differential equations in terms of the known scattering quantity, the Jost
function. The formula can be easily extended to more general asymptotic
behaviors using the general bracket/Wronskian expression. It is quite easy
to simulate the behavior of the m-function by introducing a small imagi-
nary component of λ for bound states. Figure 2.3, for instance see Ref. [47],
displays the imaginary part of m for the hydrogen atom.

2.1.3. Spectral concentration
However, rather than continuing to extract differential and total cross
sections, see Ref. [36], we will return to the precise meaning of mI defined
in Eq. (25), remembering that our original task, defined above, is to give
a uniform formulation of both bound and so-called quasibound states. In
Appendix C, we have explicitly demonstrated the relation between mI(E)
and the spectral function lim

b→∞
ρb(E) = ρ(E) that gives

mI(E) = lim
ε→0+0
{I m∞(E+ iε)} = π

(
dρ
dω

)
ω=E

(26)
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Figure 2.3 Display of the imaginary part Weyl’s m-function for the radial equation of the
hydrogen atom. The imaginary part of the energy is 0.001 Ry. Taken from Ref. [47] with
permission of IJQC.

see Refs. [36, 47] for more details. Combining these relations for the spher-
ically symmetric case and for all l-values of the angular momentum we
obtain, cf. Ref. [48],

(
dρl

dω

)
ω=E

=


1
π

El+1/2

| fl(E1/2)|
; E ≥ 0∑

j

∣∣a(l)j

∣∣2 δ(E− E(l)
j )

fl(k) = (−k)lW( fl(k, r),ψl(E, r)) =
∣∣ fl(k)

∣∣ exp(−iδl)

lim
r→∞

(il exp(ikr)− fl(k, r)) = 0

δ(r− r′) =
∑

l

+∞∫
−∞

ψl(ω, r)dρl(ω)ψ(ω, r′)

(27)

With these quantities we have all the information we need regarding the
properties of the differential equation, e.g., the spectrum, the resolution of
the identity (from which Green’s functions, propagators, and resolvents can
be obtained), and various scattering quantities like Jost functions, phase
shifts, cross sections, S- and K- matrices, etc. The interesting question arises,
namely whether this formulation provides enough information for analytic
extension into the complex plane and furthermore if the structures that
appears are not only rigorously defined mathematically as well as provid-
ing interesting results and understanding regarding our initial question of
the examination of the limits of physical theory. For instance what can be
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obtained and known from the Kodaira form of mI(λ)? The full represen-
tation of m can, in principle, be made from Eqs. (14) and (15) although
some technical problems appear if one wants to give the appropriate ana-
lytic (Nevanlinna) form not to mention the general case of two singular end
points. In the first case, the imaginary part of m grows too fast (l 6= 0) to pro-
vide analytic information for an appropriate analytic function, and in the
second case, there is the energy dependence of the left boundary a (l 6= 0)
occurring in the m-function through the limiting procedure associated with
the left boundary. In the first case, we will obtain the relevant information,
without approximations, via proper analytic continuation of the associated
Green’s function, as will be seen below, and in the second case, we could
always revert to the appropriate m-matrix if needed. We will end this section
by noting that the simple case of a free particle, with l = 0, V(r) ≡ 0, and the
left boundary given by a = 0 yields a very simple result, i.e.,

m = i
√
λ (28)

which, as can easily be shown, gives rise to two branches, depending on
whether the real axis is approached from below or above.

In summary, we have derived formulas for the Weyl–Titchmarsh m-
function, where the imaginary part serves as a spectral function of the
differential equation in question. Before we look at the full m-function, we
will see how it works in connection with the spectral resolution of the
associated Green’s function

G+(λ, r, r′) = ψ(λ, r<)χ+(λ, r>)/W(ψ(λ)χ+(λ)) (29)

satisfying

(λ− L)G+(λ, r, r′) = δ(r− r′) (30)

Here, r< and r> are the smaller and the larger of r and r′, respectively. From
the general formulas derived above we obtain

G+(E+ i0) = lim
ε→0

+∞∫
−∞

dρ(ω)
E+ iε − ω

=

+∞∫
−∞

dρ(ω)
E+ i0− ω

(31)

or in terms of the coordinate representation, we get

G+(λ, r, r′) =
∑

j

ψ(λj, r)ψ(λj, r′)/
〈
ψ(λj)

∣∣ψ(λj)
〉

λ+ i0− λj
+

∞∫
0

ψ(ω, r)ψ(ω, r′)
( 1
π

m+I (ω)
)
dω

λ+ i0− ω

(32)
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In Eq. (32), we have included the full spectrum of a second-order ordinary
differential equation with negative bound state eigenvalues and the contin-
uum being the positive real axis. The free-particle background is mfree = i

√
λ.

In this case, the full m-function becomes [in the equation below we have
introduced a natural generalization of Ig, the “jump” or imaginary part, see
Eq. (36) for the general case]

m(λ)− i
√
λ =

∑
j

−Res(m(λ))
λ− λj

+

∞∫
0

1
π
(Ig(m+(ω)−

√
ω)dω

ω − λ
(33)

which in the Coulomb case modifies to

m(λ)− iC2
0(λ)
√
λ = −R(λ)+

∑
j

−Res(m(λ))
λ− λj

+

∫
R+

1
π
(Ig(m+(ω)−

√
ω)dω

ω − λ

(34)

with the general Coulomb background given by VC(r) = −Q/r (here Q = 1)
is

C2
0 =

2πξ
exp(2πξ)− 1

; ξ = −Q/
√
ω; R(λ) =

∞∑
n=1

2Q3/n3

−Q2/n2 − λ
(35)

A popular case studied is V(r) = 7.5r2 exp(−r), which does not contain any
bound states (only resonances, see more below) and modifies the Coulomb
spectrum accordingly. As we will see later these formulas are easily gener-
alized to the complex plane by contour integration. In Figure 2.4, we show
the integration contour for the so-called Cauchy representation of m, in the
simple case of two bound states, and the cut along the positive real axis.

A function f (z) is said to be of Nevanlinna type if it maps the upper
(lower) complex half-plane onto itself and is Cauchy analytic in each half-
plane with possible singularities on the real axis. The theory of Nevanlinna
functions leads to the existence of a uniquely defined function ρ(ω), called
the spectral function of f (z); for more details see Ref. [49]. As we will see
below, there exist rigorous techniques of analytic continuation that not only
lends itself to complex path integration but also generalizes to a whole set of
dilation analytic operators, which, suitably modified, can be used alongside
standard many-body approaches used in chemical and physical applica-
tions. To forebode this development, we demonstrate some of the interesting
results that are begotten by this more general view. In Figure 2.5, we show a
deformed contour, where the cut has been tilted at an angle down in the
complex plane. The analytic continuation behind this transformation can
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Figure 2.4 Integration contour for the Cauchy representation in the complex plane of a
function of Nevanlinna type showing the deformation around the bound states and the cut
along the real axis.

Figure 2.5 Integration contour for the analytically continued Nevanlinna function, f (z),
displaying the “new cut” and deformations around bound states and resonance poles.

be rigorously defined both theoretically and practically. Also the general-
ized spectral function, which displays a cut, or a “jump,” along the “new
continuum” can be easily calculated and analyzed.

There are two simple observations that immediately come to mind when
confronted with the results of the popular potential mentioned below
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Eq. (35). With a free-particle background, there are no bound states and
the resonances fall nicely along a string in the complex energy plane, see
Figure 2.6. Here we have shown seven resonances, but only six of them
appear above the cut, indicated by the line in the picture drawn between res-
onance numbers six and seven. The “new cut” contains three regions marked
out by a weakly drawn and the thickly drawn line intertwined by a broken
line. The reason is as follows: the thick line implies that the spectral function
asymptotically approaches the free-particle background, whereas the thin
line is essentially zero inside the string with a transition interval in between,
see further Figures 2.6 and 2.7.

Figure 2.6 Pole string for m+(λ) of the potential V(r) = 7.5 r2 exp (−r) with a free-particle
background, see Ref. [41], Figure 2.3 for details. Published with permission from American
Institute of Physics.

Figure 2.7 Display of the absolute value of Ig(m+(λ)) along the ray displayed in Figure 2.6,
see Ref. [41], Figure 2.14 for details. Published with permission from American Institute of
Physics.
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The jump in the m-function at the “tilted cut” is complex; therefore, we will
display the absolute value of the generalized imaginary part of m+ given by

Ig(m+(λ)) = (m+(λ)−m−(λ))/2i (36)

where Ig(m+(λ)) is the analytic continuation of I(m+(λ)) = (m+(λ)−
m−(λ))/2i for λ complex along the cut. Figure 2.7 displays a surprising
deflation effect, namely “inside” the pole string, the generalized density
is effectively zero approaching the free-particle background “outside.” The
appearing drop in spectral density close to the intersection between the
“new cut” and the pole string leads to simple approximation of m. With
the assumption of a sharp transition point 3 between a negligible and the
free-particle density, we obtain the general approximation and analogously
for the Coulomb case [42]

m(λ)− i
√
λ =

∑
j

−Res(m(λ))
λj − λ

−
2
π

√
3+

√
λ

π
ln

(√
λ+
√
3

√
λ−
√
3

)
(37)

Although the present section has emphasized the fundamental theory of
Weyl as a basis for a reformulation and generalization of conventional scat-
tering theory, our illustrations have focused on the possibility to analytically
continue the full differential equation with its spectral function and associ-
ated Green’s functions and resolvents, the S-matrix etc., into the complex
plane. This calls attention to appropriate methods for both rigorous and
practical techniques to accomplish this operation.

2.2. Non-selfadjoint formulations

To advance fundamental knowledge of the differential equation to the com-
plex plane, we need to rigorously examine the topological features of various
definitions of the Hilbert space with respect to problems of convergence,
completeness, and how to define the binary product in connection with
appropriate extension to nonself adjoint formulations. In other words, we
want to analytically continue the general many-body Schrödinger equation
(and similarly the associated Liouville equation) to the so-called unphysical
Riemann sheet of the energy plane or k-plane. This leads to the second path
of our development, viz. the theory of dilation analytic potentials [50]. As
we will see, this will not only lead to a precise formulation of Weyl’s theory,
referred to above, but also to a rigorous and a practical extension to the gen-
eral time-dependent and time-independent partitioning description alluded
to above and presented in the appendices. In addition to giving accurate
methods for numerical integration of the differential equation along appro-
priate complex contours in the so-called second Riemann sheet, “picking up”
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resonance eigenvalues (including residues), and eigenfunctions (Gamow
waves) [42, 51], it will moreover mimic traditional approaches for ordinary
bound states with only minor but nevertheless important differences [52],
see also appendices and further below.

To carry out the program referred to in the section above, compare also the
difference between Figures 2.4 and 2.5, we will impart the aforementioned
mathematical theorem due to Balslev and Combes [50]; see also part IV [53]
of the four-volume treatise on “Methods of Modern Mathematical Physics”
by Reed and Simon, which includes the Balslev–Simon “no eigenvalue the-
orem,“ i.e., the absence of eigenvalues on (0,∞) for potentials of form F̄π/2.
For definitions we refer to Appendix D and references therein, see also [9, 54]
for details regarding the steps involved to obtain the dilated analogue of the
Schrödinger equation, Eqs. (D.7), using the Nelson subset of analytic vec-
tors [54]. Although there are many other successful methods, e.g., the use of
non-Hermitean constructions [55] or the very popular method of complex
absorbing potentials [56], we will not discuss this point any further since it
will not alter the conclusions regarding our general query formulated in the
introduction.

The theory of dilation analyticity or simply the complex scaling method
represents simultaneously both a powerful and a practical approach for
applications to atomic and molecular systems. In passing we also note that
analytic continuation in practice also works for the Stark effect case, see
Nicolaides [55] regarding how to bypass the conundrum of the linear poten-
tial by proper regularization of the resonance eigenfunction. In addition to
being a valid potential comprising Weyl’s limit point, the addition of an
external electric field, meromorphic continuations are subject to the trans-
lation analytic group [57]. In more general settings complex scaling rotates
the essential spectrum about a certain set of thresholds when subject to a
particular gauge [57]. For a more recent overview of experimental mathe-
matics, acquiring information from otherwise “impossible computations,”
see Reinhardt’s contribution to Barry Simon’s Festschrift [58].

2.2.1. Bounds to resonances
To expand on the background provided in Appendix D, we will briefly dis-
cuss the spectral consequences of the introduction of the dilation analytic
family of operators and the option to “move” or rotate the absolutely con-
tinuous spectrum, σAC. Considering again the Hamiltonian of Eq. (D.3), i.e.,
H = T + V, where V is dilation analytic, r is continued to �, where

� =
{
reiϑ : r ≥ 0, 0 ≤ ϑ < ϑ0

}
(38)

for some ϑ0 > 0. The first question that comes to mind naturally is whether
there exists spectrum, i.e., a resonance eigenvalue εres, in the ensuing sector
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given by {
−2ϑ0 < −2 arg η < arg εres ≤ 0

}
(39)

where η = eiϑ (or in general η = |η| eiϑ) is the complex scaling of r. We follow
the portrayal of this problem discussed in Ref. [59], see also Appendix D
and Eqs. (D.10)–(D.12), introducing the projection operator O(C) and the
condition for a nonempty spectrum

O(C) =
1

2πi

∮
C

dz
(z−H)

(40)

‖O(C)ϕ̃‖>0 (41)

for a trial function ϕ̃. It is straightforward to prove that condition, i.e.,
Eq. (41), holds if

K(C, ε)M(C)λ(ε) < 1 (42)

where the bounding parameters will be defined in detail below.
To define K, M, and λ, see inequality Eq. (42), we need to define the follow-

ing procedure. First the plot, Figure 2.8 below, displays the dashed test circle
C with the center εtest marked with a cross. In addition we have so-called
probe circles Cp(ε, λ(ε)) defined by the eigenvalue relation

(H − ε)†(H − ε)ϕ(ε) = λ2(ε)ϕ(ε) (43)

with the center at ε and radius λ(ε). For ϕ = ψres, where

Hψres = εresψres (44)

and εres is the closest (resonance) eigenvalue to ε, one obtains for the lowest
eigenvalue

λ2(ε) ≤ σ 2(ε, ϕ̃) (45)

where the expectation value σ 2(ε, ϕ̃) = 〈(H − ε)ϕ̃|(H − ε)ϕ̃〉 is evaluated for
a trial ϕ̃ of unit norm for simplicity. Furthermore, Moiseyev [60, 61], using
matrix elements of the type investigated in [55], observed that

λ2(ε) ≡ σ 2(ε,ϕ) ≤ σ 2(ε,ψres) = |ε − εres|
2 (46)

leading up to the formulation of the so-called exclusion theorem; i.e., inside
the probe circle Cp(ε, λ(ε)) there are no (resonance) eigenvalues and hence
the region defined by Cp is a spectrally excluded region.
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These conclusions call for the following ichthyoidal construction. Using
relation (46), we can probe every point on the test circle C, taking the enve-
lope of all these excluded region circles centered on the test curve. This
defines an inner and outer boundary. The inner boundary I(C), due to the
form of the enveloping curve – the boundary looks like a fish (ichthys in
Greek) – see Ref. [59] and Figure 2.8, are termed ichthyoids. The smallest
radius of all probe circles centered on C gives the bound M (C), i.e.,

M(C) = sup
z∈C

{∥∥(z−H)−1
∥∥} = {inf

z∈C
[λ(z)]

}−1

(47)

If we select ε = εtest, then the bound, (42), is given by the product M(C)λ(ε)
since K(C, ε) is 1. In general one might select a probe circle centered at a
different point, i.e., with |1ε| = |ε − εtest|, which amounts to determining the
average value of the reciprocal distance from a point inside the test circle to

Figure 2.8 Plot showing the ichthyoidal construction for a dashed test circle centered at
the cross, εtest, with the radius rtest, see Ref. [59] for details. Published with permission from
Phys. Rev. A.
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its circumference

K(C, ε) = F
(
1ε

rtest

)
= F(γ ) =

1
π

2π∫
0

dθ√
1− 2γ + γ 2

= 2F1

(
1
2

,
1
2

; 1; γ 2

)
(48)

Thus F is monotonically increasing, e.g., F(0) = 1 and F(0.99) ≈ 2.136. Uti-
lizing the information from the ichthyoid, Figure 2.8, we conclude from
condition Eq. (42) that there is at least an eigenvalue inside the test curve
C if there exists a probe circle (inside C) smaller than every excluded region
circle centered on C. If the probe inside the test curve is not centered at εtest,
one needs to multiply the latter with F(γ ) before the estimation. In fact the
evaluation of the resonance region can be narrowed to the curve I(C), the
inner ichthyoid, see Figures 2.8 and 2.9. In principle, one may look for higher
order eigenvalues (Jordan blocks) by carrying through a similar procedure
in the orthogonal complement to ψres.

Note that this method is not only restricted to dilation analytic situations,
see Ref. [59]. Also the numerical examples, referred to, are considered as

Figure 2.9 Display of the ichthyoidal construction for a dashed test circle C centered at
ε = εres. For the point onCwith the smallest excluded region circle, the corresponding probe
circles on the inner and outer ichthyoid are shown. Published with permission from Phys.
Rev. A.
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exact due to their simplicity; the generality of the present technique needs
to be accompanied by rigorous methods obtaining lower bounds to λ(ε) in
order to yield strict boundaries for resonances. This is in principle possible
by representing H by lower operator bounds [22]. Furthermore related criti-
cisms have been voiced by Siedentop [62] and also in connection with proofs
depending on the classical Lévy–Hadamard–Gerschgorin theorem [63]. A
similar consideration affects the work described in Refs. [60, 61]. A final
deliberation concerns the domain characteristics of the operators occurring
in Eq. (43) and in the definition of σ 2(ε, ϕ̃) = 〈(H − ε)ϕ̃|(H − ε)ϕ̃〉. Obvi-
ously, the latter exhibits no difficulties when we work consistently within the
domain of H (or T). However, the definition of the operator H†H in Eq. (43)
implies domain and range issues, which, however, are easily taken care of
provided the application of the “turn-over-rule” is carried out with caution,
see the appendix of Ref. [64].

2.2.2. Virial theorems
It is well known that the satisfaction of the quantum mechanical virial the-
orem is closely related to the optimum property of the trial wavefunction
[65]. Löwdin showed that the theorem in its conventional form follows from
the variation principle by taking the first derivative of expectation value of
the Hamiltonian with respect the scale factor η. The proof demonstrates the
necessity but not the sufficiency. Thus, the exact solution to the Schrödinger
equation and the optimal scaling solution from the Ritz variation principle
exhibit the fulfilment of the virial theorem, including a generalization of the
Hellman–Feynman theorem. From this insight it follows that a complex rota-
tion analysis must be intimately connected with generalized versions of these
theorems for the resonance eigenvalues defined in the previous section and
appendices.

Using the complex symmetric representation introduced above, observing
the complex conjugate of η inserted in the wavefunction of the bra-position
(see Ref. [17] and Appendix D), we write in analogy with the real scaling case
the Ritz quotient and associated variational expressions as

Ẽ(η) =

〈
ψ̃(η∗)

∣∣∣H(η)
∣∣∣ψ̃(η)〉〈

ψ̃(η∗)

∣∣∣ ψ̃(η)〉 (49)

The generalized expectation value in Eq. (49) is stationary for arbitrary vari-
ations around the exact solutions ψ(η) of H(η) with the eigenvalue E(η), or
from

ψ̃(η) = ψ(η)+ δψ(η); η ∈ � (50)

Ẽ(η)− E(η) = 〈δψ(η∗)|H(η)− E(η)|δψ(η)〉 (51)
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with δψ(η) biorthogonal to ψ(η), and it follows that the error is second order
in δψ . Note that the expression above and below implies stationarity, but it
is not an extremum as in the self-adjoint case. For more details regarding
appropriate definitions, see Appendix D and references therein.

Before continuing we note incidentally that pioneering applications [66,
67] found resonance trajectories (as a function of rotation angle) pause near
a true resonance. The “pausing” behavior near the converged result gives
a good reason for the generalization of the virial theorem to resonance or
metastable states [17]. Several workers in the field did independently point
out the inference of this possibility and gave the subsequent proof more
or less simultaneously [17, 68, 69]. Reinhardt [67] has nicely portrayed the
“pausing phenomenon,” see Figure 2.10. Note that, assuming the energy
to be analytic in η, a stationary phase angle ϑ requires stationarity in the
variations of η = αeiϑ since

∂

∂ϑ
=
∂η

∂ϑ

d
dη
= iα

∂

∂α
(52)

It follows that η 6= 0, ∂

∂ϑ
= 0 implies ∂

∂α
= 0 and consequently ∂

∂η
= 0, and

hence the “pausing” improves with the accuracy of the basis set.
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Figure 2.10 ϑ-trajectories for the resonance energy (Stark effect in the hydrogen atom),
where N is the number of basis functions per l-value, for more details see Ref. [67]. Taken
from Reinhardt [67] with permission of IJQC.
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In analogy with the exact eigenfunction, ψ(η), of the dilation analytic
Hamiltonian, H(η), satisfying the equation

(T(η)+ V(η))ψ(η) = εresψ(η) (53)

or using the properties of scaling transformation

(η−2T(1)+ V(η))ψ(η) = εresψ(η) (54)

we will consider an approximate stationary solution of Eq. (49), optimal for
the scaling factor η0 ∈ �. Generalizing the scaling procedure of Löwdin [65],
Eqs. (49)–(51) yields for N particles and optimal trial function ψ̃(η0)

2
〈
ψ̃(η∗0)

∣∣∣T(η0)

∣∣∣ψ̃(η0)
〉
=

N∑
i=1

〈
ψ̃(η∗0)

∣∣∣ η0Eri · E∇η0Eri V(η0)

∣∣∣ψ̃(η0)
〉

(55)

where we have introduced the virial in terms of the nabla operator ∇. From
Eq. (55), we obtain in addition to the standard expression for the Coulomb
operator VC

2〈ψ̃(η∗0)|T(η0)|ψ̃(η0)〉 = −〈ψ̃(η
∗

0)|VC(η0)|ψ̃(η0)〉 (56)

new forms for metastable or unstable states. For an electric field VF =

F
∑N

i=1 zi, one gets

2〈ψ̃(η∗0)|T(η0)|ψ̃(η0)〉 + 〈ψ̃(η
∗

0)|VC(η0)|ψ̃(η0)〉 − 〈ψ̃(η
∗

0)|VF(η0)|ψ̃(η0)〉 = 1F = 0
(57)

which demonstrates a necessary (but not sufficient) condition to hold for
a resonance eigenvalue and eigenfunction of Eq. (53). To give additional
information regarding the precision of an approximate determination of res-
onance data, one might evaluate 1F recurrently, not only for the accuracy
provided but also for the possibility to rescale the calculation via the pro-
cedure of successive scaling [70]. Numerical data for the Stark effect in the
hydrogen atom [17] is displayed in Ref. [71], see also Table 2.1, published
with permission from IJQC.

In conclusion, we note that the “pausing” of the ϑ-trajectory indicating an
optimum scale factor prompts the statement of a generalized virial theorem.
Since general techniques to ascertain resonances in the non-selfadjoint case
are so much more difficult in comparison to the usual (Hermitean) case it is
obvious that every bit of complementary information counts. This statement
becomes no less important when realizing that the complex part of a reso-
nance eigenvalue in many situations is order of magnitudes smaller in size
compared to the real part.
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Table 2.1 Various energy contributions to the
resonance energy ε = E− iε for F = 0.25 a.u.
and ηopt = (0.90149− i0.52339)

Real part Imaginary part

〈T〉 0.44697 −0.2548
〈VC〉 −0.96333 0.3355
〈VF〉 −0.06939 −0.1739
ε −0.58575 −0.0932
1 −6.0× 10−5

−1.0× 10−4

1 = 〈2T〉 + 〈VC〉 − 〈VF〉.

2.2.3. Time evolution
Keeping in mind the problems stated in the introduction, we have up to this
point not made use of any procedures that would risk a physical formulation
that would incorporate any loss of information and/or memory. It is true that
the definition of an unstable state proceeds via the redefinition of appropriate
domains and ranges. However, this is recoverable information within the
realm of the time-independent formulation. What about the state of affairs
in the time-dependent situation? Formally it looks straightforward to write
the causal evolution operator as

G(t) = e−iH(η)t (58)

as the formal solution of

H(η)ψ(η, t) = i
∂

∂t
ψ(η, t) (59)

Setting

ψ(η, t) = e−iH(η)tψ(η) = ψ(η)e−iE(η)t (60)

we note that

ψ∗(η, t) = ψ(η∗,−t)) (61)

from which we could proceed to derive the virial theorem via the Heisen-
berg’s equation. The possibility to use the formal equations above in con-
nection with a rigorous time evolution was considered by Kumicák and
the author [72, 73]. Without being too detailed, a proper formulation of the
dilated dynamics relies on the answer to the question whether the scaled
Hamiltonian is the generator of a so-called contractive semigroup [74], which
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is strongly continuous and ‖G(t)‖ ≤ 1; t ≥ 0. This question prompts the
introduction of the concept of a Lyapunov converter; see also the work of
Braunss [75].

Following Ref. [73] we describe first the steps before we comment on the
mathematical results. Let us start with an isometric semigroup, G(t); t ≥ 0,
appropriately defined in the Hilbert space h. If there exists a contractive
semigroup SG; t ≥ 0 (defined on h) and an invertible linear operator3, with
its domain and range both dense in h, such that

SG = 3G(t)3−1; t ≥ 0 (62)

on a dense linear subset of h, then 3 is called a Lyapunov converter. A nec-
essary condition for the existence of 3 is that the generator of the isometric
semigroup G (recall that the isometry can always be extended to a unitary
group) has a nonvoid absolutely continuous spectral part, σAC. Returning
to the Balslev–Combes theorem for dilation analytic Hamiltonians, we will
examine the choice 3 = U(ϑ) = exp(iAθ), see Appendix D how to define
the scaling transformation, e.g. Eqs. (D.5) and (D.6), by asking the question
whether H(η) generates a contractive semigroup or writing

S+G(t, η) = U(η)G(t)U(η)−1
= e−iH(η)t; t ≥ 0 (63)

We observe that this is true for many types of potentials and one might
be tempted to conclude that this can be proven for general dilation ana-
lytic potentials, particularly since the (modified) spectrum lies on the real
axis (bound states) and in a subset of the closed lower complex half-plane.
However, this turns out to be a false statement since the attractive Coulomb
potential, being dilation analytic, will not fulfill the Hille–Yosida theorem
[74]. The latter (necessary and sufficient) states that in addition to the
requirement of a nonempty σAC and that iε belongs to the resolvent set, for
all ε > 0, a further stipulation is that the numerical range (expectation val-
ues of the generator over the all functions belonging to its domain) must
be contained in the lower part of the complex energy plane. The features
displayed in Figures 2.6 and 2.7 are not very much distorted when going
from a conventional scattering to Coulomb background, see Refs. [41, 42]
for details, hence one may think that the analogous deflation effect, see
Figures 2.6 and 2.7, would have “saved” the long-range Coulomb tail for
time-contracted evolution. Anyway to circumvent this problem, one must
further restrict the operator domains suitably or alternatively to introduce
a generalized notion of quasi-isometry [73]. Accepting such generalizations,
one might state that U(η) as a Lyapunov converter converts isometric (quasi-
isometric) evolution of unscaled functions to contractive (including strictly
contractive) evolution of scaled functions. Here, we confront for the first time
in this presentation a rule of informity, (inadequate in form), i.e., a generic
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loss of information imposed by changing the definition of the original iso-
metric operator by first restricting its domain and then extending its range
during contractive evolution. The loss is enforced via rigorous mathematical
operations and excludes any subjective gradation.

It goes without saying that the generalized Fourier–Laplace transform
implied by a combination of results in Appendices B and D in their scaled
versions depends critically on the specific properties of the contractive
semigroup, Eq. (63). Although not yet explicitly mentioned we must also
consider explicitly the possibility of emerging higher order degeneracies,
i.e., so-called Jordan blocks. To conform to our dilation analytic formula-
tion, we need to find a complex symmetric representation. The general form
of such a Jordan block with a finite Segrè characteristic (>1) is derived in
Appendix E, see also Refs. [76, 77]. This complication adds to the general
query that what type of information is lost in connection with the contraction
phenomenon.

To belabor this point, let us consider in more detail a simple case, Refs.
[78, 79], where the bound states of the Coulomb potential, through succes-
sive switching of a short-range barrier potential, becomes associated with
resonances in the continuum. The simplicity of the problem demonstrates
that resonances have decisively bound state properties, yields insights into
the curve-crossing problem, and displays the tolerance of Jordan blocks. The
potential has the form

V(r) = −
z
r
+ Vmax

(
r
r0

)2

e2
(

1− r
r0

)
(64)

i.e., a Coulomb potential perturbed by a short-range exponential barrier with
maximum at r0 = 2 and with Vmax a varying parameter that measures the
height of the perturbation.

To better understand Figure 2.11, we will display in Figure 2.12 the first
four bound states of the perturbation as a function of barrier height for the
potential in Eq. (64) with the charge z = 1. Above the continuum threshold
the eigenvalue turns complex and we show the real part, i.e., the resonance
with the smallest imaginary part. The most striking conclusion is that the
barrier alters only one state at the time, with the principal variation being
handed over from one state to the other immediately above at particular
values of the barrier strength. Even if the rapidly varying state mimics a
localized ground state, the ordering of the states is intact since the pertur-
bation does not alter the number of nodes. After the escaping state has
“passed” the bound states, cf. the metaphor of a relay race, the “bound
state” is expelled as a resonance into the continuum, see Figure 2.12. For
all practical purposes, the resonance state exhibits the attributes of a bound
state as can be easily confirmed, see Refs. [78, 79] for more details, from the
calculation of various properties like 〈r〉,

〈
1
r

〉
,
√
(〈r− 〈r〉〉)2.
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Figure 2.11 3D plot of the Riemann sheet structure of the perturbed Coulomb potential as
displayed in Eq (64) with a varying barrier height parameter. The imaginary part of Vmax grows
toward the viewer.
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Figure 2.12 Display of the first four bound states of the perturbed Coulomb potential,
defined in Eq. (64) as a function of varying barrier heights. Note the dotted line above the
continuum threshold at zero energy. Taken from Ref. [78] with permission of IJQC.

To compute the averages above for the resonance states, one must use
the prescription defined in Appendix D, Eq. (D.7), that is implementing the
proper bilinear construction.

It is easy to see that the occurrence of the imaginary part in the energy
Eres = E0 − iε provides loss of “evolution information” in that the contribu-
tion from the resonance eigenvalue disappears asymptotically as t→∞, cf.
Figures 2.5–2.7. Although records can in principle be retrieved within a given
time interval, the contraction property of the scaled, contractive evolution via
the aforementioned inadequateness or informity rule [80] asymptotically dis-
card the contribution from the pertinent part of the spectrum – note that we
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are using norm convergence. For the present case of a Coulomb potential per-
turbed by sufficiently large barrier, crucial information about the hydrogen
ground state “disappears” during evolution. We further learn that crossings
of energy surfaces occur in the complex plane. The illustrious non-crossing
rule or the curve-veering phenomenon as clearly revealed in Figure 2.12, see
also the innermost curve of the 3D plot of Figure 2.11, is abruptly spoiled
in the complex energy plane, Figure 2.11. The simple lesson learned is that
complex scaling employed in molecular problems might provide additional
information through complex crossings of energy surfaces off the real axis.
Being generic properties of the model they bring about additional infor-
mation regarding electron transfer phenomena, etc. related for example to
so-called conical intersections. For more on the emergence of Jordan blocks,
see Appendix E and Refs. [76, 77].

It is interesting to observe that the Fourier–Laplace transforms exercised
in Appendix B, cf. the contours C± and the generalizations in Figures 2.4
and 2.5, relating the retarded-advanced propagators G±(t) and the resolvents
G(z), prompt the pronouncement that time-less formulations are possible. In
addition, since the cosmological Wheeler–DeWitt equation, is of the form
Hψ = 0, Barbour in his elegant and thought-provoking volume “The End
of Time The Next Revolution in Physics” [81] makes strong arguments for
a fundamental nontemporal description of the Universe. His evaluation is
based both on general aspects of the theory of general relativity and on the
current understanding of contemporary quantum mechanics. There are basi-
cally two perspectives to be incorporated here. The first concerns the issue
of contractive evolution that (even if we assume asymptotic completeness,
which is still an open problem [48, 53, 74]) invokes objective loss of infor-
mation during evolution. The second relates to the unidirected form of time
as induced by relativity theory to be briefly considered below – a more gen-
eral remark including the general theory of gravity will be given in a later
section.

The present account has been published before, see Refs. [7, 82, 83], and
references therein. Using our preference for complex symmetric forms we
will proceed directly to derive a Klein–Gordon-like equation as follows. Con-
sider the nonpositive square root, cf. the Dirac equation, from the simple
ansatz of the Hamiltonian H

H2
= m2

0

(
1 0
0 1

)
; H± =

(
m0 0
0 ±m0

)

H− = H =
(

m0 0
0 −m0

)
=

(
m −iν
−iν −m

) (65)

where Eq. (65) demands m2
0 = m2

− ν2 with the obvious identifications ν =
p/c; p is the momentum of a particle of mass m, relative to an inertial system,
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where m0 is the (nonzero) rest mass and finally with c the velocity of light.
The “negative” square root in the complex symmetric form above is enforced
so as to provide a suitable platform for a nonstationary description and to
conform to a nonpositive definite metric, cf. the Minkowski space-time. In
general, velocities and momenta should be represented as vectors, but scalar
operators are enough for the present discussion.

From the secular equation, based on the matrix H, we define the eigenval-
ues λ± = ±m0 via

λ2
= m2

0 = m2
− ν2
= m2

− p2c−2 (66)

In analogy with the classical case in terms with the familiar parameter
β = p/mc= (classical particles)= υ/c, with υ the velocity of the particle, we
obtain the well-known result

m =
m0√

1− υ2/c2
=

m0√
1− β2

(67)

In addition to the possibility to interpret the result from a classical
and/or a quantum mechanical viewpoint, we have also at hand a more gen-
eral biorthogonal construction. Introducing general ket-vectors |m〉; |m̄〉 and
|m0〉; |m̄0〉 corresponding to the states of a particle with mass m and its
antiparticle (with negative energy –mc2), respectively, and m0 similarly for
the rest mass in the interaction free case, we find the general superpositions

|m0〉 = c1|m〉 + c2|m̄〉; λ+ = m0

|m̄0〉 = −c2|m〉 + c1|m̄〉; λ− = −m0

|m〉 = c1|m0〉 − c2|m̄0〉 (68)

|m̄〉 = c2|m0〉 + c1|m̄0〉

c1 =

√
1+ X

2X
; c2 = −i

√
1− X

2X
; X =

√
1− β2; c2

1 + c2
2 = 1

As already mentioned the derivation above leaves the interpretation, clas-
sical or quantum to the eye of the beholder. The second remark concerns
biorthogonality, which implies that the coefficients ci will not be associated
with a probability interpretation since we have the rule c2

1 + c2
2 = 1. The oper-

ators, in Eqs. (65)–(68), are in general non-selfadjoint and nonnormal (do
not commute with its own adjoint), hence the order between them must
be respected. We finally note that the general kets in Eq. (68) depend on
energy and momenta, whereas in the conjugate problem, to be introduced
below, they rely on time and position. Introducing well-known operator
identifications, (h = 2π~ is Planck’s constant and E∇ the gradient operator)

Eop = i~
∂

∂t
; Ep = −i~ E∇ (69)
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we recognize, from the eigenvalue relation, Eq. (66), explicit relations
between the Klein–Gordon-like equation and Maxwell’s equations for vac-
uum, i.e., by setting the determinant of H in Eq. (65) equal to zero∣∣∣∣∣∣∣

i~
∂

∂t
−iEpc

−iEpc −i~
∂

∂t

∣∣∣∣∣∣∣ = ~2 ∂
2

∂t2
− ~2c2

∇
2 (70)

It is then easy to formally introduce the conjugate operators (possible in
an extended sense)

τ = Top = −i~
∂

∂E
; Ex = i~ E∇p (71)

and (note the invariance under strong parity and E→−E, Ep→−Ep, which
also holds in the general case, cf. also the CPT theorem)

Hconj =

(
cτ −iEx
−iEx −cτ

)
(72)

from which the eigenvalues τ0 or x0 =
√
Ex0 · Ex0 analogous to Eqs. (65)–(67),

using Ex = Eυτ in Eq. (72), obtains

τ =
τ0√

1− υ2/c2
=

τ0√
1− β2

; x =
x0√

1− β2
(73)

Incidentally we point out that, notwithstanding the reference to general
complex symmetric forms and biorthogonality, we recover equations com-
mensurate with classical Lorentz invariance, see Eq. (73). At the same time,
there seems to be a universal superposition principle at work irrespective of
whether we are representing classical wave propagation, quantum mechani-
cal matter waves, or classical point particles. The conjugate arrangement also
indicates, like the energy–momentum problem, that time and position can
be represented formally in a general non-selfadjoint context and that the for-
mer is unidirectional as “positive time” by definition must relate to “positive
mass.” The kets and the bras from the conjugate operator representations are
related in the traditional sense as〈

r,−ict
∣∣p, iE/c

〉
= (2π~)−2 e

i
~ (r̃·p−E t) (74)

Note that the underlying scale transformation generates non-selfadjoint
timescale and length scale, see Ref. [7] and references therein, whereas
the ket (bra) notation refers to abstract indicators identifying appropriate
quantum/classical (conjugate) states in configuration space. This convention
will be made more specific in the general case as it will provide the necessary
background dependence for general relativity including covariance.
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3. GENERAL APPLICATIONS

As pointed out, the present extension of quantum mechanics to incorporate a
rigorous non-Hermitean scaling transformation embedding traditional self-
adjoint formulations has been particularly convenient in atomic and molecu-
lar applications. Implementing analyticity requirements as prescribed above,
allowing broken symmetry solutions, if appropriate, could easily bequeath
attacks on general problems connected with bound and quasibound states.
Matrix elements of the analytically continued secular equation provide com-
plex resonance eigenvalues and eigenfunctions as mathematically rigorous
and computationally valid solutions. Proper extensions of scattering the-
ory quantities could, e.g., be examined by direct integration of the actual
differential equation along appropriate complex paths; using Weyl’s theory,
see the numerical examinations on the superimposed Coulomb potential as
well as the criteria for resonance region estimates discussed previously. It is
interesting that dilation group extensions of Titchmarsh–Weyl theory have
attracted acquiescent interest in the mathematical community [84–86] with
Ref. [36] being the lead reference.

Reviving accounts on the level of complex deformations of the many-body
problem, we will call attention to some simple applications as feasible and
viable demonstrations, leaving abundant and worthy documentations in this
field to another occasion. For instance, optimal scaling in actual situations
can be resolved via extended versions of the virial theorem including spe-
cific relationships between various energy contributions, cf. applications to
the Stark effect in the hydrogen atom [35] and the 15 near degeneracy in
SiO [87, 88]. Applications within a generalized scattering view concern pre-
dissociation by rotation [46, 89], continuum electron exchange in electron
atom scattering [90–92], resonance structures in charge transfer cross sections
[93], and various applications to time-resolved molecular spectroscopy,
see Ref. [94].

A completely different avenue is considered in the treatment of amor-
phous condensed matter [7, 52, 95] like proton transfer in aqueous solu-
tions [96], molten alkali chlorides [97], general features of high-TC cuprates
[98, 99], quantum Hall effect [100], and the effects of spin dynamics in fer-
romagnetic systems [101]. For details on the definition and employment of
the so-called Coherent-Dissipative Structure, CDS, we refer to Appendix F
and Refs. [52, 102–104] and [76, 77] in particular the role of symmetric rep-
resentations of Jordan blocks [105] their emergence from associated reduced
density matrices [106, 107] properly thermalized [7, 52]. The introduced new
concepts impart surprising aspects on complex enough systems in biology
as well as on background-dependent portrayals of general relativity [82, 83].
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3.1. Atoms and molecules

We will initially consider applications of dilated analogues of traditional
approaches to quantum mechanics and in particular look at molecular stud-
ies based on the decay properties of excited levels including rovibrational
spectroscopy, see Refs. [94, 108] and references therein for details. As men-
tioned above, the analytic theory allows examination of barrier penetration
problems, curve crossings, coupling between adiabatic curves, etc. with the
studies of several diatomic systems like HgH [46, 89], SiO [87], CH [109], and
CH+ [110]. For convenience we show the scaling operation for a simple case,
where the complex eigenvalues are uncovered after complex dilation, see
Figure 2.13. Since many realistic physical potentials are numerically known
in the short- and medium-range regions with analytic tails on hand only for
the long-range part, a simple trick around this obstacle is given by employ-
ing exterior scaling [18, 108, 111]. Note that similar techniques had already
been developed within the domain of nuclear physics [112]. We also refer
to [113] for a prerunner to complex scaling already 10 years before the rig-
orous mathematical theorem of Balslev and Combes [50], see also [20] for
additional information. Hence, considering

x→
{

x, x ≤ R0

R0 + η(x− R0), x > R0

η = eiϑ; ϑ > 0
(75)

one can use numerical data for coordinate values less than R0. Although
earlier verifications and outlines had been established, see [18, 110], a
mathematically rigorous proof was not provided until 1989, see Helffer’s
contribution to the Lertorpet symposium [114].

A simple case is the portrayal of the ground state of the OH radical, see
Figure 2.14. For simplicity, we show a part of the Morse potential energy
curve with the highest bound and quasibound vibrational levels indicated by
solid lines and dashed line, respectively, Figure 2.14a. The spectral density is

σP(1) σC(1) σP(η)

η = eiθ

−2θ

σC(η)

Resonances

ηxx

Figure 2.13 Display of the nondilated (left) and dilated differential operator (right) consist-
ing of discrete spectrum σP and the absolutely continuous part σC. Taken from Ref. [108] with
permission of IJQC.
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OH morse potential
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Figure 2.14 Display of the continuous spectrum describing the ground state of the OH rad-
ical with the rotational quantum number chosen to J = 25. For more details see the text.
The area corresponding to nonresolved part of the spectrum is denoted by L. Taken from
Ref. [108] with permission of IJQC.

displayed in Figure 2.14b and the associated Green’s function in Figure 2.14c.
From previous Weyl’s theory formulas, one obtain in a simple way (easily
generalized to the case of a systems of coupled equations Ref. [115]) the
Green’s function from the Riccati equation, see Refs. [36, 116]

G(x; x′) = (H − λI)−1
= ψ(x<)

[
W( f , ψ)

]−1
f (x>) (76)

with the diagonal element G(a; a) given by

G(a; a) =
[
ψ ′(a)ψ−1(a)− f ′(a)f−1(a)

]−1
=
[
zR(a)− zJ(a)

]−1
(77)

In Eq. (77), zR and zJ are the logarithmic derivatives (matrices) of the
regular solution and the asymptotic (Jost) solution, respectively.
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As can be seen from Figure 2.14, the method gives a very stable proce-
dure to determine and examine the structure of the continuous spectrum as
well as provides means for peak identification and comparisons with time-
resolved spectroscopy including systematic studies of molecular dynamics.
Using the multichannel technique, rich resonance structures were found in
the computed cross section for the charge transfer from atomic hydrogen to
the excited 3s level of the doubly charged nitrogen, triply charged nitrogen,
and atomic hydrogen at very low relative collision energies [93].

Although a rigorous treatment of molecular problems should go beyond
the Born–Oppenheimer (BO) approximation, the full scaling problem should
also include scaling of the nuclear coordinates [65], see also related discus-
sions regarding complex scaling in Ref. [20]. In current applications this is
not done and as a result the internuclear distances are “sharp” notwithstand-
ing complex branch points existing in the complex energy surface. The latter,
if close to the real axis, are indeed an indication of the breakdown of the BO
separation. A candidate for this violation is the case of silicon monoxide, SiO.
This calls for a more general treatment where multidimensional partition-
ing technique is necessary. A visual graph displaying a sequence of avoided
crossings with spectral information inserted from experiments is shown in
Figure 2.15.

A study of this situation using the complex virial theorem, see details in
Ref. [87], shows that the bound state level is always situated above the dif-
fuse one; the width of the diffuse level increases with energy and that the

Si + O

3P + 3P

1D + 1D

Figure 2.15 Display of the nearly degenerate 15 potential curves in SiO as obtained from
Ref. [117]. The vibrational levels are symbolically included as they would be interpreted
conventionally. Modified from Ref. [87].
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splittings between levels increase with the vibrational quantum number. One
also infers that term energies are lower and the splittings are larger in SiO18

than in SiO16.
The exterior complex scaling model may suitably be used in electron–atom

scattering in connection with local density models based on static exchange
plus polarization approximations, where one could formally include the
continuum electron exchange with just the uppermost bound orbital or alter-
natively with all the target electrons. Although this works well in many cases
[90–92], one would need to improve the formulation so that it obeys the
proper boundary conditions for large radial distances as well as for very low
energy of the incoming electron. A complex dilated study within such and
asymptotic complete form of exchange improves the reliability and rigor of
the model. In Figure 2.16, we show the trajectory of the partial wave S-matrix
pole for the 2P case of the Be− ion in two different continuum exchange
approximations, for details see Ref. [90]. In addition to testing the method
for the 2P shape resonances in the Be− and the Mg− metastable ions and the
2D shape resonances in the e−Mg scattering system, the asymptotically com-
plete form of the local-density-based approximation provided evidence for a
possibly bound (4s24p) 2P state in Ca−. Although the resolution of this result
depends critically on the state-specific electronic structure and correlation,
one might argue that invoking a one-electron complex scaling method as
input in a local density approach may not be reliable. For instance in the past
incorrect predictions of bound negative ions of noble gases made news in
the 1990s. Nevertheless, the present modeling is notably rigorous in that it
incorporates exchange between the continuum electron and all bound state
electrons (not just the valence electron). What’s more the result presented in
Ref. [92] was independently confirmed by rigorous ab-initio calculations of
Froese Fischer et al. [118] in support of experiments [119].

0.0
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−1.0

−1.5

−2.0

2.0 6.0

Re E (10−2 eV)

Im
 E

 (
10

−1
 e

V
)

10.0 14.0

Figure 2.16 Display of the 2P shape resonance in the e −Be collisional system. The crosses
represent the first partial wave of the p-wave S-matrix resonance pole as a function of the
cut off parameter. Taken from Ref. [90] with permission of IJQC.



To protect the rights of the author(s) and publisher we inform you that this PDF is an uncorrected proof for internal business
use only by the author(s), editor(s), reviewer(s), Elsevier and typesetter diacriTech. It is not allowed to publish this proof online
or in print. This proof copy is the copyright property of the publisher and is confidential until formal publication.

AQC 06-ch02-033-118-9780123970091 2012/1/30 12:22 Page 71 #39

Examining the Limits of Physical Theory: Analytical Principles and Logical Implications 71

In closing the section on non-Hermitean approaches to continuum pro-
cesses in atomic and molecular physics, we will also mention accurate exam-
inations on resonance parameters in molecular predissociation displaying
unexpected resonance overlapping [46, 89]. The phenomenon of predissocia-
tion by rotation in HgH was analyzed via an isotopically combined potential
due to Stwalley [120]. The potential, i.e., a relatively shallow energy curve
with a nonzero J-value giving rise to a rotational barrier, supported novel
metastable states above the dissociation limit. The Weyl’s method was able
to resolve the closely lying vibrational states v = 3 and v = 4 for the rotational
quantum number K = 9.

Although both experimental and theoretical advances have been great
since some of the quoted applications took place, the methodological under-
standing, accuracy, and insight are clearly confirmed. Novel improved theo-
retical and computational advances are continually upgraded, see the work
of Elander et al. [121].

As a précis to the work presented in this section, we emphasize that
Weyl’s theory and conventional scattering theory compliment each other for
instance in the proven rigor of a large class of physically and mathemat-
ically relevant potentials. The combined use of (uniform) complex scaling
with the theoretical approach of Weyl and Titchmarsh yields rigorous numer-
ical results and provides a fundamental basis for the concept of unstable or
metastable states. In more general cases, i.e., using exterior scaling and/or
other regularization procedures to obtain resonance states and eigenfunc-
tions of complex many-body-systems and/or wide-ranging reaction coordi-
nate representations, it is imperative to be familiar with the broad spectral
features of universal analytic structures and their all-embracing strength in
scientific modeling. The advance of the latter will be the topic of the next
section.

3.2. Condensed matter

As already brought up above, we will extend the discussion to incorporate
hierarchies of complexity levels. In particular, we will show that flexible
and robust treatments of so-called dissipative systems are viable within our
analytic approach, but first some definitions.

With an open or dissipative system we identify: a system in which there
exists a flow of entropy due to exchange of energy or matter with the environment.
Additionally, we will consider a specific order or organization that will be
of particular relevance for both condensed matter and complex enough bio-
logical systems, see also next section. Hence, we append the conditions for
a Coherent-Dissipative Structure, CDS, by stipulating that (1) they are created or
destroyed by integrated quantum and thermal correlations, (2) they exchange energy
with an (partially) entangled environment, and (3) they cannot have a size smaller
than a critical one.
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Detailed accounts of applications to condensed matter topics have been
communicated elsewhere over the years, see [95–100], see also [7, 82, 83] and
references therein. We will nevertheless summarize the basics, which are sig-
nificant for the present review. In short, the theoretical formulation concerns
appropriate system operators, represented as reduced density matrices, lead-
ing to dynamical evolution expressing nonexponential decay and bearing
signs of microscopic self-organization. This understanding matches explicit
thermal conditions and inclusive timescales. Thermalization of the system
operator produces temperature-regulated correlations and the materializa-
tion of canonical Jordan forms with sizeable Segrè characteristics, n, i.e., the
dimension of the largest Jordan block in the degenerate representation.

To establish timescales, one needs to study the generator of the dynam-
ics, providing the foundation for Hamiltonian and Liouvillian isometric and
contractive evolution, see Appendix F and Refs. [28, 102, 122] for technical
discussions involving ensuing organization of appropriate levels of descrip-
tion. As will be seen, the dimension n is controlled by the physicochemical
conditions of the dissipative system. As has been shown in Appendix E, the
theoretical formulation is founded on the transformation B

B =
1
√

n


1 ω ω2 . ωn−1

1 ω3 ω6 . ω3(n−1)

. . . . .

. . . . .
1 ω2n−1 ω2(2n−1) . ω(n−1)(2n−1)

; ω = e
iπ
n (78)

connecting a preferred orthonormal basis h = h1, h2, . . . hn, on local sites rep-
resenting pairs of light carriers in a nuclear skeleton, like superconductivity,
base pairs (or a group) of DNA, elements of protein structures or neural
sites in cybernetic mechanisms related to functions of the brain in biologi-
cal systems, etc., to a canonical basis f = f1, f2, . . . fn, with special properties
and unique dynamics, and at the same time also to a coherent basis, g =
g1, g2, . . . gn, containing for example encoding information for ontogenetic
evolution, see next section.

|h〉B =
∣∣g〉 ; |h〉B−1

=
∣∣f 〉 (79)

In passing we note, see again Appendix E, that the unitary transforma-
tion B connects the complex symmetric expression Q and the canonical form
Jn(0), i.e.,

Q = B−1Jn(0)B; Qkl = exp
{

iπ
n
(k+ l− 2)

}(
δkl −

1
n

)
(80)
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where

Jn(0) =


0 1 0 · · 0
0 0 1 · · 0
0 0 0 1 · 0
· · · · · ·

0 0 · · 0 1
0 0 · · 0 0

 (81)

In Appendix F, we have derived a simplified version of Coleman’s extreme
state [107] as well as indicated the onset of ODLRO [106]. Our first examples
of applications within disordered condensed matter concern the discovery
of high-temperature superconductivity. From appendix, Eqs. (F.4)–(F.7), we
will use the relation below [note the quadratic expression in the occupation
number p in the large eigenvalue λL to be used in Eq. (82), for more details
see Refs. [7, 103] and references therein]

E = Tr {H2ρ}; ρ ≈ λL

∣∣g1

〉 〈
g1

∣∣
There are many anomalies associated with this problem, which is still

not satisfactorily resolved. Rather than giving a complete set of references
we direct the reader to previous work within the present formulation
[7, 95, 98, 124] and references therein. We mention a few problems that have
been analyzed and explained: anomalous gaps, universal linear relation,
Uemura et al. [123], saturation effects, short coherence lengths, transition
temperature dependence, unusual heat capacities, Knight shift temperature
dependence [125], spin gaps, etc. Many of these have been examined sepa-
rately in the light of various mechanisms. It is nevertheless striking that the
present description gives sufficient clarifications and noncontradictory jus-
tification from the general overall behavior without initially elucidating the
exact nature of the pairing mechanism, cf. Figure 2.17, where both Uemura’s
universal linear relation as well as the saturation effect obtains from the
negative quadratic deviation predicted by λL in Eq. (E.6). Note the sud-
den breakdown of the superconducting state at higher carrier concentration.
Although the microscopic mechanism is needed for quantitative data, opti-
mizing the energy Eq. (F.7) for a given interaction yields, see Ref. [103] for
details, the relation, see Refs. [103, 126]

TC = TC, max · 4(x− x2) (82)

where x = N/2 = n∗c/n
∗

r ; n∗c = N/Vm∗; nr = 2n/Vm∗, m∗ is the effective mass,
and V is the volume. Also, n∗c and n∗r are the carrier concentration per effective
mass and the available concentration (per effective mass; large N and n) of



To protect the rights of the author(s) and publisher we inform you that this PDF is an uncorrected proof for internal business
use only by the author(s), editor(s), reviewer(s), Elsevier and typesetter diacriTech. It is not allowed to publish this proof online
or in print. This proof copy is the copyright property of the publisher and is confidential until formal publication.

AQC 06-ch02-033-118-9780123970091 2012/1/30 12:22 Page 74 #42

74 Erkki J. Brändas
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Figure 2.17 Schematic representation of the superconducting transition temperature TC

plotted versus carrier concentration ns divided by the effective mass m. For details see
Uemura et al. [123]. Taken from Ref. [95] with permission of IJQC.

fermion states (virtual particle concentration), respectively. Assuming that n∗c
varies while n∗r and m∗ are assumed constant for each class of superconductor,
one obtains the various curves in Figure 2.17; for a list of compiled data for
various classes, see reference to Burns in [103]. In addition, the formula for
λL gives consistent fractional statistics in the Quantum Hall effect, see Refs.
[100, 103].

A rather different case, studied within the present framework [101],
obtains from measurements of the magnetic excitation spectra of Gadolin-
ium, Gd, by inelastic neutron scattering above the Curie temperature Tcu.
For instance, experimental results of scattering along the (110) direction
demonstrate a crossover from spin diffusion at small scattering wave vec-
tor q to damped spin-wave behavior at large q. It is a surprising result
that spin correlations exist even at T = 850 K, which is far above the Curie
point Tcu = 293 K. It was concluded that the destruction of spin waves
above Tcu is not due to thermal breakup [127]. Although we will not dis-
cuss previous applications to proton transfer in water [96], conductivity of
molten alkalichlorides [97], see also the review in Ref. [7], we will draw
on analogous results, see also the Appendix F. The quantization condition,
Eq. (F.10), implies maximum relaxation time τrel for the minimal size n = smin

commensurate with the temperature T through the relation

smin =
4πkBT
τrel

(83)
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where kB being the Boltzmann constant. In the applications mentioned above,
the spatial dimension of the CDS have been shown to obey the linear relation

dmin = F(Hrel)WdB
i · smin (84)

i.e., showing a linear dependence on the thermal de Broglie wavelength

WdB
i = ~

√
2π/kBTmi (85)

In Eqs. (84) and (85), F relies on the proper Hamiltonian (depending on
some relevant thermodynamic variables and/or external parameters) and
mi is the effective mass of “particle i” corresponding to the inertial mass
associated with the motion of a magnetic cluster in the presence of other clus-
ters. This mass depends on factors describing domain wall motion, magnetic
exchange, and anisotropy energy. For more details regarding the underlying
analysis and assumptions that go into the derivation of Eq. (84), see Refs.
[96, 97]. One obtains from Eqs. (84) and (85) the relation

dmin = const.× F(Hrel)
√

T · τrel (86)

The experimental data shown in Figure 2.18 show that the size dmin of mag-
netically ordered regions above Tcu is nearly independent of the temperature.

293 320 440 586 850

T (K)

Figure 2.18 Temperature dependence of the spatial size dmin ∝
√
T · τrel (arbitrary units

K1/2 THz−1). The constancy of this quantity above Tcu is clearly demonstrated in Ref. [101].
Solid (open) circles correspond to Table I (II) in Ref. [127]. Published with permission of Phys.
Rev. B.
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In more detail we see that the value of the spatial size at Tcu = 293 K is clearly
larger than at other temperatures, which is anticipated since this regime is
dominated by the critical phenomenon of the spin system. There are sev-
eral assumptions and identifications that go into the interpretation of present
data, for instance the crossover wave vector ςc represents a rough measure
of the size of the magnetically ordered regions Dmagn considered. The the-
oretical analysis of the experimental results in [127] is established via the
concept of a CDS and therefore assumes the validity of Dmagn ∝ dmin. Hence,
the present analysis suggests the surprising result that the actual size Dmagn

remains constant between 320 and 850 K.
Although we have not made use of the full quantization condition

Eq. (F.10), only the matching between the temperature, size, and relaxation
time, it is clear that the spatiotemporal structure (coherent dissipative sys-
tem) integrating quantum–thermal correlations allows more general map-
pings of open systems beyond self-adjoint formulations. One might further
predict, through relation (83), that thermal correlations are able to maintain
constructive effects. This will be even more important in connection with
applications to complex enough systems within a biological framework.

3.3. Correlations in biology

This section is devoted to biological order, organization, and evolution. We
have already seen in Appendix F that constructive integration of quantum
and thermal correlations under appropriate conditions lead to a so-called
CDS, i.e., an optimal spatiotemporal structure formed by the precise relations
between time, size, and temperature scales. CDS suggests microscopic self-
organization including Gödel-like self-referential traits.

The analytic theory underscores the structure–matter dilemma with pro-
found implications for teleological thinking; see Ernst Mayr’s last survey of
quote “controversial concepts in biology” [10]. As discussed in Appendices
F and G, the outcome is the emergence of a dissipative degenerate organi-
zation, which corresponds to a distinctive form of matter. The latter should
be distinguished from the habitual range of long-established traditions of
understanding and predicting properties of matter from quantum theoretical
first principles. In the latter we might correlate general teleomatic pro-
cesses as ruled by natural laws and in the former, goal-directed teleonomic
progression as controlled by the regulation of an evolved program.

As already expressed in e.g. in [11], and extended in [83, 128], the liv-
ing state should require the following necessary conditions: (1) the coupling
to an environment for metabolic processes, (2) the genetic function, and (3) a
spatiotemporal regulation for optimal function or homeostasis. A fourth con-
dition was added in [128], i.e., (4) the possible evolution of higher level
meta-codes for relating diverse levels of organization, e.g., between genotypic
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and phenotypic processes. Hence as will be shown below, the spatiotem-
poral rhythm-like configuration, CDS, proposes new promising connections
within a condensed matter biological outline. It challenges traditional views
on the structure–matter dilemma concerning the natural world, perception,
and consciousness also adding a polymorphic quality to the picture.

Returning to the formulations of mainly Appendices E and F, we will pro-
ceed to analyze in some detail the time-irreversible self-organized structure
denoted as CDS. A key concept in the formulation is given by the trans-
formation B, Eq. (E.11), which links the canonical basis f , with the physically
preferred local basis h, and the latter with the coherent order defined by g. As
can easily be seen by inspection B exhibits an interesting factorization prop-
erty, i.e., the columns display a certain repetitive structure involving certain
correlated groups of sites and, depending on the value of n, all possible fac-
tors develop as closed cyclic structures. To demonstrate the cyclic order, we
will display

√
12 B, i.e., the array for n = 12 in Eq. (87) below. The dimen-

sion of the cyclic vectors is given in parenthesis and for simplicity we have
removed the first vector of one-dimensional units (1) leaving the diagram
with only 11 columns.

(12) (6)
(6)

(4)
(4)
(4)

(3)
(3)
(3)
(3)

(12)

(2)
(2)
(2)
(2)
(2)
(2)

(12)

(3)
(3)
(3)
(3)

(4)
(4)
(4)

(6)
(6) (12) (87)

While noting the obvious symmetry of the diagram, we observe for n = 15
the occurrence of many nonpartitioned columns as well as the omission of
the middle column, when n is odd.

(15)(15)
(5)
(5)
(5)
(15)

(3)
(3)
(3)
(3)
(3)

(15)(15)(15)(15)

(3)
(3)
(3)
(3)
(3)

(15)
(5)
(5)
(5)
(15)(15) (88)

The essential idea is that the map of biological order on a CDS conveys
information stored in the transformation B, suggesting numerous ways of
encoding depending on the levels of organization under study. For instance
describing a quantum chemical representation of the constituents of our
genes or of folded protein–DNA coils, e.g., intrinsic genome-wide organiza-
tion of nucleosomes [129], the present CDS with its precise transformation
properties prompts the creation of program instructions via subsequent
factorizations, signifying certain functions, positioning, and or traits. One
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might, e.g., consider the sequence s1s2s3 . . . sk of positive integers with the
Gödel numbering, i.e., being the product of the first primes raised to the
corresponding values in the sequence

n(s1s2s3 . . . sk) = 2s1 · 3s2 · 5s3 · · · psk
k (89)

The cyclic diagram corresponding to this Gödel numeral becomes (nk =

n/k)

(n)
(n2)

(n2)

(n3)

(n3)

(n3)

·

·

·

·

·

·

·

·

·

·

(npk)

( · )

(npk)

(npk)

( · )

(npk)

·

·

·

·

·

(n)

·

·

·

·

·

(n n
2
)

( · )

(n n
2
)

(n n
2
)

(n n
2
)

( · )

(n n
2
)

·

·

·

·

·

(n)

·

·

·

·

·

(npk)

( · )

(npk)

(npk)

( · )

(npk)

·

·

·

·

·

·

·

·

·

·

(n3)

(n3)

(n3)

(n2)

(n2)
(n) (90)

where the columns are partitioned according to the factors that are divisors
of n [with nonpartitioned columns (n) properly interspersed]. Other numeral
systems are of course possible; see Ref. [83] for more details. In passing we
observe that various values of n will generate an increasing number of unpar-
titioned columns above. They appear to carry no obvious information, cf.
the existence of long sequences of noncoding DNA, introns, interrupting the
relatively short segments of protein coding DNA, exons. Nevertheless they
need to be there to give an appropriate background to the encoding functions
of the exons. For some further related topics, see Ref. [83] and the concluding
section.

Before ending this section, we conclude that the present model couples the
physical unidirection of time with perceived time through the CDS neumatic
structure including up-down cognition but not left-right mirroring, see also
the next section.

3.4. Einstein’s laws and cosmology

As already discussed at the end of Section 2.2.3, we derived a univer-
sal superposition principle from a complex symmetric ansatz arriving at a
Klein–Gordon-like equation relevant for the theory of special relativity. This
approach, which posits a secular-like operator equation in terms of energy
and momenta, was adjoined with a conjugate formal operator representation
in terms of time and position. As it will be seen, this provides a viable exten-
sion to the general theory [7, 82]. We will hence recover Einstein’s laws of
relativity as construed from the overall global superposition, demonstrating
in addition the independent choice of a classical and/or a quantum repre-
sentation. In this way, decoherence to classical reality seems always possible
provided that appropriate operator realizations are made.
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As hinted in the Introduction, the present viewpoint combines the micro-
scopic and the macroscopic domain. Hence, we need to incorporate a satis-
factory treatment also of the theory of general relativity. Simultaneously the
problem associated with micro–macro correlates, discussed initially, and the
universality of the superposition principle, briefly mentioned above and
to be discussed in more detail below, aims at the idea of decoherence in
regard to classical reality. Since the issues brought up are interrelated, we will
illustrate the problem of decoherence by examples drawn from general rela-
tivity, i.e., the law of light deflection, the gravitational redshift, and the time
delay.

The extension of a Klein–Gordon-like equation, see Eqs. (65)–(73), to
include gravitational interactions is quite straightforward in our present the-
ory. Since general relativity associates gravity with tensor fields, we need to
incorporate the operator and their conjugate counterparts simultaneously.
To accomplish the first part of the conjugate pair formulation, we will attach
to our previous model in the basis |m, m̄〉, the interaction

mκ(r) = mµ/r; µ =
G ·M

c2
(91)

generating the modified Hamiltonian (operator) matrix for the case m0 6= 0

H =
(

m(1− κ(r)) −iν
−iν −m(1− κ(r))

)
(92)

with µ the gravitational radius, G the gravitational constant, M a spherically
symmetric nonrotating mass distribution (which does not change sign when
m→−m) and ν = p/c as in (65–73). For more details on the fundamental
nature of M and on the emergence of black-hole-like objects, see Refs. [7, 9].
The tensorial issue relates to consistency relations between Eq. (92) and its
conjugate analogue together with a surprising link to the associated problem
of decoherence as will be discussed in more detail below.

Incidentally we find that the positive operator κ(r) ≥ 0 depends formally
on the coordinate r of the particle m, with origin at the center of mass of M.
Since the dimensions or scales Ex and τ are subject to the description of the
conjugate problem, we will on balance recover a geometry of curved space-
time scales reminiscent of the classical theories, see more below.

We obtain in analogy with for the matrix H, in analogy, with Eqs. (65)–(68)

λ2
= m2(1− κ(r))2

− p2/c2

λ± = ±m0(1− κ(r)); ν = p/c
(93)
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with the eigenvalues λ± scaled so that m0 is consistent with the special theory,
i.e.,

m2
0 = m2

− p2/((1− κ(r))2c2)

λ±/(1− κ(r)) = ±m0 = ±
√

m2 − p2/((1− κ(r))2c2)

m = m0/
√

1− β ′2; β ′ ≤ 1; 1 >κ(r)

β ′ = p/(mc(1− κ(r))) = υ/(c(1− κ(r))).

(94)

As mentioned, Eqs. (93) and (94) mimic the formulas of special relativity
by rewriting the operator matrix (note that κ(r) < 1/2 rather than κ(r) < 1,
see below)

Hsp =

(
m −ip′/c
−ip′/c −m

)
; p′ = p/(1− κ(r)) (95)

Since we have modeled that the gravitational source is a spherical black-
hole-like object, see details in [7, 9], it follows that angular momentum is a
constant of motion and postulating the limit velocity c at the limiting distance
given by the gravitational radius µ, one obtains

mυr = mµc (96)

or

υ = κ(r)c = µc/r (97)

Equation (97) serves as a boundary condition for the operator matrix
model, which in the complex symmetric representation, making the replace-
ment υ/c = κ(r), reads (note that κ(r) < 1

2 , see below)

H = m
(
(1− κ(r)) −iκ(r)
−iκ(r) −(1− κ(r))

)
→ m

(√
(1− 2κ(r)) 0

0 −
√
(1− 2κ(r))

)
(98)

Although m is not determined by Eq. (98), cf. also the conjugate problem
below, the quotient m/m0 (nonzero restmass) follows uniquely from Eqs. (93)
and (94) and the eigenvalues of Eq. (98), i.e.,

m
m0
=

1− κ(r)
√

1− 2κ(r)
(99)

We note the singularity at r = 2µ and that Eqs. (65)–(68), (95), and
(98) invoke the scalings m

√
1− β2 and m

√
1− β ′2, while Eq. (98) require

m
√

1− 2κ(r).
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Returning briefly to the decoherence theme we observe a fundamental
property of the formulation. The matrix H exhibits a singularity, consistent
with Eq. (99), at the degenerate point κ(r) = 1

2 , i.e.,

Hdeg = m

(
1
2 −i 1

2

−i 1
2 −

1
2

)
→

(
0 m

0 0

)
(100)

under the unitary transformation

|m0〉 → |0〉 =
1
√

2
|m〉 − i

1
√

2
|m〉 ;

|m0〉 →
∣∣0〉 = 1

√
2
|m〉 + i

1
√

2
|m〉 .

(101)

It is interesting that our present global superposition principle unequiv-
ocally leads to the famous Laplace–Schwarzschild radius r = 2µ = RLS (we
assume that M is totally confined inside RLS). There is a difference, however.
Although the classical “Schwartzschild singularity” depends on the choice of
the coordinate system, the present result is a generic property that exhibits
the autonomic nature of the universal linear principle. Hence, decoherence
to classical reality may occur for 0 < κ(r) < 1

2 , while potential quantum-like
structures arise inside RLS for 1

2 ≤ κ(r) < 1.
The present formulation yields additional meaning to the point κ(r) = 1

2 ,
see the recent discussion of Gödel’s theorem, Appendix G. Making the
substitutions

q = (1− κ(r)); (1− q) = κ(r) (102)

the self-referential character of the situation is revealed. The difference
between the nonsymmetric formulation in Appendix G and the complex
symmetric form given here is only a technicality and not essential. Although
decoherence, cf. a classical measurement, would correspond to the result
either q = 1 or q = 0, the famous Gödel proposition, provable neither right
nor wrong within the given set of arithmetical axioms, can consistently be
formulated as the special point singularity, see Eqs. (100) and (101). Obvi-
ously, decoherence to a “classical” result (or measurement) is not possible
and in this context self-referentiability serves as an automatic protection
against decoherence.

We will now proceed to the conjugate problem and discuss the case of zero
mass, i.e., m0 = 0. To prepare the background for this development, we will
apply the present theory to particles of zero rest mass, e.g., the particles of
light or photons. As can be expected from previous equations, for m0 6= 0,
inconsistencies are due to appear in the operator–conjugate operator struc-
ture for these particles. To maintain consistency, we require that a distinct
gravitational law for zero rest mass particles must exist, which we indicate
by the notation κ0(r) = G0 ·M/(c2r) in Eqs. (92) and (93).
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The first anomaly is exposed by rewriting Eqs. (92)–(94) for particles with
m0 = 0, i.e., when H is singular since

m(1− κ0(r)) = p/c (103)

where κ0(r) is to be uniquely decided below. Furthermore

H =
(

p/c −ip/c
−ip/c −p/c

)
→

(
0 2p/c
0 0

)
(104)

transforms under the same unitary transformation as in the previous section,
see Eq. (101). We note that Eqs. (103) and (104) do not show singular behav-
ior, except describing for all r a Jordan block, i.e., an eigenvalue degeneracy
with a Segrè characteristic equal to 2. A consistent formulation requires
Eq. (103) to be compatible with the boundary condition Eq. (97) and with
the eigenvalue relations of Eqs. (98) and (99). A necessary condition is zero
average momentum, Eq. (103), at the Schwarzschild radius r = 2µ = RLS.
The condition is that p̄ = 0 at κ(r) = 1/2 and hence that G0 = 2G or

κ0(r) = 2κ(r) (105)

Equation (105) follows Einstein’s law of light deflection, i.e., photons are
deflected twice than that of Newtonian gravity.

It is obvious that the behavior at the Schwartzschild radius is different for
the cases m0 6= 0 and m0 = 0, see Eqs. (95), (103), and (104). Hence, we need to
find consistent relations that link the two, independent of the specific eigen-
value of the mass operator examining the conjugate operator formulation
based on the representations, i.e., Eqs. (98) and (104), where the energies scale
as Eop

√
1− 2κ(r). By a straightforward generalization of Eq. (72), we obtain

dHconj =

(
cds 0
0 −cds

)
=

(
cAdτ −iBdEx
−iBdEx −cAdτ

)
(106)

where the conjugate operator, see Eqs. (69) and (71) for general definitions,
is given by

Eop

√
1− 2κ(r) = Es = i~

∂

∂s

s = −i~
∂

∂Es

(107)

and with the operators A(r) and B(r) to be defined consistently below. Note
that Es and s, are independent of r. For r > RLS, we obtain directly from
Eq. (107)

hν
√

1− 2κ(r) = hν0 = hcλ−1
√

1− 2κ(r) = hcλ−1
0 (108)
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from which one gets

ν
√

1− 2κ(r) = ν0; λ0

√
1− 2κ(r) = λ (109)

i.e., the law of the gravitational redshift. λ (ν) is the wavelength (frequency)
of the emitted photon measured at coordinate r, defined above, and λ0 (ν0)

is the wavelength (frequency) of the photon measured by the observer at
“infinite” distance from M.

Returning to Eq. (103), we find in the classical picture since r > RLS

cdτ(1− 2κ(r)) = dr (110)

which in combination with Eq. (106) (note that ds is zero for photons) yield

(1− 2κ(r)) = AB−1 (111)

which together with Eq. (109) gives

dr0 = dr(1− 2κ(r))−1/2 (112)

and the choice dτ = 0 giving

−c2ds2
= dr2

0 = B2dr2
= (1− 2κ(r))−1dr2 (113)

from which we conclude that

A = B−1
= (1− 2κ(r))1/2 (114)

Hence one obtains the result

dHconj =

(
cdt(1− 2κ(r))1/2

−idr(1− 2κ(r))−1/2

−idr(1− 2κ(r))−1/2
−cdt(1− 2κ(r))1/2

)
(115)

Although Eq. (110) is a classical result, Eq. (115) is decoherence protected
for zero rest mass particles since dHconj is nondiagonal with a zero determi-
nant (for all values of r). For a particle with m0 6= 0, the only singular point
is at r = RLS. This occurs when Newton’s law of gravity is appended with an
appropriate boundary condition, see Eqs. (98)–(101). Nevertheless, the intro-
duction of the operator Es replacing the conventional notion of a rest mass
implies the construction of an invariant

∣∣dHconj

∣∣ = −c2ds2, which by defini-
tion must be zero for photons. The result is the well-known line element
expression (in the spherical case)

−c2ds2
= −c2dt2(1− 2κ(r))+ dr2(1− 2κ(r))−1 (116)
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Note that Eq. (116) is compatible with the gravitational redshift and the
gravitational time delay

τ0 = τ
√

1− 2κ(r) (117)

where τ0 is the proper time for an observer in a gravitational field at r, and
τ is the time at large distance from M. Note also the up-down, but not the
left-right, coupling to time.

We conclude that the present (global) complex symmetric ansatz
has generated a covariant transformation compatible with the classical
Schwartzschild gauge. In this picture, there is obviously no gravitational
waves, but only electromagnetic and matter waves. Using the results of
Appendices D–G, one can further devise a cosmological scenario based on
an extreme configuration quantum mechanical model of a black hole, char-
acterized by a massive rotational quantum number J, which in its excited
CDS state exhibits transient shifts between all the rotational z-components,
MJ, where the z-axis is arbitrary. This model supports the additional limi-
tation that the cosmological horizon replicates the event horizon. Obviously
no cosmological constant is needed. For more details regarding cosmological
setup including the absolute fulfilment of the second law, see Ref. [9].

4. CONCLUSIONS

To put the finishing touch to the present review, we need to return to the
general questions and statements launched in the introduction. First, we will
attempt an answer to the question whether the analytic theoretical frame-
work outlined here contributes to the paradoxical issues introduced earlier,
i.e., to those related with the general contradictions found in connection with
micro–macro correlates, including the problem of causality, temporal irre-
versibility, the unidirection of time, the derivation of thermodynamics from
statistical mechanics, and whether biology supervenes logically on physics.
This resolution also embeds the importance, both computationally and
theoretically, of concepts like unstable states including degeneracies with
nonconventional unidirectional time evolution and spatiotemporal Gödelian
structures with self-referential characteristics.

As a second undertaking, one should consider, if possible, if the listed top-
ics, at the end of the introduction, could be apprehended and successfully
challenged. Although the proposed issues are forbidding in their generality
and interdisciplinary characteristics, future generations of scientists must be
able to play the role of being a factor in this general area, otherwise physics
in particular and natural science in general will decline. In my commentaries
below, I will not explicitly refer to precise sections and/or equations; this
will be the task of the reader. Appropriate references, however, will be made
when the conclusions reached falls outside the present portrayal.
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To add some final comments along chartered territory, it is first of all
clear that the universal superposition principle combined with the conju-
gate operator formulation provide unidirectional time through the coupling
to proper energy–mass realizations. Furthermore, the loss of information, or
the so-called informity (inadequacy) rule, guarantees that the second law
holds absolutely commensurate with temporal irreversibility. Note that the
present analytic approach embodies nonprobabilistic features and suggests
a retarded–advanced contractive evolution [9, 28, 73]. The self-referential
nature of gravity and biological order produce interesting inferences and
conjectures. In the former case, space and time cease to exist inside the
Schwarzschild–Kerr domain, which is consistent with decoherence protec-
tion, whereas in the latter case, the living state is code protected against
decoherence (death) via CDS and its self-organizational character. The bio-
logical order associates in this picture goal-directed teleonomic processes
influenced by the regulation of an evolved program, thereby providing
higher order meta-codes for the possible link between genotypic and phe-
notypic processes and the existence of wide-ranging appropriate biological
timescales. The self-referential aspects as exemplified by Gödelian struc-
tures and self-organization first of all makes the theory independent on the
concept of an observer as well as shapes the identification of the free will
(prohairesis, volition, choice, intention) and finally adds a logical dimen-
sion to physics (unus mundus), which might prove the conjecture that biology
should logically supervene on physics.

It is customary to delineate evolution, including the question of free will,
as a two-step process, i.e., via random variation plus selection. The present
proposal derives from a spatiotemporal dissipative structure through con-
comitant nonprobabilistic teleonomic processes. Although the DNA digital
code includes material self-organization, the presently derived meta-code
(analog or digital) makes higher level structures possible. The latter leads to
semiotic evolution in a causal setting, including language and mathematics.
Hence, free will and the principle of self-reference are one-step commensu-
rate, while on the other hand it is not correct to conclude, as the popular
saying goes, that the medium is the message!

Finally some comments referring to the order on the issues listed in the
introduction are:

the requirements for a living state have been given in this review
the physical base of biology supports teleonomic processes regulated by an evolved
program
the self-referential question first framed by Seel and Ladik is an unequivocal yes
the law of microscopic self-organization is demonstrated in this review
the programmed evolution is incorporated in CDS
the sentient computers developed are we; see more on AI in Ref. [83]
the teleological question was further discussed in [82, 128],
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the similarities mind–body/structure–matter have also been detailed in Ref. [83]
the universal superposition principle and decoherence are discussed in [82]
the important role of temperature for biological systems is precisely tuned in CDS
the answer to how the two types of correlations merge is included in this review
the concurring features of gravity and biology are self-referential, see [9, 82, 83]
the position on AI is consistent with Penrose’s point C, see Refs. [13, 83]
the cosmological consequences are of quantum origin, see Ref. [9]
the Jordan block is protected against decoherence via Gödel’s theorem(s), Appendix G

Although the present approach appears to open new avenues in the the-
oretical regimes combining biology, chemistry, and physics, it is obvious
that much work remains to consolidate the results and to provide a proper
platform for the future steps.

APPENDICES

A. TIME-INDEPENDENT PARTITIONING TECHNIQUE

Partitioning technique refers to the division of data into isolated sections
and it was put into successful practice in connection with matrix operations.
Löwdin, in his pioneering studies, [21, 22] developed standard finite dimen-
sional formulas into general operator transformations, including treatments
appropriate for both the bound state and the continuous part of the spec-
trum, see also details in later appendices. Complementary generalizations to
resonance-type problems were initiated in Ref. [23], and simple variational
formulations were demonstrated in Refs. [24, 25]. Note that analogous forms
were derived for the Liouville equation [26, 27] and further developed in
connection with a retarded–advanced subdynamics formulation [28].

For the present illustration, we will focus directly on the operator formu-
lation by a brief introduction of the Löwdin bracketing function

f (z) = 〈φ|H +HT(z)H |φ〉 (A.1)

where H is the Hamiltonian, φ the normalized reference function (not orthog-
onal to the exact wavefunction) belonging to Hilbert space, φ ∈ h, with T(z)
the reduced resolvent, and z in general a complex variable (important for the
continuous spectrum, see next section)

T(z) = P(z− PHP)−1P; P = I −O; O = |φ〉〈φ| (A.2)

We are interested in the solution of the time-independent Schrödinger
equation (ψ is an eigenfunction and E a nondegenerate eigenvalue)

H9 = E9 (A.3)
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Defining a general complex variable z, Eqs. (A.1)–(A.3) yields the inhomo-
geneous equation

(z−H)9(z) = (z− f (z))φ

9(z) = φ + T(z)Hφ
(A.4)

with the trial function ψ(z) intermediately normalized, i.e., 〈φ|ψ(z)〉 = 1. An
eigenvalue of H is given by

z = f (z) = E; 9 = 9(E) (A.5)

i.e., Eqs. (A.4) and (A.5) reduce to Eq. (A.3). Obviously, since ψ is not
normalized, we obtain

〈9(z∗)|9(z)〉 = 1+1 = 1− f ′(z) (A.6)

Note that z∗ should be inserted in the bra position if z is complex. Explicit
relations to perturbation theory obtains from H = H0 + V with φ = ϕ0 and
H0ϕ0 = E0ϕ0, where the wave and reaction operators, W and t, are defined
below through the relations

9(z) = (1+ T(z)V)ϕ0 =Wϕ0

f (z) = 〈ϕ0|H0 + V + VT(z)V|ϕ0〉 = 〈ϕ0|H0 + t(z)|ϕ0〉
(A.7)

with the Brillouin–Wigner series given via repeated iterations of

T(E) = P(E−H0 − PVP)−1P = T0 + T0VT; T0 = P(E−H0)
−1

and alternatively the Rayleigh–Schrödinger expansion carried out in terms
of the resolvent

R(E0) = P(E0 −H0)
−1

If the zero-order problem is degenerate, one may generalize the formu-
lation with minor modifications to the multidimensional case with the
p-dimensional manifold f = φ1,φ2, . . . φp (orthonormal for simplicity) and
9(z) = 91(z),92(z), . . . 9p(z), i.e.,

O =
∣∣φ1,φ2, . . . ,φp

〉 〈
φ1,φ2, . . . ,φp

〉
= |φ〉〈φ| (A.8)

Through well-known operator relations from partitioning technique [22, 26–
28], one finds

O(z−H)−1
= O(z−OH(z)O)−1(I +HT(z))

H(z) = H +HT(z)H
(A.9)
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arriving straightforwardly at the multidimensional version of (A.4), i.e.,

(z−H)9(z) = O(z−H(z))Oφ (A.10)

The precise connection with finite dimensional matrix formulas obtains sim-
ply from Löwdin’s inner and outer projections [21, 22], see more below, or
equivalently from the corresponding Hylleraas–Lippmann–Schwinger-type
variational principles [24, 25]. For instance, if we restrict our operator repre-
sentations to an n-dimensional linear manifold (orthonormal for simplicity)
defined by

h = h1, h2, . . . hn (A.11)

and the so-called outer projection

|h〉〈h|H|h〉〈h| (A.12)

one may easily find that the exact resolvent corresponding to Eq. (A.12)
writes, [22, 24], for more details we also refer to Ref. [15].

|h〉〈h|z−H|h〉−1
〈h| (A.13)

In addition to formulate convenient approximations for operator represen-
tations, rigorous operator bounds [22, 24], and fast and efficient nonlinear
perturbation series summations [24, 29–31], partitioning technique also pro-
vides a platform for an extended quantum formulation and associated time
evolution.

B. TIME-DEPENDENT PARTITIONING TECHNIQUE

The formulas of Appendix A are easily transformed to time-dependent
forms via the Fourier–Laplace transform. For the purpose of upcoming
extensions to the nonself adjoint case, we introduce the self-adjoint Hamil-
tonian H = H†

= H††. Furthermore the function φ considered above is said
to belong to the domain of the operator H, i.e., φ ∈ D(H). For self-adjoint
problems D(H†) = D(H) and for bounded operators, the range R(H) and the
domain D(H) are identical with the full Hilbert space; however, in general
applications they will differ as we will see later.

We also need to say a few words regarding the spectrum, σ , of a general
unbounded (closable) operator H, defined on a complete separable Hilbert
space. We will make use of the Lebesque decomposition theorem that divides
the spectrum into three parts (with respect to the spectral measure on σ): the
pure point part σP, the absolutely continuous part σAC, and the singularly
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continuous part σSC. Since most of our applications do not contain the sin-
gularly continuous spectrum, we will not discuss this option here, rather we
will study the importance of the existence σAC.

Starting with the causal formulation (h = 2π for simplicity) of the time-
independent and time-dependent Schrödinger equation (E ∈ σAC)

(E−H)ψ(E) = 0;
(

i
∂

∂t
−H

)
ψ(t) = 0; ψ(t) = e−iHtψ(0) (B.1)

To connect the equations in (B.1) through the Fourier–Laplace transform,
we need to define suitable complex contours to make the transforms conver-
gent. Specifically we identify the contours C± by the lines in upper and lower
complex planes defined by C±: (±id−∞→ ±id+∞), where d > 0 may be
arbitrary. Using the Heaviside function, θ(t), and the Dirac delta function,
δ(t), we can characterize positive and negative times (with respect to t = 0)
as linked with appropriate contours C± as

G±(t) = ±(−i)θ(±t)e−iHt; G(z) = (z−H)−1 (B.2)

defining retarded–advanced propagators G±(t) and their resolvents G(z±);
z± = Rz± iIz connected through (Rz, Iz are the real and imaginary parts of
z = E+ iε ; ε> 0)

G±(t) =
1

2π

∫
C±

G(z)e−iztdz; G(z) =

+∞∫
−∞

G±(t) eiztdt

{t > 0; Iz > 0}

{t < 0; Iz < 0}

(B.3)

The integrals, Eqs. (B.3), exist quite generally by closing the contours
C± in the lower and upper complex planes, respectively, for extensions
to the nonself adjoint case, see Figures 2.4, 2.5 and Appendix D. The
retarded–advanced formulation including memory terms becomes(

i
∂

∂t
−H

)
G±(t) = δ(t); ψ±(t) = ±iG±(t)ψ±(0)

(
i
∂

∂t
−H

)
ψ±(t) = ±iδ(t)ψ±(0)

(B.4)

and

(z−H)G(z) = I; ψ±(z) = ±iG(z)ψ±(0)

(z−H)ψ±(z) = ±iψ±(0)
(B.5)
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At this junction, the importance of the absolutely continuous spectrum, σAC,
appears explicitly as can be seen by taking the limits I(z)→±0, i.e.,

G(E+ iε) = lim
ε→±0

(E+ iε −H)−1
= P(E−H)−1

± (−i)πδ(E−H) (B.6)

where P is the well-known principal value of the integral. From Eqs. (A.1)–
(A.5) and Eqs. (B.1)–(B.5), the formulas of time-dependent partitioning tech-
nique are easily derived. Note that the retarded–advanced wavefunctions
9± are unit normalized, whereas the time-independent functions 9(z) of the
previous section are not.

The full-time dependence, from an incompletely known wavefunction ϕ
at time t = 0, can now be determined from the boundary conditions

ψ(0) = ψ+(0) = ψ−(0); Oψ(0) = ϕ(0); Pψ(0) = κ(0); O+ P = I (B.7)

We can still assume that the limits t→± 0 are the same, although it is not
necessary in general. From above, the projection operator O may be both
one- or p-dimensional, see Eqs. (A.9) and (A.10). Using Eq. (A.9), we obtain

ϕ±(t) = ±
i

2π

∫
C±

O(z−H)−1ψ(0)e−iztdz = ±
i

2π

∫
C±

ϕ(z)e−iztdz (B.8)

with

ϕ(z) = O(z−H)−1ψ(0) = O(z−OH(z)O)−1(ϕ(0)+HT(z)κ(0))

H(z) = H +HT(z)H
(B.9)

The exact time evolution within subspace O follows from the convolution
theorem of the Fourier–Laplace transform, i.e.,(

i
∂

∂t
−OHO

)
ϕ±(t) = ±iδ(t)ϕ(0)

+OHP


t∫

0

(GP(t− τ)PHϕ(τ))±dτ ± iG±P (t)κ(0)

 (B.10)

with

G±P (t) = ±(−i) θ(±t)e−iPHPt
=

1
2π

∫
C±

T(z)e−iztdz (B.11)

and
t∫

0

(GP(t− τ)PHϕ(τ))±dτ = ±
i

2π

∫
C±

T(z)Hϕ(z)e−iztdz (B.12)
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Since we are interested in the contradictions between micro–macro corre-
lates, it is important to point out that so far no approximations have been
conceded; the first term of Eq. (B.10) gives the description of the partially
known amplitude, ϕ, as it would evolve in time according to the Hamiltonian
OHO. The subsequent term depends on all times between 0 and t, whereas
the last term evolves the unknown part κ at t = 0 completing the memory of
initial time.

It is natural to define the causal representation, e.g., the stationary wave
ψc(E), given by the causal propagator Gc(t) as follows

ψc(t) = Gc(t)ψ(0) = ψ+(t)+ ψ−(t); Gc(t) = e−iHt (B.13)

and formally

ψc(E) = lim
ε→+0

+∞∫
−∞

ψ+(t)ei(E+iε)tdt+ lim
ε→−0

+∞∫
−∞

ψ−(t)ei(E+iε)tdt =

+∞∫
−∞

ψc(t)eiEtdt (B.14)

With symmetric boundary conditions at the chosen time t = 0, the micro-
scopic formulation conforms to time reversible laws as expected. The same
conclusion follows from an analogous examination of the Liouville equation.
In this setting, the initial data at time, t = 0, is a statistical density distribution
or density matrix. Although there are celebrated discussions on the problem
of the approach to equilibrium, we nevertheless observe that without course
graining or any other simplifying approximations the exact subdynamics
would submit to the same physical laws as above, i.e., time reversibility and
therefore constant entropy.

C. WEYL’S THEORY AND THE SPECTRUM

In this addendum, we will derive the spectral function from Weyl’s theory
and in particular demonstrate the relationship between the imaginary part of
the Weyl–Titchmarsh m-function, mI, and the concept of spectral concentra-
tion. For simplicity we will restrict the discussion to the spherical symmetric
case with the radial coordinate defined on the real half-line. Remember that
m could be defined via the Sturm–Liouville problem on the radial inter-
val [0,b] (if zero is a singular point, the interval [a, b], b > a > 0), and the
boundary condition at the left boundary is given by [commensurate with
Eq. (5)] (

φ(λ, a) ψ(λ, a)
φ ′(λ, a) ψ ′(λ; a)

)
=

(
sinα cosα
−cosα sinα

)
(C.1)
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where α could be chosen so that ψ is regular at origin (see Ref. [46] for details
regarding this determination in practical applications) and the requirement
that χ defined by

χ(λ) = ϕ(λ)+m(λ)ψ(λ) (C.2)

satisfies a real boundary condition at b, i.e.,

χ(λ, b) cosβ + χ ′(λ, b) sinβ = 0 (C.3)

The connection with Weyl’s theory comes from the condition that χ should
remain square integrable as the right boundary b “moves to infinity” with the
parameter λ = E+ iε kept nonreal until the end, see more below, before the
approach to the real axis is made. Equation (C.3) describes m as a meromor-
phic function of λwhich, when cotβ varies on the real line, lies on a circle Cb

defined by (remember imposing the real boundary condition (C.3) at b)

[χχ ](b) = 0 (C.4)

with the center mb and the radius rb given by

mb = −
[φψ](b)
[ψψ](b)

; rb =
1

[ψψ](b)
(C.5)

Using the standard Green’s formula

r2∫
r1

(φ(r)∗Lψ(r)− ψ(r) {Lφ(r)}∗)dr = [ψφ](r2)− [ψφ](r1) (C.6)

it is straightforward to see that points m are on Cb if and only if

b∫
a

|χ(r)|2dr =
mI

ε
; ε 6= 0 (C.7)

As b→∞, Weyl proved, see Ref. [32], that Cb converges to either a limit
circle C∞ or to a limit point m∞. In the first situation, all solutions are square
integrable and in the latter case the only unique square integrable solution
(at the singular point here being∞) is

χ = ϕ +m∞(λ)ψ (C.8)
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If R(λ) = E equals a Sturm–Liouville eigenvalue Ek then the normalized
eigenfunction uk(r) must be proportional to ψk(Ek, r) (note that the depen-
dence on the right-hand boundary is not explicitly indicated in uk and Ek),
i.e.,

uk(r) = dbkψk(Ek, r) (C.9)

From Eq. (C.2) we conclude that the square integrable solution χ contains the
independent solution φ, hence m(λ) exhibits a (simple) pole at the eigenvalue
Ek. The fundamental importance of the coefficients dbk is obvious since they
define the spectral function ρ(E) to be used in the completeness relation and
the eigenfunction expansion. The former gives

b∫
a

|χ |
2 dr =

∞∫
−∞

∣∣g(ω)∣∣2 dρb(ω)

g(ω) =

b∫
a

χ ∗(r)ψ(ω, r)dr

ρb(ω) =
∑
En≤ω

∣∣dbn

∣∣2
∣∣dbn

∣∣2 =
 b∫

a

∣∣∣ψ(En, r)
∣∣∣2dr

−1

(C.10)

Green’s formula Eqs. (C.6) and (C.10) yields

ε

b∫
a

|χ(r)|2dr =

∞∫
−∞

ε dρb(ω)

(ω − E)2 + ε2
(C.11)

Summarizing, ψk(Ek, r) (proportional to uk) is the Sturm–Liouville solution
of the differential equation

L[uk] =
(
−
∂2

∂r2
+ L2

+ V(r)
)

uk(r) = Ekuk(r) (C.12)

on the interval [a, b] fulfilling boundary conditions at a and b, see Eqs. (C.1)
and (C.3). The coefficients dbk are the proportionality factors that relates ψk

with uk. Note that χ is a solution of Eq. (1), defines through Eqs. (C.1)–(C.4)
and most importantly with λ = E+ iε; ε 6= 0. As the next step, we take the
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limit b→∞, assuming the limit point case obtaining uniquely m∞ and ρ∞
(the limits exist also in the limit circle case, but not uniquely).

For the case of a point spectrum, σP, the spectral function,ρ∞, is a constant
function of E, with discrete steps

∣∣d∞k

∣∣2 at each point eigenvalue Ek. For the
continuous spectrum, σAC, one obtains

lim
ε→0+0

ε
∞∫

a

|χ(r)|2dr

 = lim
ε→0+0

∞∫
−∞

ε dρ∞(ω)
(ω − E)2 + ε2

=π

(
dρ∞
dω

)
ω=E

= mI(E)

(C.13)

with the definition (Iz, the imaginary part of z)

mI(E) = lim
ε→0+0
{Im∞(E+ iε)} (C.14)

displaying the explicit connection between m and the spectral function.
Finally, the resolution of the identity writes with the unit operator Iop, i.e.,

∞∫
−∞

|ψω〉dρ(ω)〈ψ(ω)| = Iop (C.15)

For more details, we refer to Ref. [47].

D. COMPLEX DILATIONS

In this appendix, we will briefly consider the theorem due to Balslev and
Combes [50]. In their groundbreaking article they derived general spectral
theorems for a so-called self-adjoint dilation analytic family of operators.
The name originates from the consideration of many-body Schrödinger oper-
ators that, if the potential consists of a sum of dilation analytic two-body
potentials, permit the definition of the family through a set of proper scal-
ing transformations appropriately extending the operators to the nonself
adjoint regime. By exploiting rigorous mathematical properties of the so-
defined dilation analytic operator, including the existence of the absolutely
continuous spectrum, σAC, and notably the absence of the singularly contin-
uous spectrum, σSC, rigorous spectral theorems were proven and analytically
extended to the non-Hermitean domain. We use the interchanging nomen-
clature non-selfadjoint or non-Hermitean a bit carelessly, but the meaning
should be clear once the results are stated.

The opportunity to modify the absolutely continuous spectrum, shown in
more detail below, was immediately taken to advantage in quantum theo-
retical applications in a variety of quantum theoretical applications in both
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quantum chemistry and nuclear physics [52]. The fundamental idea devel-
ops from a trivial but nevertheless elaborated scaling argument. For instance
consider an apt change, or common scaling, of all the space coordinates in the
partial (dilation analytic) differential equation. If the scale factor is nonreal,
it is easy to convince oneself that the modified (non-selfadjoint) equation
allows the posit of outgoing exponential (square integrable) solutions (for
σAC) adequate for the treatment of long-established stable numerical tech-
niques relevant within the conventions of the traditional Hilbert space. The
price, as already mentioned, is the appearance of non-selfadjoint operators
[50] and the corresponding generation of the time evolution.

To recognize the advantage the scaling transformation, we will briefly
look at a typical matrix element of a standard quantum mechanical cal-
culation. Consider for example the general operator W(r), where we write
r = r1, r2, . . . rN assuming 3N fermionic degrees of freedom. By making the
scaling (radial coordinates for simplicity) r′ = η3Nr; η = eiϑ (or η = |η| eiϑ),
with the phase ϑ < ϑ0 for some ϑ0 conditional in general on the potential,
one gets ∫

ϕ∗(r)W(r)φ(r)dr =
∫
ϕ∗(r′∗)W(r′)φ(r′)dr′ (D.1)

or expressed in bra–kets (with ϕ∗(η∗) = ϕ(η))

〈ϕ|W|φ〉 = 〈ϕ(η∗)|W(η)|φ(η)〉 (D.2)

For our example we assume, for more relevant details see further below, that
the operator W(r) and the functions ϕ(r), φ(r) are aptly defined for the scal-
ing to be meaningful. Such a family of potentials will be denoted by Fϑ0 [53].
If the family has an extension, see more details below, to arg η ≤ ϑ0 analytic
in the interior and up to the boundary, the class is denoted by F̄ϑ0

. At this
point, it is trivial to deduce from Eq. (D.1) that the matrix element is ana-
lytic in the parameter η provided that the complex conjugate of η is inserted
on the “bra” side of Eq. (D.2). Hence, many complex scaling treatments
in quantum chemistry are operationally derived from complex symmetric
representations.

The dilation analytic concept is founded on an unbounded scaling oper-
ation that transforms σAC, the absolutely continuous spectrum, without
shifting the bound states, opening up domains in the complex energy plane,
the so-called un-physical Riemann sheet, allowing usage of standard Hilbert
space methods with minor modifications. Following Balslev and Combes
[50], see also part IV [53] of the four-volume treatise on “Methods of Modern
Mathematical Physics” by Reed and Simon, which includes the Balslev–
Simon “no eigenvalue theorem,” i.e., the absence of eigenvalues on (0,∞) for
potentials of form F̄ π

2
, we introduce the N-body (molecular) Hamiltonian as
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(not writing out the mass of the particles for simplicity)

H = T + V =
∑

i

1i +

∑
i<j

Vij (D.3)

In Eq. (D.3), T is the kinetic energy operator and V is the (dilation ana-
lytic) interaction potential, characterized as a sum of two-body potentials
Vij, where each Vij is bounded relative 1ij, where 1ij is the Laplace operator
corresponding to the coordinate ri − rj with i and j referring to particles i and
j, respectively. Noting that the scaling or dilation operator is unbounded in
the general case of a general (complex) scaling calls for domain restrictions.

Before we discuss this problem we notice that the Hamiltonian, Eq. (D.3),
is bounded from below in contrast to the Stark Hamiltonian treated earlier,
which however is a valid potential for Weyl’s theory to hold. Without giving
the full details, we first define D(H), the domain of H, as

D(H) = {8 ∈ h, H8 ∈ h} (D.4)

where h is the well-known Hilbert space.
We will make use of the crucial property of the dilation analytic operator,

defined above, i.e., D(H) =D(T). Moving on to the dilation transformation,
we recognize as the first step that the scaling operator U(ϑ) = exp(iAθ) is
unitary for real ϑ and is generated by

A =
1
2

k=N∑
k=1

[pkxk + xkpk] (D.5)

where xk and pk are the coordinate and momentum vectors of the particle k.
One finds

U(ϑ)8(r) = exp(iAθ)8(r) = e
3Nϑ

2 8(eϑr) (D.6)

The proof follows by direct differentiation of both sides of Eq. (D.6) with
respect to the parameter ϑ . Alternatively one can work with the Mellin
transformation (here restricted to N = 1 for simplicity) between ν and ν̃

ν(λ) = (2π)−
3
2

1
2

∫
R3

ν̃(r)r−iλ− 3
2 d3r

with its eigenfunction |r|iλ−
3
2 satisfying

A|r|iλ−
3
2 = λ|r|iλ−

3
2
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Analytic continuation, i.e., letting ϑ → iϑ , U(iϑ) (or using the notation
U(|η| eiϑ) is converted into an unbounded similitude impinging on opera-
tor domains and ranges. Above all σAC, the positive real axis (0,∞) will be
“rotated down” in the complex plane with a rotation angle of 2ϑ .

To summarize, we have considered a quantum mechanical N-body sys-
tem with dilation analytic potentials, Vij, and its dependence on the scaling
parameter η = |η| eiϑ (for some 0 ≤ ϑ < ϑ0, depending on V). To be more
detailed, we need to restrict Hilbert space to a dense subspace [54], the
so-called Nelson class N, which provides the domain over which the
unbounded complex scaling is well-defined. Closing the subset N→D(T)
in h, see [9] and references therein for a more detailed expose, one obtains
the scaled version of the original partial differential equation

H(η)9(η) = E(η)9(η); 9(η) = U(η)9(1)
(D.7)

H(η) = U(η)H(1)U−1(η) = η−2T(1)+ V(η)

The theorem due to Balslev–Combes states that the spectrum [λe,∞) of
T, where λe is the lowest many-body threshold of the system, owing to the
factor η−2 in front of T in Eq. (D.7), will be rotated “down” (along with the
system of half-lines [λb,∞), where the threshold λb in principle could be com-
plex) in the complex energy plane with an angle−2 arg(η), while the discrete
spectrum, the complement of the set of thresholds, remains independent of η.
On the so-called Riemann sheet of the energy plane, i.e., the sector bounded
by the half-lines mentioned above, “exposed” by the rotation, there emerges
a set of nonreal finite-dimensional eigenvalues (independent of η) accu-
mulating at most at the thresholds λb. The analytic structure implemented
in Eq. (D.1) inherently aims toward complex symmetric representations,
however, with the self-adjoint formulation logically embedded.

Returning to the partitioning technique formulation, see Appendices A
and B, we recover the following modifications of the projection operator
formulations

T(η; z) = P(η)(z− P(η)U(η)H(1)U−1(η)P(η))−1P(η)

O(η) = |φ(η)〉〈φ(η∗)| ; P(η) = I −O(η) (D.8)

〈φ(η∗)|φ(η)〉 = 〈φ(1)|φ(1)〉 = 1

Note that these are far from “only” formal extensions. First there are two
fundamental points to consider: one that the projectors are oblique, i.e.,
idempotent

O2(η) = O(η)
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but not self-adjoint

O†(η) = O(η∗) 6= O(η)

and further that the biorthogonal construction, Eq. (D.8), contains zero
norms, cf. Eq. (A.6)

〈9(η∗; z∗)|9(η; z)〉 = 1+1(η; z) = 1− f ′(z) = 0 (D.9)

The second point relates with emerging degeneracies of so-called Jordan
block type, a nightmare in matrix theory but in our case, at the same time a
“blessing in disguise.”

In closing this appendix, we note that the present development allows the
general use of the Cauchy representation formula for a projection operator
associated with resonance and bound state eigenvalues situated inside the
contour C, i.e.,

O(C) =
1

2π i

∮
C

dz
(z−H)

(D.10)

To establish the spectrum inside C, one needs to check whether the
condition

‖O(C)ϕ‖ > 0 (D.11)

or if the result of the nonzero projection yields a unique eigenvector ψres, i.e.,

O(C)ϕ = cψres (D.12)

for some c 6= 0 corresponding to a (resonance) eigenvalue εres. If the contour
C (usually a test circle) contains several eigenvalues, the projection will pick
up the corresponding linear manifold, for more details, see Ref. [59].

E. SYMMETRIC JORDAN BLOCK REPRESENTATIONS

In this appendix, we will derive a complex symmetric form for the Jordan
block, see Eq. (E.1). We will also learn how such a degenerate representation
may emerge in a realistic situation where the map reflects the property of
an open (dissipative) structure. A general proof of the theorem, see below,
was given already by Gantmacher [105] in 1959, but the theorem seems to
be seldom mentioned. Here we will give an alternative proof, which also
provides an explicit result that is also suggestive in connection with physical
applications.
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Theorem: Any matrix can be brought to complex symmetric form by a
similarity transformation.

First we observe that any matrix is similar to a block diagonal matrix,
where the sub-matrices along the main diagonal are Jordan blocks. It is thus
sufficient to prove that any Jordan block can be transformed to a complex
symmetric matrix. In passing we note that any matrix with distinct eigen-
values can be brought to diagonal form by a similarity transformation. The
key study therefore relates to λ1+ Jn(0), where 1 is the n-dimensional unit
matrix and

Jn(0) =


0 1 0 · · 0
0 0 1 · · 0
0 0 0 1 · 0
· · · · · ·

0 0 · · 0 1
0 0 · · 0 0

 (E.1)

If we can show that there exists a matrix B such that B−1JnB is a symmet-
ric matrix the proof follows trivially. This requirement implies the transpose
relations

B−1JnB = (B−1JnB)T
= BTJT

n(B
−1)T
= BTJT

n(B
T)−1 (E.2)

that yields JnBBT
= BBTJT

n = (JnBBT)T, i.e., when (JnBBT)T is symmetric.
Expressed in another way, if we can find a factorizable symmetric matrix
S = BBT such that also JnS is symmetric then Eq. (E.2) holds. It follows that

(JnS)ij =

n∑
k=1

δi+1,jskj =

{
si+1,j i < n

0 i = n
(E.3)

and since both JnS and S are symmetric that

si+1,j = sj+1,i = si,j+1

(
i 6= n 6= j

)
si+1,n = 0

(E.4)

Parenthetically, we notice that S is per-symmetric, i.e., its elements depend
only on the sum of indices. From Eq. (E.4), we deduce that the only nonzero
element in the last column of S is s1n while all elements below and to the
right of the secondary diagonal are zero (those on the second diagonal can-
not vanish if S is nonsingular). The remaining elements, above and to the
left are arbitrary except for the condition of per-symmetry. How to find a
construction that satisfies these requirements?
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To discuss this issue we interrupt for a little intermezzo. The hint obtains
from the following particulars. The first come out from the author’s work
[52, 76] connecting Yang’s celebrated notion of Off-Diagonal Long-Range
Order, ODLRO [106], and Coleman’s concept of extreme type wavefunctions
[107]. To be brief, for more details see Appendix F, see also Refs. [7, 102, 103],
the (two fermion) geminal representation of the second order reduced den-
sity matrix, 0(2), save the so-called tail part, writes in Coleman’s extreme case
for N fermions as

0(2) = 0
(2)
L + 0

(2)
S = λL

∣∣g1〉〈g1

∣∣+ λs

n∑
k,l=1

∣∣∣∣hk〉

(
δkl −

1
n

)
〈hl

∣∣∣∣ (E.5)

where |h〉 is the original n-dimensional geminal basis and

|g1〉 =
1
√

n

n∑
k=1

hk

λL =
N
2
− (n− 1)λS; λS =

N(N − 2)
4n(n− 1)

(E.6)

Rather than to focus on the eigenvalues, λL, λS, (a simple derivation will
follow in the Appendix F and exploited in the section devoted to biological
applications) we will bear in mind the form of the spectral decomposition of
0
(2)
L and 0(2)S . The second hint originates from the theory of cyclic matrices. It

is a well-known that the cyclic matrix

Cn(0) =


0 1 0 · · 0
0 0 1 · · 0
0 0 0 1 · 0
· · · · · ·

0 0 · · 0 1
1 0 · · 0 0

 (E.7)

is diagonalized by the unitary matrix Ukl = (1/
√

n) ω2k(l−1); k, l = 1, 2, . . . n;
ω = exp(iπ/n). Observing that UUT is persymmetric (depends only on r+ s)
and that

(UUT
)rs =

n∑
l=1

ω2(r+s)(l−1)
=

1− ω2n(r+s)

1− ω2(r+s)
(E.8)

one finds that the only nonzero contributions in (E.8) occur for r+ s = n, 2n
and therefore Eq. (E.4) will not be satisfied. Keeping in mind that we need
to account for the fundamental difference between (E.1) and (E.7), implicit
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in Eq. (E.4), we conclude that the latter relation, i.e., r+ s = n+ 1, leads to
slight modification of Eq. (E.8), i.e.,

(UUT
)rs =

n∑
l=1

ω2(r+s−1)(l−1)
=

1− ω2n(r+s−1)

1− ω2(r+s−1)
(E.9)

suggestive of the ansatz with U→ B

Bkl = (1/
√

n)ω(2k−1)(2l−1) (E.10)

To sum up we have attained the following construction. We have proved
that the transformation matrix

B =
1
√

n


1 ω ω2 . ωn−1

1 ω3 ω6 . ω3(n−1)

. . . . .

. . . . .
1 ω2n−1 ω2(2n−1) . ω(n−1)(2n−1)

; ω = e
iπ
n (E.11)

satisfies the conditions Eqs. (E.1)–(E.4) with the factorizable persymmetric
matrix S becoming

S = BBT
= BTB =


0 0 0 · · n
0 0 0 · n 0
0 0 0 n · 0
· · · · · ·

0 n · · 0 0
n 0 · · 0 0

 (E.12)

This explicit construction proves the theorem. What remains is to work out
the actual form the Jordan block Q

Q = B−1JnB (E.13)

As already stated, the transformation B is not unique. Nonetheless it is
interesting, with the aforementioned intermezzo as background, to note that
the result (E.13), to be demonstrated below, i.e., eiπ(k+l−2)/n(δkl −

1
n ) carries a

crucial semblance with 0(2)S in Eq. (E.5). In fact 0(2), see more below, relates the
complex symmetric representation of the Jordan block through thermaliza-
tion, and furthermore the matrix B can also be used to diagonalize the latter.
Employing the transformation |H〉B = |g〉 = |g1, g2, . . . gn〉 Eq. (E.5) writes

0(2) = λL|g1〉〈g1| + λs

n∑
k=2

|gk〉〈gk| (E.14)
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A final “accident” appears from the related Dunford formula given by
transformation B−1. A closer examination will be given below (Appendix F).

In Ref. [76], an elegant proof was instigated through the theory of Vander-
monde determinants. Here, we will offer an alternative route, i.e., by directly
computing (n > 1)

Qn = B−1
n JnBn (E.15)

recalling the definitions [note a slight difference between Bn and the unitary
transformation matrix in Eq. (E.11)]

[Jn]ik = δi+1,k; [Bn]ik = ω
(2i−1)(k−1)

and noting that the indices i and k should run from 1 to n (if an index becomes
larger than n, the corresponding matrix element is zero). The particular form
of the Jordan block, i.e., when Jn

n = 0; Jn−1
n 6= 0 defines its Segrè characteristic

to be n. Since det(Bn) 6= 0, we define the inverse as

α = B−1
n =

1
n

B†
n (E.16)

Straightforward evaluation of the right-hand side of (E.15) yields

[Qn]ik =

n−1∑
j=1

n∑
l=1

αij [Jn]jk ω
(2l−1)(k−1)

=

n−1∑
j=1

αijω
(2j+1)(k−1)

=


n−1∑
j=1

αijω
(2j−1)(k−1)

ω2(k−1)

Using Eq. (E.16) for subtracting the “missing term,” and matching j = n,
the result becomes

[Qn]ik = ω
2(k−1)

{
δik − αinω

(2n−1)(k−1)
}
= ω2(k−1)

{
δik −

1
n
ω(i−k)

}
(E.17)

Making use of the fact that ω2n
= 1 and δik = δikω

(i−k), the result becomes

[Qn]ik = ω
2(k−1)

{
δikω

(i−k)
−

1
n
ω(i−k)

}
= ω(k+i−2)

{
δik −

1
n

}
or explicitly

[Qn]ik = ei πn (k+i−2)

{
δik −

1
n

}
(E.18)
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Similarly, one obtains the general formula for the powers of Jn

(Qn)
s
= (B−1

n JnBn)
s
= B−1

n Js
nBn (E.19)

cf. the results above for s = 1

[
Qs

n

]
ik
= ω2s(k−1)

δik −
1
n

n∑
j=n−s+1

ω(2j−1)(k−i)


= ωs(i+k−2)

δik −
1
n
ω−(s−1)(i−k)

s−1∑
j=0

ω−2j(k−i)


(E.20)

Summing the geometric series in (E.20) yields[
Qs

n

]
ik
= ωs(i+k−2)[δik −

[
Rs

n

]
ik
]; i, k = 1, 2, . . . n (E.21)

[
Rs

n

]
ik
=


1
n

sin( πs (k−i)
n )

sin( π(k−i)
n )

i 6= k

s
n

i = k
(E.22)

F. COHERENT DISSIPATIVE ENSEMBLES

As we have frequently pointed out that the present analytic formulation
carries over straightforwardly to the Liouville formulation. For some tech-
nical discussions see Refs. [28, 102, 122]. In principle we need to replace the
Schrödinger equation with the Liouville equation, i.e.,

i
∂ρ

∂t
= L̂ρ; L̂|·〉〈·| = H|·〉〈·| − |·〉〈·|H (F.1)

where ρ is the density matrix (an analogous equation holds for the classical
case with the commutator above being substituted with the Poisson bracket).
It is sometimes convenient to combine time evolution and temperature
dependence through the analogous Bloch equation

∂ρ

∂β
= L̂Bρ; L̂B|·〉〈·| =

1
2
{H|·〉〈·| + |·〉〈·|H} (F.2)

with the temperature parameter β = (kBT)−1 and T the absolute temperature.
The difference between the properties of the energy superoperator L̂B and the
Liouvillian L̂ generate nontrivial analytic extensions, a somewhat technical
yet straightforward procedure [28, 122]. In principle, one needs to impose
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a suitable complex conjugate in the bra position so as to conform with the
given analytic structure.

Rather than deriving the general formulas related to Coleman’s extreme
configuration [107], we will derive the statistical coherent dissipative ensem-
ble in a much more simple way, see also Ref. [95] for more details. To
exemplify the generality of our formulation, we will thus consider M = N/2
bosons (or N fermions) described by set of n ≥ N/2 localized pair functions
or geminals h = h1, h2 . . . hn obtained from appropriate pairing of one-particle
basis spin functions. With this somewhat imprecise model, we will demon-
strate how it will depict many of the essential properties of the open system
through various interesting phenomena inherently described via the density
operator

0 = ρ =

n∑
k,l

|hk〉ρkl〈hl|; Tr{ρ} =
N
2

(F.3)

For more details see also Ref. [7]. A simple quantum statistical argument
goes as follows, illustrating the model and its quantum content. The density
matrix elements ρkl define probabilities, p, for finding particles at site or state
k and (1−p) for particles to make the transition from state k to l. Hence, the
matrix ρ has the following elements:

ρkk = p; ρkl = p(1− p); p =
N
2n

(F.4)

It is interesting to note that the density operator 0 has a structure that
essentially captures the extreme configuration, i.e., the associated secular
equation reveals a nondegenerate large eigenvalue λLp− (n− 1)p2 and a
small (n− 1) degenerate λS = p2. Hence the density operator becomes

0 = ρ = λL|g1〉〈g1| + λS

n∑
k,l

|hk〉

(
δkl −

1
n

)
〈hl| (F.5)

or using the transformation from Appendix E, i.e., |h〉B =
∣∣g〉 = ∣∣g1, g2 . . . gn

〉
,

one obtains a compact diagonal representation for the degenerate part (note
the small difference between λL and λS in Eqs. (E.5) and (F.5), cf. derivations
in Ref. [95])

0 = ρ = λL|g1〉〈g1| + λS

n∑
k=2

|gk〉〈gk| (F.6)

As presented, the model exhibits a quantum probabilistic origin. Neverthe-
less, in view of the similarity between Eqs. (E.5) and (E.14) and (F.5) and



To protect the rights of the author(s) and publisher we inform you that this PDF is an uncorrected proof for internal business
use only by the author(s), editor(s), reviewer(s), Elsevier and typesetter diacriTech. It is not allowed to publish this proof online
or in print. This proof copy is the copyright property of the publisher and is confidential until formal publication.

AQC 06-ch02-033-118-9780123970091 2012/1/30 12:22 Page 105 #73

Examining the Limits of Physical Theory: Analytical Principles and Logical Implications 105

(F.6), there appears the possibility to consider the latter to be the reduction of
a many-body fermionic pure state to an N-representable two-matrix. Since
the density matrix above, if adapted appropriately, consequently is essen-
tially N-representable through its relation to Coleman’s extreme case [107],
one might, via appropriate projections, completely recover the proper infor-
mation, cf. corresponding partitioning procedures depicted in Appendix A.
The structure described here is also of fundamental importance in connec-
tion with the phenomena of superconductivity and superfluidity through its
intimate connections with Yang’s concept of ODLRO [106], see more under
Section 3.2.

To find the key to efficiently incorporate the temperature in our ana-
lytic structure and to learn the effects of the outcome, we will return to
the Bloch equation, opting for the unambiguous integration of thermal and
quantum fluctuations. This is obviously a highly complex problem since
we are not only looking at nonequilibrium systems but we must also con-
tend with constructive interaction from the environment. We have already
defined our dissipative system as a system exchanging entropy and/or
energy with the environment; see the introduction to Section 3.2. There we
also mentioned the specifications for a so-called CDS to be explicitly defined
below.Incidentally we emphasize that we do not assume the thermodynamic
limit, unless explicitly stated, and that no subjective loss of knowledge has
so far been conceded.

Representing the complex scaling operation as our selected Lyapunov con-
verter, remembering that we have a biorthogonal complex symmetric form
signified, as emphasized earlier, by complex conjugation in the bra-position,
we start by assigning to our model a complex energy Ek = Ek − iε to every
site described by the basis function hk from which the total energy expression
obtains as

E = Tr {H20}; H2 =
1

N − 1
(h̄1 + h̄2)+ h̄12 (F.7)

where the reduced Hamiltonian H2 only depends on the one and to parti-
cle operators in Eq. (F.7) (denoted by a bar so as not be confused with the
basis set hk). Without restriction, we put the total energy E = 0. The formal
solution of Eq. (F.2) is given by

0T = e−βL̂B0

or by using the standard factorization property of the exponential superop-
erator (note that there should be a complex conjugate sign in the bra position
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below, but choosing the basis set h real “solves” the problem)

0T = λL

n∑
k,l

|hk〉eiβ 1
2 (εk+εl)〉

〈
hl| + λs

n∑
kl

|hk

〉
eiβ 1

2 (εk+εl)

(
∂kl −

1
n

)
〈hl| (F.8)

The assumption that the real part of the energies Ek for each site can be
set equal to zero is matching to E = 0. Introducing the well-known relation
between the imaginary part of the energy and the timescale

εk =
~

2τk
(F.9)

one can derive the following “quantization condition” from the assumption
of harmonicity introducing the relaxation time τrel and the correlation time
from the uncertainty relation τlim = τcorr, see Refs. [7, 122]

βεl = 2π
l− 1

n
; l = 1, 2, . . . n

τrel = (l− 1)τl = τ2 =
~n

4πkBT
= nτcorr; l = 2, 3, . . . n

(F.10)

From the quantization condition Eq. (F.10), see also Ref. [7], we recognize
that the thermalized matrix, Eq. (F.8) admits the Jordan form

0T = λL

n∑
k,l

|hk〉ei πn (k+l−2)

〈
hl| + λs

n∑
k,l

|hk

〉
ei πn (k+l−2)

(
∂kl −

1
n

)
〈hl| (F.11)

Introducing the basis |h〉B−1
= | f 〉 = | f1, f2, . . . fn〉, we obtain Dunford’s

form in the degenerate case, i.e.,

0T = λLJ(n−1)
+ λSJ; J =

n−1∑
t=1

| fk〉〈fk+1|; J(n−1)
= | f1〉〈fn| = | f1〉〈f ∗1 | (F.12)

Note that the standard decay law given by

dN = −
1
τ

N(t)dt; N(t) =
∣∣〈ψ(0)|ψ(t)〉2∣∣ (F.13)

modifies to, see Ref. [7] for details,

dN = tn−2

(
n− 1−

1
τ

)
N(t)dt (F.14)
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Since dN(t) > 0; t < (n− 1)τ , one may establish a microscopic law of self-
organization. The relations above are consistent if we identify τ with τlim and
(n− 1)τ with τrel.

From the condition Eq. (F.10), we deduce the existence of an excep-
tional spatiotemporal structure that acquires prolonged survival times or
timescales as well as optimum spatial properties. This defines in more detail
the so-called coherent dissipative system, CDS, by appending additionally that
(1) they are created or destroyed by integrated quantum and thermal correlations
(T 6= 0), (2) they exchange energy and information with an entangled environment,
and (3) they cannot have a size smaller than a critical one. Precise dynamical (con-
tractive) evolution of such systems imparts nonexponential decay including
the universal law of microscopic self-organization Eq. (F.14). In Section 3,
we will consider situations in condensed matter and in biological systems,
where matching configurations subsist and where we have examined and
discovered unpredicted organizations and emerging order.

G. GÖDELIAN STRUCTURES AND SELF-REFERENCES

In this appendix, we will provide links between the results of our analysis of
general degeneracy conditions discussed above and the infamous theorem
due to Gödel. Hence we will set the stage for a multivalued quantum logi-
cal description, considering some simple points on propositional logics. We
will follow closely the account given in Ref. [83]. There is no need here to go
into technical questions or concepts such as ω-logic or ω-consistency. Hence
we will only consider a formal system, fulfilling necessary premises, cor-
responding to propositions consistent with syntactic expressions, so-called
well-formed formulas (wffs). The strategy will be to transform the interpre-
tation of a truth functional propositional calculus. In other words we will
assign truth-values to each propositional symbol, i.e., using their usual truth
functional meanings true and false. We will study two simple propositions
P and Q = ¬P to be expressed via the following table, cf. the operation of
logical negation

true false

Truth Table = true
false

(
P(x) Q(x)
¬Q(x) ¬P(x)

)
(G.1)

The table simply reads “the first row” is true when P is true and Q is false,
the second row reads false if Q is true and P is false. The translation connotes
the conversion of (G.1) into a truth matrix P in terms of the probability oper-
ators/functions p and (1− p) in the basis (Dirac notation) |true〉 and

∣∣false
〉



To protect the rights of the author(s) and publisher we inform you that this PDF is an uncorrected proof for internal business
use only by the author(s), editor(s), reviewer(s), Elsevier and typesetter diacriTech. It is not allowed to publish this proof online
or in print. This proof copy is the copyright property of the publisher and is confidential until formal publication.

AQC 06-ch02-033-118-9780123970091 2012/1/30 12:22 Page 108 #76

108 Erkki J. Brändas

and assigning a negative signature to the negation row

|true〉 |false〉

P = |true〉
|false〉

(
p (1− p)

−(1− p) −p

)
(G.2)

This is a nonsymmetric construction, which could be derived from a tradi-
tional Hermitean version via a nonpositive definite metric 1;111 = −122 =

1, 112 = 121 = 0. As we will see analogous constructions also follow from
our complex symmetric realizations, cf. previous developments above. We
emphasize that these realizations are required with the intention to mimic
our dissipative system, the “environment” here being made up of the other
wffs of the formal system. The probability operator p is represented in an
abstract space spanned by the vectors |true〉 and

∣∣false
〉
. Diagonalising P

(p > 1
2 ), i.e.,

P =
(

p (1− p)
−(1− p) −p

)
→

(
λ+ 0
0 λ−

)
λ2
= p2
− (1− p)2

λ± = ±
√

2p− 1

(G.3)

with the new transformed eigenvectors |true〉 and |false〉 given by

|true〉 = c1|true〉 + c2|false〉; λ+ = λ =
√

2p− 1

|false〉 = c2|true〉 + c1|false〉; λ− = −λ = −
√

2p− 1
(G.4)

where the components of the eigenvectors are given by

c1 =

√
(p+ λ)

2p

c2 =
−(1− p)√
2p(p+ λ)

c2
1 + c2

2 = 1. (G.5)

We find, cf. the complex symmetric case, that the eigenvectors are biortho-
gonal via the specification c+1d for general vectors c and d. Furthermore, the
requirement p > 1

2 is simple to implement since if not, i.e., p < 1
2 , one can let

p→ (1− p). Also Eqs. (G.2)–(G.5) hold for p < 1
2 with the condition that λ±

becomes purely imaginary. However, the crucial point is p = 1
2 .

Before we examine the degeneracy, p = 1
2 , we need to interpret the operator

P. The first observation is that the quantum mechanical operators/functions,
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e.g. p and (1− p), decohere to a definite (classical) value as soon as a
measurement has been made. This entails no specific consequences if p 6= 1

2
since we have the simple matrix identifications (I is the unit matrix)

1
2
(I +P 2) = p I;

1
2
(I −P 2) = (1− p) I (G.6)

with the superoperator P̂, diagonally represented as

P̂ =
(
|true〉, |false〉

)(√2p− 1 0
0 −

√
2p− 1

)(
〈true|
〈false|

)
. (G.7)

From Eq. (G.6) we obtain appropriate probability information via the
system operators 0± = 1

2 (I±P 2), while the transformation formulas (G.4)
correspond to proper truth-values consistent with Eq. (G.7). The new eigen-
vectors here are obtained as a superposition of vectors corresponding to
legitimate input values for p = 1. For P̂ 2

= 0, Eq. (G.6) gives the classical
result p = 1

2 , i.e., no information at all. Consequently P̂ 2 yields a bias to the
no information platform. Note that the operator P̂, or the truth matrix P,
is a nonclassical quantity (operator), which will play a crucial role below
serving as the square root of the relevant “bias” part of the system operator
transforming the input information accordingly.

To examine the degeneracy in more detail, we will introduce the following
definitions. If P can be brought to diagonal form, Eq. (G.7), we will say that
the formulation is nonsingular; if not it is by definition singular. From the
limiting procedure, it follows that the diagonal elements λ± = ±

√
2p− 1→ 0

as p→ 1
2 . However at p = 1

2 , one obtains

P̂ = (|true〉, |false〉)


1
2

1
2

−
1
2
−

1
2

( 〈true|
〈false|

)
= |true〉〈false| (G.8)

or explicitly transformed to the canonical Jordan form

P̂ = (|true〉, |false〉)
(

0 1
0 0

)(
〈true|
〈false|

)
(G.9)

where for p = 1
2 we find

|true〉 =
1
√

2
{|true〉 − |false〉}

|false〉 =
1
√

2
{|true〉 + |false〉}

(G.10)
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Accordingly, the propositions P and Q = ¬P from

true false
true
false

(
P(x) Q(x)
¬Q(x) ¬P(x)

)
are neither true nor false, or according to the truth matrix P,

|true〉 |false〉 |true〉 |false〉

P =
|true〉

|false〉


1
2

1
2

−
1
2
−

1
2

= |true〉

|false〉

(
0 1

0 0

)
(G.11)

We note that classical information is not distorted since the system oper-
ators 0± depend entirely on P 2. However, from the consistency relations,
Eqs. (G.6) and (G.7), we have established that P→ 0 as p→ 1

2 , but also
that Eqs. (G.5) and (G.7) break down at p = 1

2 proving that P is a Jordan
matrix with Segrè characteristic n = 2. Hence, we have proven that there is a
singularity at the precise value p = 1

2 , as well as the following theorem:
Theorem: At the degenerate point p = 1

2 , the truth matrix P is singular, i.e.,
it is dissimilar to the zero matrix 0 since

P 6= 0; P 2
= 0 (G.12)

The present theorem imparts a special interpretation of the singularity since
it represents self-referential statements as Jordan blocks (Segrè characteristics
larger than one) in our quantum logical framework. For example choosing
P = G, where G is the famous Gödel arithmetical proposition constructed so
that neither G nor ¬G are provable within the given set of axioms of elemen-
tary arithmetic [5]. The present formulation displays a singularity, given that
P is nondiagonal, while the truth table tells that simultaneously G is not true
and ¬G is not false or both G and ¬G are false. The fundamental implication
is that decoherence into classical truth-values (collapse of wavefunction) is
not possible at the special point p = 1

2 . Note that classical truth-values, being
here undecidable, will not reveal any singularity in Eq. (G.6) since P2

= 0.
Note that the canonical vectors in (G.10) nevertheless replicates inclusive
uncertainty with respect to input information.

Summarizing we find that the classical contradiction or paradox related
with the Gödel proposition G has been represented by a matrix degeneracy
with a Segrè characteristic equal to two. In this formulation, we have repro-
duced a truth functional propositional calculus by “quantum-like” states
determined by probability operators/functions. This allows the case p = 1

2 to
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be expressed as a quantum transition between truth and falsity (cf. Cantor’s
diagonal slash argument). Hence, we have succeeded to give a well-defined,
yet singular, formulation, of a classical inconsistency. Regardless of the fact
that the situation seems contraintuitive, we will see in Section 3 that our
result offers new perspectives and opportunities to consider, characterize,
study, and program the emergent Jordan block structures in the evolution of
coherent dissipative systems and comparable biological organization. Most
surprisingly we will establish simple connections with the self-referential
aspects of gravitational interactions.
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[29] E. Brändas, R.J. Bartlett, Reduced Partitioning Technique for Configuration Interaction
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[115] E. Brändas, M. Rittby, N. Elander, Multichannel Complex Scaled Titchmarsh Weyl Theory
a Model for Diatomic Fragmentation, Lect. Notes Phys. 325 (1989) 345.
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Abstract The existence of reactive resonances has long been predicted based on theo-
retical quantum reaction dynamics. Although many aspects of the theoretical
modeling of such resonances are understood, it has remained an open ques-
tion as to how resonance phenomena may be observed in a molecular beam
experiment. Many of the simple ideas for resonance signatures are based on
the idealization of the isolated narrow resonance, which generally does not
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apply to reactive resonances. Due to the occurrence of impact parameter
averaging, the resonant scattering becomes smeared over broad ranges of
collision energy making it difficult to distinguish between direct and com-
plex scattering mechanisms. In this article, recent advances in the study of
short-lived reactive resonances are reviewed. The imprint of resonances upon
dynamical observables is discussed. Three case studies are presented for sim-
ple triatomic systems that are believed to exhibit resonance phenomena:
F+HD→D+HF, H+HD→D+H2, and F+HCl→Cl+HF. It is seen that reactive
resonances do strongly influence collision observables, but in a different way
for each case. At this stage, there does not appear to be a unique resonance
signature that can be applied to all reactions.

1. INTRODUCTION

Gas phase bimolecular chemical reactions are collision processes in which
reagent molecular species scatter from one another and produce product
species where the pattern of bonding has changed. Reactive scattering is
thus an example of rearrangement scattering similar to problems frequently
encountered in nuclear and atomic physics. As with many other scattering
problems, chemically reactive scattering can exhibit resonance phenomena
associated with trapping in the interaction region. Chemically reactive res-
onances (or just reactive resonances) are interesting because of the great
diversity of resonant mechanisms that have been found, and perhaps the
unique union of experiment and theory that is required to confirm their
existence in particular problems.

It is useful to distinguish chemical reactions that proceed directly over
a potential barrier from those that form intermediate complexes. In terms
of kinetic modeling, complex forming reactions in the limit of long life-
times can be viewed as a two-step process involving the formation and
decay of the intermediate complex. In some problems, the occurrence of
reactive complexes is totally predictable based on the existence of deep
potential energy wells along the reaction coordinate. Well-known examples
include ion–molecule reactions and insertion-type reactions. For cases where
deep-well trapping occurs, the mean lifetime for the intermediates will typ-
ically be quite long, i.e., at least hundreds of internal vibrational periods. In
principle, this permits the “complex molecules” to be studied as a distinct
chemical species from either the reactants or products. Such an approach
is commonly used in traditional chemical modeling. On the other hand,
complexes have also recently been observed for systems where the poten-
tial energy surface (PES) is purely (or dominantly) repulsive. In these cases,
the intermediates tend to be extremely short-lived and are often viewed
inseparably from the collision process itself [1–10]. For reactions that fall
into this category, which include a number of hydrogen abstraction reac-
tions like F+HD→HF+D, the trapping occurs due to dynamical effects
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near the transition state and is not obvious from the landscape of the PES.
The theoretically predicted lifetimes of these intermediates are often just a
few, or merely one, internal vibrational period. Despite their transitory exis-
tence, these “reactive resonances” can strongly influence the rate of reaction,
the rovibrational product state distribution, and the angular distribution of
product molecules. However, it is on more fundamental grounds that reac-
tive resonances have proven to be of most interest. Since resonance energies
and lifetimes are extremely sensitive functions of the PES and dynamics
near the transition state, these elusive states can be viewed as probes of the
transition state regions [11]. The spectroscopy of resonance states can pro-
vide critical information about bond forming and bond breaking at the most
basic level.

The possibility of the existence of short-lived reactive resonances has been
discussed often over the years. The early advances in this field were largely
theoretical and based on the analysis of quantum reaction dynamics using
approximate PESs [12–20]. These studies provided much insight into the
dynamical origin of complex formation. However, they were speculative
in that the PES and dynamics calculations were too approximate to permit
quantitative comparisons with experiment. The extreme sensitivity of reso-
nance properties to the PES and dynamical approximations greatly reduced
the usefulness of these calculations in studying real systems. With the dra-
matically increased computational power now available, theory has evolved
to the point where very accurate potential surfaces and essentially converged
quantum scattering calculations can be used to predict the existence of reac-
tive resonances a priori for sufficiently simple systems [21–27]. Furthermore,
techniques of analysis have been developed that allow the resonance wave-
function to be extracted, and hence, the full assignment of quantum numbers
and other physical characteristics [28–31].

Although theoretical techniques for the characterization of resonance
states advanced, the experimental search for reactive resonances has proven
to be a much more difficult task [32–34]. The extremely short lifetime of
reactive resonances makes the direct observation of these species very chal-
lenging. In some reactions, transition state spectroscopy can be employed
to study resonances through “half-collision experiments,” where even very
short-lived resonances may be detected as peaks in a Franck–Condon spec-
trum [35–38]. Neumark and coworkers [39] were able to assign peaks in the
[IHI]− photodetachment spectrum to resonance states for the neutral I+HI
reaction. Unfortunately, transition state spectroscopy is not always feasible
due to the absence of an appropriate Franck–Condon transition or due to
practical limitations in the required level of energetic resolution. The direct
study of reactive resonances in a full collision experiment, such as with a
molecular beam apparatus, is the traditional and more usual environment
to work. Unfortunately, observing resonance behavior in such experiments
has proven to be exceedingly difficult. The heart of the problem is not a
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technical issue in experiment, but rather it is a lack of knowledge about how
the existence of a resonance will affect the collision observables in a uniquely
identifiable way. As of this point, there is no known general and unique reso-
nance signature that can be sought, even given perfectly resolved scattering
cross-sectional data.

In this article, we shall review recent advances that have been made in
detecting and understanding short-lived reactive resonances. Theory and
experiment have matured to the point where state- and angle-resolved reac-
tive cross sections can be measured accurately in the laboratory and brought
into quantitative agreement with the results of converged scattering cal-
culations on an accurate PES. We shall attempt to illustrate how theory
and experiment can work in tandem to identify resonance signatures in
reactive collisions. In Section 2, a practical discussion of the theory of reac-
tive resonances is presented, with special emphasis given to how collision
observables are affected by the existence of a resonance. In Sections 3–5, we
shall present three case studies of systems where reactive resonances are
believed to exist: F+HD, H+HD, and F+HCl. Although these three hydro-
gen abstraction reactions are seemingly quite similar, we shall see that, in
fact, the resonance signatures are very different in each case. We are thus
led to the conclusion that the search for resonance signatures in collision
experiments must still be pursued on a case-by-case basis with close inter-
play between theory and experiment. Finally, in Section 6 we present a brief
conclusion.

2. THEORETICAL METHODS FOR REACTIVE RESONANCES

The theory of resonance phenomena in scattering has been an enduring topic
of study in physics and chemistry since the advent of quantum mechanics.
As a problem in mathematical physics, the study of resonance can be an
extremely elegant formal pursuit. Indeed, there have been countless theo-
retical studies of resonance scattering that have reformulated the subject in
new and interesting ways. We shall not attempt to review that massive liter-
ature, and instead we shall simply refer the interested reader to the previous
volumes in the present series. Here, we shall focus on those methods that
have some practical bearing on the analysis of chemical resonances. Further-
more, we shall restrict ourselves to those methods that have proven to be
actually useful in understanding or modeling real reactive resonances. We
shall emphasize a few of the main themes that underlie computational meth-
ods that have proven useful for computing resonance properties. The most
interesting cases are resonances described by a single Born–Oppenheimer
PES that exhibits no deep trapping wells. Of course, this excludes interest-
ing behavior associated with nonadiabatic coupling, as well as issues arising
from dense manifolds of overlapping resonances. This is consistent with our
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goal to investigate how resonances affect scattering observables for simple
barrier-type potential, rather than providing an exhaustive review.

2.1. Vibrationally adiabatic model: an ultra simple model

We begin with a simple physical picture of chemical resonance that goes
back to the earliest treatments of the reactive resonance problem. Resonance
phenomenon can generically be associated with some form of dynamical
trapping in the interaction region. The trapping involved in the formation
of reactive resonances occurs near the transition state barrier. Sometimes,
the trapping can be at relatively long range associated with shallow van der
Waal wells that lie in the entrance or exit channels. In such cases, the reagent
(or product) species are more-or-less intact in their bonding structure. Other
times, the resonance state is localized near the saddle point of the PES and
the chemical bonds of the complex are partially broken (or formed). In such
cases, the nature of the trapping is dynamical in origin and cannot be easily
inferred directly from the PES.

The conventional interpretation of reactive resonances makes use of one-
dimensional dynamical potentials constructed using decoupling approxima-
tions such as the vibrationally adiabatic theory of reaction [40]. In this way,
the multidimensional reaction dynamics is modeled using a set of effec-
tive potential barriers constructed along a reaction coordinate; each of these
curves represents different internal excitations of the collision complex. In
natural collision coordinates, the reaction coordinate “s” represents distance
along the minimum energy path, whereas the orthogonal vibrational modes
are described by the normal mode coordinate “u.” Although natural collision
coordinates are difficult to use since they are curvilinear and numerically
defined from the PES, they nevertheless conform to chemists’ intuition about
how the reaction occurs. The vibrationally adiabatic theory is constructed
assuming that the quantum number n, corresponding to the modes described
by the coordinate u, is conserved during the collision [41, 42]. Thus, one
obtains vibrationally adiabatic potential curves of the form

Vad(s; n) = V0(s)+ εn(s), (1)

where V0(s) is the potential along reaction path and εn(s) are the quantized
state energies of the orthogonal motion. Since the vibrational frequencies
tend to change dramatically near the transition state, Vad(s; n) can be quite
different from the Born–Oppenheimer surface and can even exhibit wells
although the PES is purely repulsive. Indeed, near the saddle point where
the bonding is weakened, it is common for some of the normal mode fre-
quencies, ωi, to be significantly lower than in the asymptotic region. Thus,
the barrier in V0(s) can be overcome by a well in εn(s) leading to the forma-
tion of a well in Vad(s; n). Although the dynamical conditions for high-level
accuracy of the vibrationally adiabatic model are virtually never satisfied,
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Figure 3.1 A schematic diagram showing the relationship of reactive resonances to the
vibrationally adiabatic potential curve. The upper panel illustrates a Feshbach resonance
trapped in a well; the lower panel shows a barrier resonance or QBS.

this simple model often captures the essence of reaction dynamics near the
transition state.

The resonance trapping can be pictured in a simple one-dimensional rep-
resentation when expressed in terms of the vibrationally adiabatic curves.
There are two common scenarios for resonance formation. First, Feshbach-
type resonance states can exist as intermediates trapped in wells on the
adiabatic potential curves, as shown in the upper panel of Figure 3.1. This
requires the adiabatic wells to be deep enough to support one or more quan-
tum states. Usually, this demands that the collision complex be internally
excited (i.e., n 6= 0) so that the u-direction(s) widening of the PES near the
saddle is accentuated in εn(s). The resonance state may decay to products by
tunneling through the barrier or by energy transfer from u→ s resulting in a
transition to a lower adiabatic curve. The lifetime of the resonance depends
strongly on the strength of the vibrationally nonadiabatic coupling. The
accuracy of the adiabatic approximation relies on a separation of timescales
between the “essential” vibrational motions (described by a few of the most
important u coordinates) and the reaction coordinate s. When the reaction
coordinate is slow compared to the orthogonal vibrational motion, the adia-
batic approximation becomes more accurate and the nonadiabatic coupling
is smaller.

A second scenario is provided by barrier-type resonances (sometimes
referred to as quantum bottleneck states [QBS]), which do not rely on the
internal excitation of the collision complex for their existence. In fact, barrier
resonances are observed even when there is no well in Vad(s; n). Collisional
time delay occurs near the barrier maximum simply because the motion
along the s-coordinate slows down passing over the barrier, as in the lower
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panel of Figure 3.1 [1, 29, 43, 44]. This sort of kinematic trapping occurs
even in classical mechanics and is related to the existence of a periodic
orbit perched on top of the dynamical barrier [45–47]. Although there are
some important differences between “barrier-states” and more conventional
Feshbach resonances, it can be shown [1, 9, 43, 44, 48–52] that barrier-
states behave much like resonances with energy ER=Vad(s= barrier; n) and
width 0 = ~ω, where ω being the barrier frequency of Vad(s; n). The life-
times of barrier-states are typically about one period of vibration for the most
essential u-coordinate.

The division of the total Hamiltonian into an adiabatic component, Had,
and a nonadiabatic component, Hna, permits the use of several familiar com-
putational methods to determine the resonance properties. In the limit of
weak nonadiabatic coupling, the resonance energies are obtained from the
eigenvalues of Had while the widths and partial widths can be estimated
using simple golden rule formulae. For stronger coupling, the full Fesh-
bach projection operator formalism can be employed. Although it is possible
to get reasonable approximations to the true resonance widths in this way,
this technique is seldom used in practice. The numerical instability of the
derivative coupling terms in Hna, especially when using natural collision
coordinates, makes the direct use of the vibrationally adiabatic model unde-
sirable compared to other existing methods. Since chemical reactions usually
show significant nonadiabaticity, there are naturally quantitative errors in
the predictions of the vibrationally adiabatic model. Furthermore, there are
ambiguities about how to apply the theory, such as the optimal choice of
coordinate system. It should be pointed out, however, that the vibrationally
adiabatic model can be more stable when implemented in other coordinate
systems such as hyperspherical coordinates. In particular, for the heavy–
light–heavy mass combination it is found that adiabatic model is much more
accurate in the hyperspherical coordinate system [53]. Besides the issue of the
coordinate system, there is also the matter of which degrees of freedom are
identified as “fast” and which as “slow.” There can be significant differences
in performance of the adiabatic model depending on these choices.

2.2. Barrier resonances

Although barrier resonances have only recently been fully appreciated, they
are expected to be quite common in real problems [1, 9, 44, 54]. Since chem-
ical reactions generically exhibit energetic barriers, they will generically
possess barrier-type resonances. Barrier resonances are distinguished most
clearly from the more conventional Feshbach resonances by the nature of
the trapping mechanism. When the energy of the colliding pair of reagent
molecules equals the energy of an adiabatic barrier, the classical motion
along the reaction coordinate comes to a stop leading to collision time
delay. One is tempted to conclude that the distinction between barrier and
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Feshbach resonances is purely model dependent since trapping well may
exist on one type of adiabatic potential, say in hyperspherical coordinates,
while only a barrier may exist on another type, say in natural collision coor-
dinates. However, this is not correct since there are fundamental differences
between QBS and Feshbach states. First, the pole structure of the S-matrix is
intrinsically different in the two cases. A Feshbach resonance corresponds to
a single isolated pole of the scattering matrix (S-matrix) below the real axis
of the complex energy plane, see the discussion below. On the other hand,
the barrier resonance corresponds to an infinite sequence of poles extending
into the lower half plane. For a parabolic barrier, it is easy to show that the
pole positions are given by

En = V0 − i~ω(n+ 1/2) n = 0, 1, 2, . . . , (2)

where V0 is the (real) barrier height and ω is the barrier frequency. In a
previous work on transition state spectroscopy of barrier resonances, we
have demonstrated that this pole structure gives rise to a lineshape for-
mula completely different from the usual Lorentzian form corresponding to
conventional Breit–Wigner resonances [29, 50]. Another distinction between
Feshbach and barrier-type resonances concerns their behavior in the semi-
classical limit. Although Feshbach states correspond to trapped volumes of
phase space, barrier-states arise from single-trapped orbits that obviously
have zero volume in phase space. Indeed, Sadeghi and Skodje [50] have
shown that the lowest-order term in an ~-expansion of the Wigner phase
space distribution for a decaying barrier state is localized on the unstable
manifolds of the periodic orbit, i.e.,

W(p, q, t) →
t→∞

e−t/τ
∑

δ(p− pi(q)), (3)

where τ is the classical lifetime (the inverse barrier frequency) and pi(q) are
the unstable branches of the reactive separatrix. Finally, we note that the
shape of the reaction probability for a barrier resonance shows a thresh-
old structure while a Feshbach state is expected to lead to a generalized
Lorentzian peak. From model problems, we can conclude that the step-
like threshold behavior of the reaction probability is due to the collective
influence of the infinite sequence of poles. For example, an Eckart barrier,
V=V0/ cos h2(αx), is shown to have a reaction probability, PR(E), that can be
written as [9]

PR(E) = 1−

∣∣∣∣∣
∞∏

n=0

kn

k− kn

∣∣∣∣∣
2

, (4)
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Figure 3.2 The pole structure of the S-matrix for a parabola (×) and an Eckart barrier (•).

where k =
√

2µE/~2, kn are the pole positions

kn =
~α
2

[√
8µV0

~2α2
− 1− i(1+ 2n)

]
, (5)

and µ is the mass. In Figure 3.2, we compare the pole structure of a parabolic
barrier to that of the Eckart barrier.

One expects to observe a barrier resonance associated with each vibra-
tionally adiabatic barrier for a given chemical reaction. Since the adiabatic
theory of reactions is closely related to the rate of reaction, it is perhaps
not surprising that Truhlar and coworkers [44, 55] have demonstrated that
the cumulative reaction probability, NR(E), shows the influence barrier res-
onances. Specifically, dNR/dE shows peaks at each resonance energy and
NR(E) itself shows a staircase structure with a unit step at each QBS energy.
It is a more unexpected result that the properties of the QBS seem to also
imprint on other reaction observables such as the state-to-state cross sections
[1, 56] and even can even influence the helicity states of the products [57–59].
This more general influence of the QBS on scattering observables makes
possible the direct verification of the existence of barrier-states based on
molecular beam experiments.
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2.3. Computational methods to extract resonance properties

Although simple models for resonance dynamics can prove useful to gain
physical insight, the accurate determination of resonance energies, widths,
and partial widths is best accomplished using fully quantum mechanical
treatment based on the exact Hamiltonian. There have been a wide variety
of practical methods proposed to compute the resonance parameters of a
system given its Hamiltonian. Some methods attempt to directly obtain the
resonance state within an L2 basis set. These include real and complex sta-
bilization methods and also basis set diagonalization, where H is modified
to incorporate a complex absorbing potential. The resonance properties can
also be extracted from time-dependent quantum wave packets where the
resonance state is filtered from the wave packet using a Fourier transform

ϕres ∼

∞∫
−∞

φ(t)eiErestdt (6)

The spectral quantization (SQ) method, based on Eq. (6), has been found to
yield good results for a number of simple chemical reactions.

If it is possible to numerically compute the S-matrix as an accurate func-
tion of energy, then a robust method to extract the resonance parameters is
to simply fit the S-matrix elements to standard resonance formulae [60, 61].
The usual picture of resonance phenomena is based on the concept of the iso-
lated narrow resonance (INR) proposed by Breit and Wigner [62]. The INR is
pictured as a “nearly bound” state of the system lying at energies above the
threshold for complex breakup, i.e., in the continuum region of the energy
spectrum. In the Breit–Wigner treatment, the fundamental characteristic of
the INR is the existence of complex energy pole in the S-matrix, i.e.,

S(E) = Sd(E)
[

1
iA

E− ER + i0/2

]
, (7)

where ER is the (real) resonance energy and 0 is the total width [63]. The
energy regime over which the fitting should be done may be established by
monitoring the eigenphase sum, which undergoes a jump of π in the vicin-
ity of a resonance. In Eq. (7), Sd(E) is the direct or background contribution,
which is assumed to be a slowly varying function of the total system energy
E. In this form, both S(E) and Sd(E) are assumed to be unitary. This requires
the matrix A to be Hermitian and of the form

Ai,j = γ
∗

i γj. (8)

The quantities γi are related to the partial widths of the resonance according
to

0i = |γi|
2, (9)
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which, in turn, satisfy

0 =
∑

i

0i. (10)

The amplitudes γi are generally complex, and the relative phase between the
resonant term and the background term determines the precise lineshape
that will be observed. An alternative to Eq. (7) makes use of the sum form

S(E) = S′d(E)−
iA′

E− ER + i0/2
. (11)

This expression, which is the more common expression used in numerical
fitting, has a matrix A′ which is not as simply related to the partial widths.
For an INR, we assume that the complex energy

z = ER − i0/2 (12)

lie very close to the real axis, i.e., 0 is small so that the background contribu-
tion to S(E) may be readily separated from the resonance pole. Furthermore,
it is assumed that no other poles of the S-matrix lies nearby in energy as
defined on the scale set by 0. When these conditions are met, the existence of
a resonance is heralded by the occurrence of set of well-defined effects that
are amenable to observation or computation.

The INR approximation can be extended to cases of two overlapping
resonances. When two resonance states lie close to one another, the rapid
variation of the S-matrix against energy must be modeled with a unitary
two-pole formula

S(E) = Sd(E)

[
1−

iA1

E− E1,R +
i01
2

][
1−

iA2

E− E2,R +
i02
2

]
. (13)

The resonance parameters are then extracted by numerically fitting the for-
mula to the results of the scattering calculation. Numerical instabilities that
sometimes arise in fitting the pole structure, either using Eq. (7) for one
resonance or Eq. (13) for two resonances, may be assuaged using more
sophisticated approaches such as the Pade’ approximation [64].

The simple INR concept has succeeded beautifully for many problems in
atomic and nuclear physics. Unfortunately, the INR picture is seldom valid
for reactive resonances, which, on the contrary, tend to be broad and over-
lapping. The breakdown of the INR idealization for reactive resonances was
appreciated long ago in terms of the impact parameter averaging implicit in
reactive collisions [65]. If we imagine that an “isolated” reactive resonance
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corresponds to a vibrational state of an intermediate molecule, then the
rotational energy levels built on that state have energies given by

ER(J) = E0 + B0 · J(J + 1), (14)

where E0 is the ground rotational energy and B0 is the rotation constant of
the complex. (For simplicity, we have specialized to the case of a collinear
collision complex.) Hence, each resonance state is part of a rotational pro-
gression with spacing 2JB0. The typical B-constant for a reactive resonance
can be inferred from the geometry of the saddle point on the PES and is usu-
ally on the order of several wave numbers. On the other hand, the resonance
lifetimes tend to be less than 100 fs, corresponding to widths greater than
50 cm−1, thus implying that the rotational states are overlapping, i.e., their
spacings are smaller than their widths. Stated in dynamical terms, the rota-
tional period of the complex is significantly greater than the lifetime of the
resonance. The rotational quantum number of the resonance is expected to
correlate to the total angular momentum, J, which labels the partial waves in
an expansion of the cross sections. Since dozens of partial waves generally
contribute to the cross section at typical collision energies, this congestion of
resonance states is expected to occur generically in a collision experiment.
Thus, the sharp structure (on the scale set by 0) in the cross sections ver-
sus energy that one might expect to observe for an INR will generally be
smeared out over a much larger energy range. Since the background scatter-
ing has some energy dependence as well, it becomes very difficult to identify
the resonant signature in the cross section.

One important class of exceptions to the preceding discussion is provided
by prereactive or postreactive van der Waals (vdW) complexes. The lifetimes
for such resonances can be much longer than that for conventional transition
state resonance trapped near the saddle point. In the discussion of the F+HCl
reaction below, we shall see that resonances of this sort can have lifetimes
much longer than the rotational period of the complex and thus may show
INR signatures.

It is clear that the unmistakable resonance fingerprint provided by a
narrow Lorentzian peak in the integral cross section (ICS) will be rare for
reactive resonances in a collision experiment. However, a fully resolved
scattering experiment provides a wealth of data concerning the reaction
dynamics. We expect that the state-to-state differential cross sections (DCS)
as functions of energy can be analyzed, using various methods, to reveal
the presence of reactive resonances. In the following subsections, we discuss
how various collision observables are influenced by existence of a complex
intermediate. Many of the resonance detection schemes that have been pro-
posed, such as the use of collision time delay, are purely theoretical in that the
observations required are not currently feasible in the laboratory. Neverthe-
less, these ideas are also discussed since it is useful to have method available
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to determine whether a given PES supports resonances for comparison and
interpretation of experiment.

2.4. Integral cross sections

An ideal INR is dramatically revealed by the appearance of narrow feature
in the ICS, σ(E) at total energy E=ER of width 0. Obviously, the resonance
peak is closely related to the existence of the resonance pole in the S-matrix.
Using the normal body-fixed representation for an A+BC(v, j)→AB(v′, j′)+
C reaction, the ICS is related to the S-matrix by

σR(v, j→ v′, j′; EC) =
π

k2

∑
J

(2J + 1) · PR(v, j→ v′, j′; EC, J) (15)

with k being the incident wave number and

PR( )v,j→v′ ,j′ ;EC ,J =
1

2j+ 1

∑
k,k′

[|SJ(v, j, k→ v′, j′, k′; EC)|
2 (16)

where the (presumably) unobserved helicity quantum numbers k and k′ are
averaged over. It is clear from Eq. (7) that, for a given partial wave, the res-
onance peak should occur at the same total energy for all state-to-state ICSs
with the relative heights set by the partial widths. When the resonance exists
for only a single partial wave, such as in many nuclear physics problems, a
resonance feature of width 0 should survive in the ICS even if other partial
waves contribute a smooth background. When many partial waves support
resonance states, as with reactive resonances, the individual peaks that may
be quite apparent in PR(v, j→ v′, j′; EC, J) merge together in the ICS over a
broad energy range and are difficult to distinguish from background scatter-
ing. A special case, of relevance to the F+HD reaction considered below, is
when the background scattering happens to be nearly zero around the reso-
nance energy. In this case, the reaction is purely resonance mediated and we
can approximately construct the behavior of the ICS from a combination of
Lorentzian profiles. Using J-shifting approximation, the reaction probability
for the Jth-partial wave is given by

PR(v, j→ v′, j′; EC, J) ≈
C
√

EC

√
E′C

(E− ER(J))2 + 02/4
, (17)

where EC and E′C are the initial and final translational energies, E is the total
energy, C is a constant and

ER(J) = E0 + B0J(J + 1) (18)
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is the J-shifted resonance energy with B-constant B0. The square root factors
are inserted to improve the threshold behavior of the expression. When the
partial cross sections are combined according to Eq. (15), a step-like feature
occurs in the ICS that can be analytically modeled using the formula

σR ≈
C
√

EC

Im
[
θ(EC) ln

(
θ(EC)+ 1
θ(EC)− 1

)]
, (19)

where

θ(EC) =

√
E0 − i0/2

EC
. (20)

The inclusion of J-dependence into the resonance width generally pro-
duces only a small change in the shape of the resonance step. Schatz et al.
[66] have noted that such a step feature may occur for the Cl+HCl reaction.

2.5. Time delay

Scattering cross sections for chemical reactions may exhibit structure due to
resonance or due to other dynamical effects such as interference or thresh-
old phenomena. It is useful to have techniques that can identify resonance
behavior in theoretical simulations and distinguish it from other sorts of
dynamics [67]. Since resonance is associated with dynamical trapping, the
concept of the collision time delay proves quite useful in this regard. Of
course since collision time delay for chemical reactions is typically in the
subpicosecond domain, this approach is, at present, only useful in analyzing
theoretical scattering results. Nevertheless, time delay is a valuable tool for
the theoretical identification of reactive resonances.

There are two common definitions of collision time delay: one proposed by
Wigner and Eisenbud [68] and another suggested by Smith [69]. Although
identical for single channel scattering, these two definitions can yield very
different results in multichannel scattering such as chemically reactive colli-
sions. Both definitions were formulated for the scattering of a single partial
wave (single J-values), but an extension of the Wigner–Eisenbud model is
possible for full scattering (see below). The Wigner–Eisenbud approach is
based on the shift in the center of a spatially localized wave packet relative
to dynamics in the absence of an interaction potential. At early times, long
before the collision, a wave packet started in the n-th internal channel of the
J-th partial wave is represented as

9 = φ(R− vnt)χn, (21)

where φ is broadly peaked at R− vnt= 0 in position space but is narrowly
peaked in translational momentum space atµvn, R is the collision coordinate,
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vn is the channel velocity, and χn is the initial internal state wavefunction.
Then, long after the collision, the n’-th component of the wave packet takes
the form

9 = Cφ(R− vn′ t+ vn′τn.n′)χn′ , (22)

where the quantity τn,n′ is the state-to-state collision time delay defined by

τn,n′ = Re
[
−i~

Sn.n′(E)
dSn.n′(E)

dE

]
. (23)

The Wigner–Eisenbud definition is physically equivalent to the idea of a
signal time delay. Clearly, each channel will display a different value for this
quantity, although for an INR each approaches 2~/0 at E=ER. Smith’s defi-
nition of the time delay is based on a different concept, namely the residence
time within the interaction region of the collision, referred to as the collision
lifetime. It can be shown that for a multidimensional scattering problem,
the residence time (relative to free-particle motion) within a large sphere
enclosing the interaction is given in terms of a Hermitian lifetime matrix,

Qn,n′ = −i~
∑

j

dSn,j(E)
dE

S∗n′ ,j(E). (24)

The average time delay for a particle injected into the n-th channel but
emerging in any final channel is given by the diagonal element Qn,n. The
resonance contribution to the time delay is expected to emerge more dis-
tinctly from the background when Q is diagonalized. In this case, the largest
eigenvalue should show a peak against energy near a resonance energy.

Either the Wigner–Eisenbud or Smith definitions of time delay require as
the input the values of S computed on a sufficiently fine grid of energies
to compute dS/dE. However, the Smith version generally requires a much
larger calculation since the determination of the eigenvalues of Q requires
the full S-matrix between all open channels at energy E while the Wigner–
Eisenbud theory requires only a single element.

We expect that every resonance will yield extra time delay at energies near
ER. However, it is extremely dangerous to interpret all sharp structure in the
function τn,n′(E) as due to resonance [67]. For example, it is easy to see that
if Sn,n′(E) should accidentally pass near zero at an energy E0, then the τ will
show a positive or negative spike at E=E0 that is not necessarily related to
any resonance state. If a peak of the time delay occurs near the minimum of
the reaction probability, great caution should be exercised before concluding
that the peak is due to resonance. Furthermore, near energetic thresholds it
is known that the elastic phase shift for J= 0 has a singularity of the form
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δ ∼
√

EC. This leads to (elastic) time delays that diverge at threshold. Since
thresholds are quite dense in energy for a typical chemical reaction, this
can yield very erratic behavior of the Smith lifetime matrix, and hence the
eigenvalues.

Since the time delay as defined above applies directly only to scattering
of a single partial wave, it cannot be used to compute the scattering angle-
resolved time delay, τn,n′(E, θ). This quantity, which is a theoretical observable
in a wave packet calculation [70], measures the delay of a plane wave signal
as a function of the final center-of-mass scattering angle. To this end, Gold-
berger and Watson [71] have generalized the Wigner–Eisenbud time delay
using the scattering amplitude, Fn,n′(E, θ), in place of the S-matrix. It was
found that quantity

τn,n′ (E, θ) = ~
d

dE
Arg

(
Fn,n′ (E, θ)

)
(25)

provided a sensible extension of the signal time delay concept to angle-
resolved scattering. Kuppermann and Wu [72] have used a somewhat
different definition based on the same approach for the H+D2 reaction. We
note that the angle-resolved time delay may prove quite useful for reactive
resonances since resonant scattering may occur much more strongly into
certain scattering angles such as the forward direction.

2.6. Exponential decay

Associated with the pole of the S-matrix is a Siegert state, 9res, which has
purely outgoing boundary conditions and satisfies (with some caveats) the
equation, H9res= z9res, H being the system Hamiltonian [73]. If a square inte-
grable approximation to 9res is constructed, then its time evolution, 9res(t),
will exhibit pure exponential decay after a transient induction period. Of
course, any L2 state will show quadratic, and hence nonexponential, decay at
short times since

|〈9(0)9(1t)〉|2 ≈ 1−1t2
〈9(0)|Ĥ

2
|9(0)〉/~2. (26)

However, at long times a sample of prepared “complex” molecules will
deplete according to the law, N(t)=N(0)e−t/τ, where the lifetime τ is related
to the resonance width according to τ = ~/0. Furthermore, the decay flux
into each outgoing channel is locked in fixed proportion at all times.

Although it is not feasible to measure exponential decay of resonance
states in the environment of a molecular beam experiment, in theoreti-
cal work the exponential decay law provides a necessary condition that a
proposed state, generated by some method, is in fact a resonance state. Fur-
thermore, the rate of exponential decay provides probably the most accurate
method for the numerical determination of the lifetime.
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One can use various techniques to generate Siegert states from numerically
accurate quantum dynamics. The most straightforward approach involves
the use of a real stabilization calculation [74, 75]. Unfortunately, real stabi-
lization tends to become rather inconclusive for broad resonances especially
at high state densities required to treat three-dimensional reaction dynam-
ics. The performance of stabilization calculations can be greatly improved
by including an absorbing optical potential outside the interaction region to
enforce outgoing boundary conditions [30, 76]. Direct calculation of a state
corresponding to complex energy eigenvalue is possible within the frame-
work of the complex coordinate rotation method [77]. In our work, we have
generally preferred the use of the SQ method since it is ideally suited for the
study of broad transition state resonances [23, 28, 29, 78–80]. The SQ method
is a straightforward application of conventional techniques available for the
study of time-dependent quantum wave packet dynamics. In the first stage
of the method, energy spectra are obtained for various initial wave packets
launched in the transition state region, i.e.,

I(E) ∼

∞∫
−∞

〈ϕ(0)|ϕ(t)〉eiEt/~dt (27)

Peaks in the spectrum, I(E), identify the location of possible resonance
states. Then, the initial state ϕ(0) is optimized to reduce direct background
scattering and the resonance state is extracted using the standard relation

9res ∼

∞∫
−∞

ϕ(t)eiEpt/~dt (28)

where Ep is a peak energy.

2.7. Angular product distributions

A pole of the S-matrix close to the real axis can lead to a clear peak in the ICS
if the resonance occurs for just one partial wave or if the resonances for each
J are well separated in energy. It is not surprising that similar conclusions
can be drawn for the DCS. The DCS is defined from the usual [27] body fixed
S-matrix for A+BC(ν, j)→ AB(ν ′, j′)+C

dσR(v, j, k→ v′, j′, k′)
d�

=
1

4k2
vj

∣∣∣∣∣∑
J

(2J + 1) · dJ
k,k′(π − θ) · SR(v, j, k→ v′, j′, k′)

∣∣∣∣∣
2

,

(29)

where kνj are the initial channel translational wave numbers and dJ
k,k′ are the

Wigner functions in terms of the helicity indices k and k′. If the S-matrix is
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slowly varying against E except near a pole for some value of J, then it is
obvious that the DCS will show rapid variation around E = ER at all scat-
tering angles where dJ

k,k′ is significant. As we have noted already, however,
this behavior is not to be expected for reactive resonances because of impact
parameter averaging. A progression of poles of the form Eq. (7) with energies
given by Eq. (14) must be combined coherently (with phases) to obtain the
resonance signature in the DCS. Making this difficult is the variation of the
background phase as a function of J. Unlike the ICS, which depends only on
|S2
|, the relative phase of the partial wave contributions is crucial in deter-

mining the angular product distributions. This issue has been understood
for quite a long time, and the question of how the existence of an interme-
diate complex might affect the DCS has received considerable discussion.
For an intermediate with a lifetime long compared to the rotational period,
Herschbach [81] noted that the DCS should become forward–backward sym-
metric in the center of mass frame. Unfortunately, reactive resonances are
often short lived compared to the rotation period making subtler the angular
signature of resonance.

Miller and Zhang suggested searching for a ridge structure in the DCS as
a function of EC and θ. The ridge is an EC− θ correlation resulting from the
J-shifting of the dominant resonance decay angle, which appears in the DCS.
Miller and Zhang [82] observed clear ridge features in the H+H2 and D+H2

systems. However, it is unclear whether ridge structures uniquely correlate
to quantum resonances since Aoiz and coworkers [83] have noted similar
ridges occur in QCT simulations. In another discussion of angular corre-
lation, Connor and Sokolovski have recently proposed that decomposing
the scattering amplitude into nearside/farside contributions may elucidate
resonance behavior [84, 85].

In a very important work, Lee and coworkers [86, 87] surmised that
forward peaks in the state-resolved DCS might indicate the existence of
resonances. The physical picture behind this idea is somewhat subtle and
involves resonant time delay. As the impact parameter (or J) of the colli-
sion increases, the total reactive product distribution generally shifts from
backward to more sideways scattering, reflecting the orientation of the com-
plex. One expects that the resonant contribution to the product distribution
will show greater angular deflection (toward forward) since the complex will
rotate further due to the time delay. Thus, in the most forward direction the
dynamics will be filtered to enhance the resonant contribution to the reac-
tion. Forward peaks have in fact been observed experimentally in the F+H2

[86], H+D2 [88–90], and H+HD [91–93] reactions. To determine the range of
J (and hence the impact parameter) that gives rise to a feature in the DCS, it
is useful to compute the angle-resolved integrated opacity function,

dσ Jmax
R (θ)

d�
=

1
4k2

vj

∣∣∣∣∣
Jmax∑
J=0

(2J + 1) · dJ
k,k′(π − θ) · SR(v, j, k→ v′, j′, k′)

∣∣∣∣∣
2

. (30)
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This quantity gives the truncated contribution to the DCS of partial wave
up to Jmax. Thus, holding E and θ fixed, the most important J values for a
process can be determined by plotting Eq. (30) against Jmax.

2.8. Product rovibrational branching ratios

The dynamics of a reaction that proceeds directly over the transition state
is expected to be qualitatively different from that of a resonance-mediated
reaction. In particular, one expects that the branching ratios into the product
rovibrational states will be very different between the direct and the reso-
nant mechanisms. For example, if a given Feshbach resonance corresponds
to trapping on the v= 1 vibrationally adiabatic curve, then one might expect
that the population of the v′= 1 vibrational state of the product molecule
may be greatly enhanced by the resonant mechanism. Similarly, the rota-
tional product distribution resulting from the fragmentation of a resonance
molecule may show a quite distinct pattern from that of a direct reaction.
Indeed, Liu and coworkers [94], and Nesbitt and coworkers [95] have noted
distinct rotational patterns in the F+HD resonant reaction.

The phenomenon of impact parameter averaging will lead to a smearing of
the resonance decay products over large energy range. Nevertheless, under
certain circumstances the influence of resonance may still be discerned. For
example, if the resonance energy of lowest partial wave is ER(J= 0), then any
reaction occurring at E<ER(0) (by more than the resonance width) must nec-
essarily take place through the direct mechanism. If the product branching
ratios are monitored against E, one might expect to see a sudden change in
the branching ratios which begins at E=ER(0) and persists continuously to
higher energy. Conversely, if ER(0) is below the threshold for direct reaction,
as in a resonance-tunneling-mediated reaction, then there will be a range
of energies ER(0)<E<Ethr in which the reaction proceeds solely through the
resonance mechanism. In this case, product branching ratios for E<Ethr are
then completely determined by the partial widths of the resonance. Since the
partial widths are generally rather weak functions of J, the branching ratios
should be relatively constant up to E = Ethr. At higher energies, the direct
mechanism begins to contribute and the branching ratios will begin to show
much more rapid variation against E.

3. FESHBACH RESONANCE: F+HD

It is clear that reactive resonance can potentially affect many scattering
observables. It is not obvious a priori, however, which particular quanti-
ties may prove the most effective in identifying the existence of a resonance
state. To assess the utility of various ideas for resonance signatures in this
and in the following two sections, we shall consider three reactions believed
to support reactive resonances. These are the hydrogen exchange reactions:
F+HD→HF+D, H+HD→D+H2, and F+HCl→HF+Cl. For the first two of
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these reactions, state of the art molecular beam experiments have recently
been performed. Furthermore, very accurate PESs have also been computed
for these reactions, which have been used to carry out accurate quantum scat-
tering calculations. Given the general similarity of these reactions, one might
expect that their resonance fingerprints would be closely related. Indeed,
each of these systems is a triatomic hydrogen abstraction reaction domi-
nated by the lowest PES that exhibits no potential well near the transition
state. However, we shall see that presence of resonances is manifested in
different observables for each case. The chameleon-like nature of the reso-
nance emphasizes the need for combined theoretical and experimental work
to firmly establish the resonance on a case-by-case basis.

The first unambiguous observation of a reactive resonance in a collision
experiment was recently made for the F+HD→HF+D reaction [96–98]. This
reaction was one isotopomer of the F+H2 system studied in the landmark
molecular beam experiments of Lee and coworkers in 1985 [86, 87]. Unlike
the F+H2 case, no anomalous forward peaking of the product states was
reported, and the results for F+HD were described as the most classical-
like of the isotopes considered. Furthermore, a detailed quantum mechanical
study [99] of F+HD→HF+D reaction on the accurate Stark–Werner potential
energy surface (SW-PES) [100] failed to locate resonance states. Therefore,
it was surprising that the unmistakable resonance fingerprints emerged so
clearly upon re-examination of this reaction.

The molecular beam experiments of Liu and coworkers [94, 96, 97]
employed the Doppler profile time-of-flight technique that allowed the
ready observation of the excitation function (i.e., the total reactive ICS
summed over final product state) at many collision energies for an HD
reagent molecule 90% populated in its ground rovibrational state. The exci-
tation function for both possible product channels, HF+D and DF+H, over
the range of collision energies 0.2–3 kcal/mol is shown in Figure 3.3. A
pronounced step-like feature occurs in σR(E) for the HF+D channel near
EC= 0.5 kcal/mol that is clearly absent for the DF+H channel. A converged
quantum scattering calculation [65, 66, 101] on the SW-PES is found to yield
similar results, as seen in the figure. The QCT results of Aoiz and coworkers
[102] showed reasonable agreement with experiment for the H+FD channel
but completely failed to predict the step-feature for the D+HF product. Since
the step occurs below the adiabatic barrier, one led to the conclusion that the
reaction step is due to quantum effects. With close interaction between theory
and experiment, the interpretation that emerged [96, 97] for this result was
that the reactive step was due to the existence of a reactive resonance with an
F–H–D collinear geometry. The step was not seen in the DF+H channel since
the decay probability of an F–H–D configured resonance was very small
into that unfavorable product channel. The difference in the step height pre-
dicted by quantum scattering and that observed in the experiment is likely
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Figure 3.3 The normalized excitation functions in Å2 versus collision energy for the two
isotopic channels for the F+HD reaction. The solid line is the result of quantum scattering
theory using the SW-PES. The QCT simulations from Aoiz et al. are plotted for comparison.
The experiment, shown with points, is normalized to theory by a single scaling factor for both
channels. Also shown in the upper panel is the theoretical decomposition of the excitation
function into direct and resonant contributions using the J-shifting procedure.

due to small errors in the SW-PES affecting the rate of resonant tunneling
[103, 104].

In light of the discussion above, it is very surprising that a clear resonant
feature should survive in σR(E), which, after all, involves averaging over
impact parameter, scattering angle, and final states. Some insight into this
result is obtained by considering the partial cross sections computed for the
individual partial waves that are shown in Figure 3.4. As a function of EC,
each of the partial cross sections shows a clear Lorentzian-like peak at low EC

followed by the normal threshold-type behavior at higher EC. The individual
peaks fit well to a Lorentzian shape function with peak positions at

Eres(J) = E0 + B0 · J (J + 1) (31)
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Figure 3.4 Computed partial cross sections in Å2 for the F+HD(v = 0, j= 0)→ HF+D reac-
tion as a function of the total angular momentum quantum number, J, up to collision energies
of 3 kcal/mol.

with E0= 0.52 kcal/mol and B0= 0.0051 kcal/mol, and widths given by fitted
form

0(J) = 00 + a(exp(bJ)− 1) (32)

with 00= 0.15 kcal/mol, a= 0.00127 kcal/mol, and b= 0.2635. Since the
threshold energy for the “direct” F+HD→HF+D reaction obtained from the
lowest vibrationally adiabatic barrier is about 1.1 kcal/mol, the reactive step
in σR(E) is due almost entirely to the superposition of the Lorentzian peaks.
Indeed, by numerically decomposing the partial cross sections into separate
resonant and direct contributions, and then summing over J to obtain σR(E),
we see in Figure 3.3 that the step is essentially the sum of J-shifted Lorentzian
peaks. The reaction occurs almost exclusively through resonance-mediated
tunneling at energies below 1 kcal/mol.

The quantum product state distributions from the reaction show a similar
dichotomy for EC<1 kcal/mol and EC>1 kcal/mol. Focusing on the rota-
tional state distribution for the dominant HF(v′= 2) product, in Figure 3.5
we show the ICS for F+HD→HF(v′= 2, j′) as a function of j′ and EC. The scat-
tering calculations show a clear change in the rotational product distribution
between low- and high-energy scatterings. The rotational distribution at low
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Figure 3.5 The ICS for F+HD(v= 0, j= 0)→ HF(v′= 2, j′)+ D versus EC and j′ computed
from quantum scattering theory using the SW-PES.

EC is rather flat, yet hot, extending up to about j′= 10. By contrast, the higher
EC results show the more usual envelop peaking at much lower values of j′.
Nesbitt and coworkers [95] measured the product distribution in a “crossed
jet” experiment, and obtained results are consistent with Figure 3.5. Again,
the result is consistent with a resonance state picture in that the low EC dis-
tribution is entirely due to a resonance decay mechanism that is expected
to be quite different from the direct reaction mechanism that dominates at
higher EC.

The DCS for the F+HD→HF+D reaction is also imprinted with reso-
nance signatures. In Figure 3.6, we show the DCS versus EC and θ , for
the HF(v′= 2)+D product, summed over j′-states, obtained experimentally
and theoretically. At low collision energies, a resonance ridge of the sort
proposed by Miller and Zhang [82] is clearly apparent. The product distribu-
tion is backward peaked at the lowest energy and then shifts progressively
toward the sideways direction. At high EC, the DCS develops strong for-
ward/backward peaking. A decomposition of the DCS into resonant and
direct components, by fitting each S-matrix element to a Breit–Wigner pole
plus a background, verifies that this peaking is in fact due primarily to the
resonant contribution.
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Figure 3.6 The total differential cross section (DCS) in Å2/sr for the HF+D reactive chan-
nel. Panel (a) shows the experimental results, whereas panel (b) presents the result of the
scattering calculation. Note the ridge running from large θ (backward) at low energies to
small θ (sideways) at higher energies.

To uniquely associate the unusual behavior of the collision observables
with the existence of a reactive resonance, it is necessary to theoretically
characterize the quantum state that gives rise to the Lorentzian profile in
the partial cross sections. Using the method of SQ, it is possible to extract
a Siegert state wavefunction from time-dependent quantum wave pack-
ets using the Fourier relation Eq. (28). The state obtained in this way for
J= 0 is shown in Figure 3.7; this state is localized in the collinear F–H–D
arrangement with three quanta of excitations in the asymmetric stretch
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Figure 3.7 The probability density of the reactive resonance at EC= 0.52 kcal/mol. In the
top panel, the F–H–D collinear subspace is shown using the Jacobi coordinates (R, r). In the
bottom panel, the probability density is sliced r= 2 Bohr and is shown in the (R, γ ) coordi-
nates. The plot clearly shows a state with three nodes along the asymmetric stretch and zero
nodes in the symmetric stretch and bend.

mode and no quantum of excitation in the bend and symmetric stretch
modes. If the state pictured in Figure 3.7 is used as an initial (prepared)
state in a wave packet calculation, one observes pure exponential decay
with a lifetime of 109 fs, consistent with the width of the Lorentzian peak
in the partial cross section. Furthermore, the product state distribution of
the decaying resonance is consistent with the results of the scattering cal-
culations for EC<1 kcal/mol. Takayanagi and Wada [105] have performed a
stabilization calculation that confirmed the existence of the resonance state
on the SW-PES.



To protect the rights of the author(s) and publisher we inform you that this PDF is an uncorrected proof for internal business
use only by the author(s), editor(s), reviewer(s), Elsevier and typesetter diacriTech. It is not allowed to publish this proof online
or in print. This proof copy is the copyright property of the publisher and is confidential until formal publication.

AQC 07-ch03-119-164-9780123970091 2012/1/30 12:24 Page 144 #26

144 Rex T. Skodje

0.0

0

−100

−200

−300

−400

−500
0.5 1.0

F + HD(v = j = 0)       D + HF(v ′ = 2, j ′ = 0)

T
im

e 
de

la
y

Ec (kcal/mol)

1.5 2.0

Figure 3.8 The Wigner–Eisenbud time delay versus EC for the reaction F+HD(v= 0,
j= 0)→ D+HF(v′= 2, j′= 0) with J= 0.

Quantum mechanical trapping at the resonance energy can also be veri-
fied using a time delay analysis on the quantum S-matrix. In Figure 3.8, the
average time delay for the J= 0 partial wave of the F+HD→HF+D reaction,
defined using Eq. (23), is plotted against collision energy. A clear peak in
the time delay is observed near the resonance energy. Higher partial waves
exhibit similar behavior with the peak of the time delay J-shifting according
to Eq. (31).

In summary, the reactive resonance for the F+HD→HF+D reaction is
found to leave clear signatures on a variety of collision observables. The res-
onance state itself is readily extracted from the quantum dynamics on the
SW-PES, and the scattering observables are found to correlate well with the
predictions of theory.

We should point out that the F+H2→HF+H reaction actually shows some
significant differences from its isotopic partner F+HD [94, 104, 106, 107]. The
F+H2 reaction is mediated through two closely spaced resonances. One state
is the analog of the [FHD] Feshbach resonance that is isotopically shifted
to a slightly lower collision energy. The other state is slightly higher in
energy and is spatially localized further into the exit channel. The quantum
interference of the scattering amplitude between these two states produces
interesting patterns in the observable cross sections [56, 108–110].

4. BARRIER RESONANCE: H+HD

The search for reactive resonances in the H+H2 reaction (and its isotopomers)
has a long history [1–5, 111, 112]. The existence of resonances was first
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conjectured based on theoretical collinear quantum dynamics simulations
using approximate PES [12–15]. Subsequent improvements in theory, such
as the use of a very accurate PES and the implementation of full three-
dimensional dynamics, strongly implied that the resonances should actually
exist in the “real” system [21–23]. Despite the simplicity of this reaction, it has
only been rather recently that ab initio theoretical reaction dynamics has been
brought into agreement with state-resolved experimental results [113, 114].
Nevertheless, clear signatures of resonant behavior have proven to be very
difficult to identify in experiment, and there have been several false sightings
reported. By any measure, experimental conditions required for the measure-
ments are quite rigorous. The resonances are predicted to exist at high EC,
requiring hot-atom beam sources such as HI photolysis products for which
it is difficult to obtain a well-calibrated energy tunable beam. Furthermore,
the resonances will likely have very short lifetimes (∼20 fs) and thus will
display very large widths as a function of collision energy, ∼0.5 kcal/mol.
Therefore, it becomes a subtle matter to distinguish between the direct and
resonance contributions to the scattering cross sections. Further complicat-
ing the analysis is the possible influence of the geometrical phase [115] that
might have significant effects on the resonance properties as stressed by Kup-
permann and coworkers [116]. Weak undulations in certain state-resolved
ICSs versus EC for H+D2 have been predicted by Chao and Skodje [117]
but are likely to be at or below the detection threshold. These undulations,
seen most strongly for the ICS’s σR(00→ 00) and σR(00→ 02), are problem-
atic as resonance fingerprints since they are not uniquely correlated to the
barrier-states of the reaction. Zare and coworkers [88] have observed a for-
ward peak in the H+D2 DCS, which is consistent with a resonance picture.
Theoretical simulations have in fact demonstrated that the forward peak
does exhibit extra time delay in line with the physical picture outlined above
[88, 118].

Here, we consider the H+HD→D+H2 reaction, which has recently been
studied experimentally and theoretically by Harich et al. [93]. The reac-
tion was investigated experimentally in a cross-molecular beam apparatus
employing the D-atom Rydberg tagging detection scheme originally pro-
posed by Welge and coworkers [113]. The hot H-atom beam source was
provided by HI photolysis that produced two well-separated collision ener-
gies, EC= 0.499 and 1.200 eV. The initial HD beam was cooled to the point
that only the ground state, HD(0, 0), was represented in the beam. The state-
resolved DCSs were obtained for all the important rovibrational product
channels. The theoretical analysis involved QCT, quantum scattering, and
wave packet calculation on the accurate BKMP2-PES [119], but without the
geometrical phase.

In Figure 3.9, the ICSs for several channels are plotted against total energy,
E=EC + 0.235 eV. The experiment (plotted with symbols) and theory are in
good agreement, but show no clear sign of resonance behavior over the
energy range considered. Although the underlying reaction probabilities
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Figure 3.9 The ICS for H+HD(v= 0, j= 0)→D+H2(v′= 0, j′) versus total energy for several
final rotational channels. The curves are obtained from quantum scattering theory while the
symbols are experimental results.

PR(v, j→ v′, j′; EC, J) exhibit modest oscillation against EC, the impact param-
eter averaging effectively washes out this structure in the cross sections.
Similarly, the j′-dependence of the D+H2(v′= 0, j′) products, Figure 3.10,
shows no unusual energy dependence of the sort seen previously for F+HD.
We note parenthetically, however, there is a dramatic effect of spin–statistics
that causes the distributions to exhibit a saw-toothed dependence on j′.
The state resolved DCS’s for several states is shown in Figure 3.11. Sev-
eral of the DCSs do show weak vestiges of the resonance ridge, such as the
dσR(0, 0→ 0, 0)/d�. The ridge in these cases is clearly associated with the
maximum of the ground adiabatic potential (i.e., the lowest barrier state)
and not with any higher lying Feshbach-type resonances. The most dramatic
effect in the angular distributions is the presence of a strong and very narrow
forward scattering peak in the DCS for low rotational product states. This
forward peak was observed in both the theoretical and experimental results.
As seen in Figure 3.11, the forward peak for the (0, 0→ 0, 0) case begins at
about EC= 1 eV and persists to the highest energies considered. Other final
rotational states likewise show a forward peak, but at progressively higher
energies.

The results indicate that the strongest case for reactive resonances in
the H+HD reaction is to be found in the forward peaking of the DCS. To
establish the link between the forward peak and resonance behavior, it is
necessary to analyze the underlying reaction dynamics that gives rise to
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Figure 3.10 The ICS for H+HD(v= 0, j= 0)→D+H2(v′= 0, j′) versus EC and j′ computed
from quantum scattering theory using the BKMP2-PES.

the forward peaking. First, as noted in other reactions, the forward peak
is the by-product of high impact parameter (i.e., high J) reactive scatter-
ing. As an illustration, in Figure 3.12 we plot forward scattering integrated
opacity function, Eq. (30), dσR(0, 0→ 0, 0; θ = 0, EC, Jmax)/d� versus Jmax at
the experimental collision energy of EC= 1.200 eV. As seen in the figure, the
forward peak comes from just a small number of partial waves near the
value Jmax= 25; at this value of J, the vibrationally adiabatic barriers are
centrifugally shifted upward about 0.5 eV relative to the nonrotating barri-
ers. Next, we note that the forward scattering peak is rotationally cold and
vibrationally hot compared to scattering in other directions. By averaging
the DCS over the narrow interval θ = [0◦ − 5◦], it is found that <j′>θ = 0= 1.3
and <E′vib − EH2(v

′
= 0, j′= 0)>θ = 0 = 1155 cm−1. These numbers can be con-

trasted with the ICS’s results that are averaged over all scattering angles:
< j′>all = 5.3 and <E′vib − EH2(v

′
= 0, j′= 0)> all= 574 cm−1. In Figure 3.13,

we plot the mean product vibrational energy against scattering angle for
H+HD(0, 0)→D+H2(v′, j′) at EC= 1.200 eV, which clearly reveals the special
product distribution in the forward direction. Finally, to connect the forward
scattering to dynamical trapping phenomena, we consider the behavior of
the angle-dependent time delay. In Figure 3.14, we plot the j′-averaged
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time delay for H+HD(0, 0)→D+H2(v′= 0, j′= all) against scattering angle at
EC= 1.200 eV. The forward direction is seen to exhibit a time delay about 20 fs
longer than the other scattering directions.

The state assignment of resonance which gives rise to the forward peak-
ing is a delicate issue. It is clear from Figure 3.12 that state involved is
highly rotationally excited; thus, the resonance states are distorted from
their J= 0 counterparts. However, it is possible to demonstrate on energetic
grounds that the J= 25 resonance corresponds to the adiabatic barrier maxi-
mum of two internal states of the H–H–D complex, viz. the (vss, vbend)= (1, 0)
and (0,2). Since neither adiabatic potential curve, Vad(s; 1, 0) nor Vad(s; 0, 2),
exhibit sufficiently deep wells to trap a Feshbach resonance at J= 25, the res-
onance state is a barrier state. Because of the near degeneracy of the two
barrier heights, the trapping will involve a combination of symmetric stretch
and bend excitations at the transition state.

The SQ method was used to extract resonance states for the J= 25 dynam-
ics by using the centrifugally shifted Hamiltonian. In Figure 3.15, the SQ
wavefunction for a trapped state at EC = 1.2 eV is shown. The wavefunction
has been sliced perpendicular to the minimum energy path and is plotted
in the symmetric stretch and bend normal mode coordinates. As anticipated,
the wavefunction shows a combination of one quantum of symmetric stretch
excitation and two quanta of bend excitations.
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Figure 3.13 The average product rotational and vibrational excitations (above zero point)
versus scattering angle for H+HD(v= 0, j= 0)→D+H2 at EC= 1.200 eV computed by quan-
tum scattering theory.

In summary, the H+HD reaction shows little sign of resonance scattering
in the ICS. Furthermore, the product distributions without angle resolution
show no unusual behavior as functions of energy that might indicate res-
onance behavior. On the other hand, the forward peaking in the angular
product distribution does appear to reveal resonance structure. Since time
delay analysis is at present not possible in a molecular beam experiment, it is
the combination of a sharp forward peak with the unusual angular product
distribution, which most clearly indicates the presence of a resonance.

5. PREREACTIVE/POSTREACTIVE RESONANCES: F+HCL

For both the Feshbach resonance in F+HD and the barrier resonance in
H+HD, the trapped resonance state was localized close to the saddle point.
Thus, the complexes correspond to the intermediates with partially formed
(or broken) bonds. The F+HCl→HF+Cl reaction illustrates a third category
of resonance, the prereactive (and postreactive) resonance. In this case, the
bonding of the reagent (or product) is only weakly perturbed by the colliding
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Figure 3.14 The scattering time delay versus θ for H+HD(v= 0, j= 0)→D+H2 at
EC= 1.200 eV. The dashed curve is obtained using the formula of Goldberger for the final
state H2(v′= 0, j′= 0), whereas the solid line is the result of averaging over the final rota-
tional states, j′ for the dominant v′= 0 product. Both curves show roughly an extra 20 fs of
time delay in the forward direction but the averaging eliminates the spurious structure that
are related to minima in the DCS versus θ .

radical [120]. As we shall see, this category of resonance can have dramati-
cally longer lifetimes than those seen for conventional Feshbach or barrier
resonances [121].

The F+HCl (1Hrxn=−33 kcal/mol) reaction was studied experimentally
by Houston and coworkers [122] as a problem in thermal kinetics. The
observed rate coefficient exhibited a strong non-Arrhenius behavior that was
attributed to the possible formation of a reactive complex. Later Nesbitt and
coworkers [123] studied the rovibrational product distribution in a single
collision environment. The observed unusual product distribution seemed
also to suggest complex formation. Several theoretical studies were carried
out to model the dynamics of the reaction [124, 125]; however, the results
were qualified because of the lack of a high-quality PES. Deskevich et al.
[126] have recently produced a fitted PES using the multireference configu-
ration interaction (MRCI) method with a large basis. The classical barrier to
reaction was found to be 3.8 kcal/mol. When corrections due to zero point
energy were included, the barrier fell to 3.5 kcal/mol. Although this barrier
is slightly too high to fully account for the results of Houston and coworkers,
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Figure 3.16 The PES for the F+HCl reaction in the entrance and exit channels as a function
of the Jacobi coordinates (R, γ ).

the PES is believed to be reasonably realistic. The most interesting aspect of
the nonresonant dynamics observed from simulations on this surface is an
extremely strong rotational enhancement of the reaction [127]. Indeed, the
reaction of F+HCl(j = 10) proceeds about 100 times faster than F+HCl(j = 0)
at the same total energy.

In Figure 3.16, we show the potential contours in the entrance and exit
channels. In these plots, the diatomic distance is held fixed at the equilib-
rium bond length and the PES is plotted against Jacobi distance and angle
(R, θ ). A vdW well of depth 2.5 kcal/mol is observed in the entrance channel
with a bent configuration. In the exit channel, a collinear vdW well of depth
2.0 kcal/mol is found. Variational calculations of the vibrational states reveal
that several bound states exist in these wells [128]. More pertinent to the
present discussion, the vdW wells can also lead to the existence of resonance
states in both the entrance and exit channels.

The quantum dynamics for the J = 0 partial wave of the F+HCl reac-
tion was simulated on a very fine grid of energies using the method of
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Manolopoulos and coworkers [101]. In Figure 3.17, we show the resulting
cumulative reaction probability, NR(E), versus energy [127]. A dense set of
extremely narrow peaks are apparent. In Figure 3.18, a blowup of NR(E) for
a narrow range of energies near threshold is shown. (To aid in the assign-
ment process, we also plot NR(E) for the J = 2 partial wave. The additional
peaks observed for this higher angular momentum state relate to the rota-
tional progressions in the complex.) The relationship between the peaks in
NR(E) and resonance phenomena is clearly revealed by the lifetime matrix.
In Figure 3.19, we show the dominant eigenvalue of Q [defined by Eq. (24)]
versus energy [128]. For each peak in NR(E), we observe a corresponding
peak in the time delay which typically lies in the range of 1–20 ps. These
lifetimes are one to two orders of magnitude larger than those observed for
Feshbach or barrier resonances.

The model that has emerged for the resonance structure in F+HCl is based
on progressions of vdW states in the entrance and exit channels and is pic-
tured in the schematic of Figure 3.20. In the entrance channel, we view the
HCl(v, j) rovibrational state as weakly perturbed by the distant F-atom. Thus,
for most of the resonance states, the motion of the HCl diatom more closely
resembles that of a hindered rotor than small vibration around the geometry
of the vdW minimum. For J = 0, the observed resonance states can be labeled
by the quantum numbers (νR, j). All entrance channel resonance states lie in
the HCl(v = 0) vibrational state while the rotational levels are observed for
the range j ≥5 [128]. The quantum number νR represents the vibrational level
in the vdW stretching coordinate RF−HCl. The vibrational frequency of this
weak bond is only about 50 cm−1, and vdW well supports roughly 10 νR states
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Figure 3.19 Collision lifetime in picoseconds from the time delay matrix versus collision
energy in kcal/mol. The resonance states are seen to be long lived.

for each j. A separable first-order representation of the resonance state is

ψ res
j,nR
(r, R, θ) = ϕv=0(r; R, θ)Y0

j (θ)ξnR(R) (33)

The vibrationally adiabatic approximation should be made for the fast HCl
vibrational coordinate r. Solving the one-dimensional Schrodinger equation
with (R, θ ) fixed leads to the parameterized form ϕv=0(r; R, θ). The rotationally
averaged potential is then used to compute the one-dimensional potential
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Figure 3.20 A schematic diagram representing the resonance structure of the F+HCl reac-
tion. The prereactive resonances (for J= 0) are labeled by the HCl rotational quantum
number j and the vdW stretching quantum number νR. The postreactive resonances are
labeled by the HF rotational quantum number and the vdW stretching quantum number.

well in the R-coordinate. Approximate expressions similar to Eq. (33) have
been used to represent vdW states of closed shell systems such as rare gas
atoms + diatoms [129, 130].

Completely analogous expressions can be used to represent resonance
states in the product channel, Cl+HF. Because of the 33 kcal/mol exother-
micity of the reaction, all the resonance states we have observed correspond
to the excited final vibrational channels HF(v′ = 2) and HF(v′ = 3).

Chemical reaction in the F+HCl system can be resonance mediated in
two ways. First, a reagent channel resonance can form through rotationally
inelastic scattering which then decays by tunneling into the product channel.
Second, the product channel resonance can be formed directly by tunnel-
ing, which then inelastically decays by product molecules. The probabilities
for these reactive decay events can be directly extracted by fitting the par-
tial widths to the S-matrix using Eq. (7). A more elegant approach employs
the eigenvector of the time delay matrix corresponding to the largest eigen-
value. This eigenvector can be directly analyzed to give the flux into each
open channel for resonance decay.

Although most resonances in the F+HCl system are clearly of the reagent
type or product type, there are some “mixed” cases. Because the resonance
manifold is dense, degeneracies can occur between zero-order reagent-type
or product-type states. Thus, the resonance wavefunctions for these states
are linear combinations of entrance and exit channel expressions.

Even though the F+HCl reaction does not possess the deep trapping wells
that are apparent for insertion or ion–molecule reactions, the sheer num-
ber of resonance states that exist for this system make it a complex-forming
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reaction. Thus, a substantial fraction of the reaction proceeds through the
complex intermediate. This implies that the complex can be inferred from
the non-Arrhenius behavior of the rate constant without the necessity of a
cross beam experiment.

6. CONCLUSIONS

The influence of reactive resonances on the outcome of a collision experiment
can be subtle. Unlike the dramatic resonance phenomena observed in nuclear
and atomic collision processes, reactive resonances are often only revealed
after a careful analysis of scattering observables. Nevertheless, reactive res-
onances play an essential role in the detailed dynamical analysis of many
systems. As we have seen, resonances can have a large influence on physi-
cal observables such as excitation functions, state-to-state branching ratios,
and angular product distributions. Even highly averaged quantities, like the
low temperature reaction rate constant for F+HD→D+HF, can be strongly
affected by processes like resonance tunneling. In addition to large quanti-
tative effects on the reaction attributes, we should also emphasize that these
effects are also very sensitive to details of the PES and to dynamical approxi-
mation. Agreement between theory and experiment for resonant observables
provides, for both, a very stringent test of accuracy.

Undoubtedly, many reactions investigated in the future will possess reac-
tive resonances. It would be desirable to have in place unambiguous diag-
nostic tests that would reveal whether or not a new system supported
resonance states. The case studies considered above should make it clear,
however, that such diagnostics are not easily identified. Perhaps as more
systems are investigated, a more or less complete set of possible resonance
signatures may be determined. At this point, however, each new system
shows some novel resonance features. Given an accurate PES, theoreti-
cal analysis can, in principle, provide a more definitive determination of
whether or not a reactive resonance exists for a system. Since scattering can
be investigated for single partial waves, resonance signatures are identified
using techniques such as time delay analysis or SQ without the complication
of impact parameter averaging. Given that theory shows the existence of a
reactive resonance on a reliable PES, it then becomes a somewhat empir-
ical undertaking to determine which dynamical observables are the most
strongly affected.
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Abstract We discuss three aspects of the analysis of the quasi-bound-state (QBS) or
resonance-state effects on multichannel continuum wavefunctions for few-
body atomic systems. Section 1 is devoted to a brief introductory account
of the basic concept necessary for understanding the later sections. General
properties of the scattering matrix S and a related time-delay matrix Q are
discussed in Section 2. Both isolated and overlapping resonances are treated,
starting from single-channel problems and extending the theory for multi-
channel cases. Useful relations are derived in detail on the basis of linear
algebra. The concept of the resonance channel and nonresonance channel
spaces, separated from each other, is introduced via the Q-matrix diago-
nalization. Outstanding examples of resonance analysis by the inspection of
the eigenvalues of the Q matrix are presented. They include the extraction
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of resonances from a monotonically decreasing phase shift due to a strong
background, the detection of a weak resonance, seemingly a nearly constant
background behind a strong resonance, and the decomposition of several
overlapping resonances into the individual components, some of which are
difficult to identify by the conventional methods.

Section 3 examines effective potentials for understanding QBSs. First, the
information obtainable from the asymptotic long-range potentials is sum-
marized. This includes the analysis of infinite series of QBSs supported by
an attractive Coulomb or dipole potential, the latter appearing in charged-
particle collisions with hydrogen-like atoms. The infinite series of dipole-
supported QBSs is terminated to only a few resonances, sometimes to one or
two, by correcting for relativistic and quantum electrodynamic effects. The
dipole potential can also cause the background phase shift to diverge as the
energy tends to a channel threshold from above, complicating a resonance
structure.

The hyperspherical coordinate approach is then briefly discussed. Accu-
rate numerical calculations for three-body systems are possible by solving
coupled-channel equations in terms of these coordinates. The resultant
resonance structures can be visually and qualitatively interpreted by inspect-
ing the adiabatic potentials with the hyperradius adopted as the adiabatic
parameter. Sometimes the adiabatic correction or diabatic connection, or
both are necessary for proper resonance analysis. By combining with the
knowledge of the long-range potentials, resonances can often be ascribed
to particular adiabatic or diabatic hyperspherical potentials out of an inter-
twined set of potential curves. In particular, when two or more adiabatic
potentials exhibit strongly avoided crossings, some resonances appear as if
they were associated with no hyperspherical potentials, even though a care-
ful diabatic interpretation can clearly explain them. A shift in hyperspherical
potentials with a continuous change in some parameter(s) in the system can
result in a sudden change from a bound state to QBS or from a Feshbach
to shape resonance without any essential change in the main part of the
wavefunction.

Section 4 analyzes the energy dependence of the cross sections near
the threshold for the formation of a QBS. The Wigner threshold law breaks
down close to the threshold since the threshold itself has an uncertainty
due to the finite lifetime of the QBS. The modifications, due to Baz’, for a
blurred threshold are explained. Positron–atom collisions are discussed as
a prototype, where a bound electron–positron pair (positronium, Ps) can be
formed. It is a QBS since it annihilates eventually. Pair annihilation, or positron
absorption, can also occur during the collision. The conventional theory leads
to a divergent positron absorption cross section at the Ps formation thresh-
old Eth, and to a Ps formation cross section starting from zero and rapidly
increasing above Eth. Both of these processes have a common final chan-
nel of pair annihilation and should be treated collectively. This is possible
by phenomenologically modeling pair annihilation as particle loss due to
an imaginary potential in the Schrödinger equation. This approach proves
the continuous and smooth transition from positron absorption to Ps for-
mation across Eth, following the Baz’ threshold law. Thus, the two processes
are indistinguishable in the energy region of this transition.
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1. INTRODUCTION

1.1. Quasi-bound states

A quasi-bound state (QBS) in the time-independent picture is a kind of
continuum state having properties similar to but not exactly the same as
true bound states. The magnitude of a bound-state wavefunction decreases
rapidly as the distance r from the center increases to large values, so that the
wavefunction is normalizable. Wavefunctions for QBSs also decrease rapidly
as r grows, but only until some distances, beyond which there remains a tail
part oscillating for ever with some small amplitude. Mathematically, they
are unnormalizable continuum wavefunctions. Nevertheless, they reveal
physical properties much like bound states. For example, they manifest
themselves as nearly line spectra in photoabsorption, though broader in
general than bound-state line spectra measured with high resolution, and
though asymmetric as a function of the photon energy, unlike bound-state
spectra. The width of a QBS line represents uncertainty 0 in the energy Er of
this state.

The large magnitude of the inner part of a QBS wavefunction in compar-
ison with its asymptotic part implies occupation of the inner region of the
configuration space for a long time in the time-dependent picture, i.e., a long
lifetime τ of this state. In terms of a collision process, mutually colliding pair
of particles with a total energy of ∼Er may form a QBS as an intermediate
complex for a certain lifetime τ , after which it again disintegrates into two
particles and the collision process is over. Thus, this lifetime is the time delay
in the relative motion in the collision. The uncertainty principle requires the
relation τ0 ' ~ between the lifetime τ and the energy uncertainty 0 of a QBS.

The effects of an intermediate QBS on the collision may be guessed by anal-
ogy with a Rydberg series of bound states of particular symmetry supported
by a Coulomb potential. The number of nodes of the radial wavefunction
of a Rydberg state increases one by one as the principal quantum number
increases one by one. If an additional short-range potential introduces a
new bound-state level (called an intruder or an interloper) somewhere in
the energy spectrum of the Rydberg series, every Rydberg-state level lying
above this new energy level will have a wavefunction with one more node
than it used to have in the absence of the short-range potential. Replacing the
Rydberg states by continuum states and the interloper by a QBS of energy Er

with an uncertainty 0, one may expect a continuum state with an energy
above Er to have one more node than a continuum state below Er. In other
words, the phase shift δl(E) of a partial-wave continuum wavefunction sud-
denly increases by about π radians in a region of energy E centered at Er and
of a width of the order of 0, thus introducing a sharp structure of width∼0 in
the cross section around E'Er (Sections 2.1.1 and 2.1.2). This structure, being
sharper for a longer lifetime τ ' ~/0, can be of a variety of shapes depend-
ing on the background phase shift δb, from which δl(E) rises abruptly by ∼π .
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The cause for this variety will be easily understood visually in Section 2.1.1
based on Figure 4.2.

Electron–atom or electron–molecule collision processes are defined pre-
cisely by specifying the initial and final quantum states of the target atom or
molecule. For an interacting pair of particles A+ B in general, the specifica-
tion of the quantum states of both particles A and B defines a “channel,” so
that a two-body collision process is defined by specifying the channels before
and after the collision, e.g., An+Bm →An′+Bm′ . The total system AB may emit
a photon, resulting in a channel (AB)i+hν. Such a channel is the starting point
of photodissociation hν+(AB)i → An′+Bm′ or of photoionization hν+An →

A+n′ + e−. A channel may be impossible to occur for large distances between
A and B if the energy of the total system AB is insufficient for disintegrating
into A+ B in the specified quantum states. Such a channel is referred to as
“closed” at this energy. A channel allowed to occur in the asymptotic region
of the A− B distance is referred to as “open.” If a constituent particle or par-
ticles are exchanged between the collision partners, as in a reactive collision
A+ BC→AB+ C, the way the total system ABC dissociates into fragments,
e.g., A+ BC or AB+ C, is called an “arrangement channel.”

This article deals with QBSs in nonrelativistic quantum mechanics. Sup-
pose that a QBS 9 satisfies the time-independent Schrödinger equation with
a Hamiltonian H. One may extract a normalizable wavefunction 8 out of 9
such that 8 ' 9 in the large-amplitude region, by writing

H9 = (HQ +H′)9 = E9, (1)

HQ8 = EQ8, (2)

where8 is to be found in a specified functional space. Either9 or8, depend-
ing on the context, is referred to as a QBS, a decaying state, or a resonance
state of H, although 8 is a bound-state eigenfunction of HQ (the subscript
indicating “quasi-bound”) and not of H itself. A QBS 9 occurs only in a
particular region of energy E of width of order 0 ' ~/τ .

The decomposition of H into HQ and H′ (and hence, the definition of 8)
is not unique, but may be chosen conveniently for theoretical formulation,
for computational purposes, or for physical interpretation. If HQ is properly
chosen, H′ affects only slightly the energy values at which a QBS occurs.
However, H′ introduces an infinitely oscillating part of the wavefunction by
changing 8 into 9.

1.2. Decomposition of the Hamiltonian for electronic systems

An electron–atom or electron–molecule collision system consists of particles
that never annihilate and that interact each other only via Coulomb forces.
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Then, the whole Hamiltonian is expressible as

H = T + V = −
∑

i

~2

2mi
∇

2
i +

∑
i>j

VC
ij , (3)

where i and j refer to the constituent particles, mi is the mass of particle i,
VC

ij is the Coulomb potential between particles i and j, and i > j indicates the
sum over all pairs of particles.

A theoretically attractive choice of HQ would be to confine all electrons
within the closed channels to prevent them from going out as far as to
the asymptotic region. For the hydrogen negative ion H−, for example, this
is possible by projecting out all the hydrogenic states ψnlm(ri) in the open
channels by the projection operator Qi = 1−

∑
|ψnlm(ri)><ψnlm(ri)|, so that

HQ = QHQ, Q = Q1Q2 = Q2Q1, (4)

and the eigenvalue problem (2) is cast into a form

QHQ8 = EQQ8. (5)

Here, eigenstates of HQ are to be found in the closed-channel space, hence Q8
on the right-hand side. The eigenfunctions Q8 of Eq. (5) with Eq. (4), which
are bound states, turn into QBSs due to the coupling with open channels
introduced by the perturbation H′. The eigenfunctions Q8 often appear to
be affected only little by the perturbation H′ in the region of configuration
space that mainly determines EQ. Thus, EQ is found in many examples to
be a good approximation to the resonance energy calculated accurately by
using the whole Hamiltonian H [1–3].

If one constructs a Hamiltonian matrix in terms of some normalizable
basis functions and diagonalizes it, one obtains eigenfunctions and eigenen-
ergies of the Hamiltonian projected onto the functional space spanned by
these basis functions. The eigenenergies stable against the change in the basis
set are known to be most likely good approximations to resonance energies.
The wavefunctions defined by the corresponding eigenvectors can be inter-
preted as8 in Eq. (2). This method of finding QBSs is known as the stabiliza-
tion method [4–7]. Here, one may define a projection operator Q = |8><8|
with a normalized 8. Then, Eq. (2) takes a form of Eq. (5).

The formal theory of resonances due to Feshbach begins with the decom-
position of the Hamiltonian in terms of a projection operator Q [8]. He
defines Q as the projection onto the closed-channel space, just like the exam-
ple of H− discussed around Eqs. (4) and (5). Then, QBSs described well by
the eigenfunctions Q8 of Eq. (5) with his Q may be called “Feshbach res-
onances.” A simplified picture would be that eigenstates Q8 are supported
by some attractive effective potential approaching asymptotically the thresh-
old energy of a closed channel. If this is the case, then the energies EQ of
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such eigenstates must lie below this threshold energy. Based on this view,
resonances lying below the threshold energy of some asymptotic channel
are customarily referred to as Feshbach resonances. Feshbach resonances
sometimes form an infinite series converging to the threshold if QHQ has
an asymptotic attractive Coulomb (Section 3.1.1) or dipole (Section 3.1.2)
potential.

Resonances unassociated with eigenstates of Feshbach’s QHQ are often
associated with the shape of some effective potential in an open channel,
normally a combination of short-range attractive and long-range repulsive
potentials, forming a barrier, within which a large part of the wavefunction
is kept. These resonances are called “shape resonances” or “potential reso-
nances.” They occur at energies above and usually close to the threshold of
that open channel.

Channels are well defined only in the asymptotic region. Nevertheless,
they may be extended somehow into the region of short distances between
the collision partners. For electron–atom collisions, for example, the wave-
function for the total system may be expanded in terms of the complete set of
atomic wavefunctions, and each term may be understood to define a channel
since this definition is consistent with the channels in the asymptotic region.
However, this set of channels may arbitrarily be transformed linearly into a
different set of channels in the short-distance region. In terms of resonances,
therefore, the threshold for an open channel has real significance only for
resonance wavefunctions extending to the asymptotic region. Classification
into Feshbach and shape resonances merely according to the resonance posi-
tion being below or above a channel threshold is physically meaningful only
for those loosely quasi-bound states and not for tightly quasi-bound states.
Indeed, there are examples of resonances continuously changing their energy
positions across a channel threshold (i.e., changing from Feshbach to shape
resonances or vice versa) without much change in their physical character, as
the value of some parameter (particle masses, for example) in the scattering
process continuously changes; see Section 3.2.4.

In actual resonance calculations, explicit decomposition of the Hamilto-
nian is not always needed. The whole Schrödinger equation (1) is often
solved somehow without explicit use of HQ or H′. General methods for ana-
lyzing results from such a treatment are the main subject of this article. A
comprehensive review of computational methods or computational results
is outside of its scope.

1.3. Positronic bound states as quasi-bound states

Positron is the antiparticle of electron and is another kind of fermion having
the same mass me and spin s = 1/2 as electron and the charge +e opposite
to the electron’s. A physical system containing a positron e+ and electrons
e− can change the number of its constituent particles due to the electron–
positron pair annihilation, which occurs when they occupy a common
position. The simplest example is positronium Ps, a hydrogen-like bound
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system e+e−. Positronium is a kind of QBS since it decays in a finite lifetime
τ , emitting γ rays [9–11].

Pair annihilation can occur also during the collision of a positron with an
atom or a molecule. This is called the direct mechanism of collisional pair
annihilation. If positronium is formed in collision, annihilation also occurs
in it, which is referred to as the indirect mechanism.

A negative imaginary potential in the time-independent Schrödinger
equation absorbs the particle flux, thus violating the law of conservation of
flux, which is satisfied for real potentials [12, 13]. Then, the quantum electro-
dynamical phenomenon of pair annihilation can be represented by particle
loss due to an effective absorption potential H′ = −iVabs since the exact mech-
anism of positron loss is totally irrelevant to the study of the atomic processes
in consideration [9, 10, 14–16]. The only important aspect of pair annihilation
for the present purpose is the correct description of the loss rate. The absorp-
tion potential H′ is proportional to the delta function δ(r) of the e+–e− distance
vector r (Section 4.2).

The reduced mass of positronium is half the electron mass me. Then, long
before annihilation, the relative e+–e− motion in positronium is described
by the hydrogenic wavefunction with its size doubled and with a binding
energy of 6.8 eV/n2, i.e., half the hydrogen value, n being the principal quan-
tum number. The correction on this energy of the positronium Ps(ns) in an
s state, having a nonzero value of the wavefunction ψ(ns) at the coalescence
point, is

E(1)
n = <ψ(ns)|H′|ψ(ns)> ≡ −i0n/2 (6)

(“≡” indicating “define 0n by this”) in the first order in the perturbation
potential H′ [9, 10]. This is an accurate approximation since H′ is very weak
compared with the Coulomb potential; see Section 4.2.

For a time-independent Hamiltonian, the wavefunction satisfying the
time-dependent Schrödinger equation contains a multiplicative factor
exp(−iEt/~). For positronium this time-dependent factor leads to a proba-
bility density proportional to

| exp(−iEt/~)|2 ' | exp(−iE(1)
n t/~)|2

= exp(−0nt/~)

≡ exp(−t/τn).

(7)

The time constant τn of this exponential decay is equal to ~/0n, so that 0n as
defined by Eq. (6) is known from the uncertainty principle to be the uncer-
tainty in the energy −6.8 eV/n2. In a similar way, an imaginary part −i0/2 of
the energy of a physical system indicates an exponential decay of this system
with a time constant τ = ~/0.

The rate of positron absorption in positron–atom collisions, propor-
tional to the flux loss due to −iVabs, should be obtainable by solving the
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Schrödinger equation

[H − E ]9 = [HQ − iVabs − E ]9 = 0. (8)

Here, HQ is the Coulomb-interaction Hamiltonian similar to Eq. (3), and E is
a real-valued energy of the whole system, i.e., the sum of the collision energy
and the energy of the target state before collision. If the target atom contains
more than one electron, the absorption potential−iVabs is to be summed over
all the target electrons since the incident positron can annihilate with any of
the electrons.

The absorption rate can be calculated by treating −iVabs as a small
perturbation and by adopting the Coulomb Schrödinger equation

[HQ − E ]8 = 0 (9)

as the unperturbed equation. This has long been accepted as the standard,
well-established method of calculating the annihilation rate [11, 17]. This
approximation is also supported by the extremely small probability of pair
annihilation during the collision, or by the much shorter collision time than
the lifetime of a positronium under most experimental conditions.

Close to the threshold for the formation of positronium, however, the
effects of −i Vabs are significant since it introduces ambiguity 0n into the
energy of positronium, and hence, into the threshold energy. Thus, the thresh-
old effects are described incorrectly by the unperturbed wavefunction 8.
Indeed, the absorption cross section diverges unphysically toward the thresh-
old according to the standard perturbation theory [15, 16, 18, 19]; see
Section 4.3.3 for further details.

Most positron collision processes can be treated with high precision by
considering only the Coulomb interactions with no absorption potentials
taken into account. Then, the same kind of QBSs as explained in Section 1.2
for electronic systems are possible in positron collisions too.

1.4. Non-Hermitian Hamiltonians

The absorption potential is imaginary, and hence, the Hamiltonian H includ-
ing it is non-Hermitian. For this reason, the energy eigenvalues of positro-
nium have an imaginary part −i0n/2 representing the uncertainty in the
observed value of energy. For describing positron scattering processes, how-
ever, the Schrödinger equation with the non-Hermitian Hamiltonian H
should be solved with a real-valued energy E, as was noted below Eq. (8).

On the other hand, we sometimes discuss the Schrödinger equation
without an absorption potential, for example, the Coulomb few-body
Schrödinger equation with the Hamiltonian (3), assuming the energy to
take complex values. This is analytic continuation of the quantal prob-
lem into fake, complex energies. This way, we depart from what actually
occurs in nature for real energies. By regarding the nature as a special



To protect the rights of the author(s) and publisher we inform you that this PDF is an uncorrected proof for internal business
use only by the author(s), editor(s), reviewer(s), Elsevier and typesetter diacriTech. It is not allowed to publish this proof online
or in print. This proof copy is the copyright property of the publisher and is confidential until formal publication.

AQC 08-ch04-165-246-9780123970091 2012/1/30 13:59 Page 174 #10

174 Isao Shimamura

case of something much more general, however, we try to attain deeper
understanding of nature, in particular, of QBSs. Indeed, a singularity in the
quantity Sl(E) = exp[2iδl(E)], found at an energy of Er − i0/2, can be shown
to indicate the existence of a QBS at energy Er with a lifetime of τ = ~/0,
resulting in a sharp structure in the cross section near Er [12, 20, 21], as will
be described in the next section. There, a partial-wave radial wavefunction
will be expressed as a linear combination of incoming and outgoing waves,
the latter having a coefficient Sl(E). Therefore, there is no incoming wave at
a pole of Sl(E). In other words, the positions E = Er − i0/2 of QBS poles of
Sl(E) are eigenvalues of the Hamiltonian H with the asymptotically outgoing
boundary condition [12, 22].

Various different methods of finding these complex eigenvalues Er − i0/2
have been proposed. A successful method is to replace the relative dis-
tance rij between each pair of particles i and j in the system by a complex
variable rijeiθ in the Coulomb few-body Hamiltonian (3), so that the Hamilto-
nian H is transformed into a complex operator, or a non-Hermitian operator
H(θ) [23, 24]. The complex eigenvalues of a matrix of H(θ), constructed in
terms of square-integrable basis functions {us} with variable parameters,
are found to be stable against the change in the size of the basis set, in
the nonlinear parameters in {us}, and, in particular, the angle θ of rotation
in the complex-coordinate plane, if these eigenvalues correspond to poles
Er − i0/2 of Sl(E) for H(θ = 0) in the complex-energy plane. This method
is referred to as the complex-coordinate rotation (CCR) method, complex-
rotation method, or complex-scaling method [25, 26]. It has proved powerful
as a means to compute simultaneously the resonance positions and widths
in few-body atomic systems using only normalizable basis functions, which
are much easier to treat than continuum wavefunctions. Such computations
of the resonance parameters Er and 0, however, need to be complemented by
some other theoretical methods for the purpose of elucidating how the reso-
nances affect the observable cross sections for various initial and final chan-
nels. This article will present no further discussion of the complex-rotation
method, but some results of computations using it will be cited later.

A technique for direct computations of the eigenvalues Er − i0/2 of
H(θ = 0)with the outgoing-wave boundary condition is reviewed in detail in
a chapter in Part I of this two-volume special issue of Advances in Quantum
Chemistry on Unstable States in the Continuous Spectra [27]. Determination
of the wavefunction8 of Eq. (2) with a real eigenvalue EQ using a judiciously
chosen real, square-integrable basis set, followed by diagonalization of a
complex Hamiltonian matrix for the whole HQ +H′ constructed in terms of
basis functions of complex-rotated coordinates, is shown to be quite useful.

In fact, even the usual Hamiltonian H with a real potential and the usual
boundary conditions is not always Hermitian; the relation

(φ, Hψ) = (Hφ,ψ) (10)

is guaranteed only if one or both of the functions φ and ψ are normalizable.
A funny consequence of careless use of Eq. (10) would be a “proof” that
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no scattering can occur in any potential. Based on the Schrödinger equation
H9 = (T + V)9 = E9 for scattering by a potential V and that for free motion
T8 = E8, one may use the well-known fact that the scattering amplitude f is
proportional to (8, V9) and may show that

f ∝ (8, [H − T]9) = (8, [E− T]9) = ([E− T]8,9) = (0,9) = 0. (11)

Here, the Hermitian property of E− T has been assumed in shifting its posi-
tion, because of which the scattering amplitude has been “proved” to be zero
irrespective of the potential V and of the energy E.

2. RESONANCE ANALYSIS: INFORMATION FROM ASYMPTOTIC
WAVEFUNCTIONS

All the information on the measurable scattering quantities is concentrated
into the asymptotic part of the continuum wavefunction, regardless of
the dynamics of the physical system described by the inner-region part
of the wavefunction. Significant effects of the inner-region physics should
be reflected on the asymptotic quantities. This section is concerned with
such effects of QBSs, or resonance effects, manifesting themselves in these
asymptotic quantities.

2.1. Single-channel scattering

We begin our discussion with the simple case of a spinless particle of mass
m and kinetic energy E = ~2k2/2m in a spherical, time-independent potential
V(r), so that the Schrödinger equation can be decomposed into uncoupled
partial waves l. For a particular l, the scattering matrix or the S matrix is
defined as S(k) = exp[2iδ(k)] in terms of the phase shift δ(k). Here and in
the following, the subscript l on the S matrix and the phase shift is sup-
pressed. The asymptotic form of the time-dependent radial wavefunction is
expressible as

u(r, t; k) −→ e−iEt/~ sin[kr− lπ/2+ δ(k)]

∝ e−iEt/~[e−i(kr−lπ/2)
− S(k)e+i(kr−lπ/2)].

(12)

For a real potential, the space part of the radial wavefunction for a real
energy may be chosen to be real and the phase shift is real. Therefore, the
absolute value of the S matrix is unity. This guarantees the flux conservation
since, then, the incoming wave and the outgoing wave in Eq. (12) have fluxes
of the same magnitude in opposite directions.

2.1.1. Resonance S matrix, phase shift, and the cross section
We consider the analytic continuation of the S(k) matrix into the complex
k plane. Then, the phase shift is complex in general and the absolute value of
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S(k) can be of any positive value or zero. If S(k) has a pole at some complex
k, the incoming-wave term is negligible there compared with the outgoing-
wave term. If a pole lies at k = ±iκ with a positive κ , Eq. (12) behaves as
e∓κre−iEt/~, and the potential supports a bound state (if k = iκ) or what is called
a virtual state (if k = −iκ) of energy E = −~2κ2/2m.

If a pole lies at k = k1 − ik2 with k1 > k2 > 0, i.e., at E = Er − i0/2 with Er =

(~2/2m)(k2
1 − k2

2) > 0 and 0 = 2(~2/m)k1k2, the wavefunction has an asymp-
totic form ek2r−0t/2~ei(k1r−Ert/~). The asymptotic probability density is propor-
tional to e2k2re−0t/~, decaying with a time constant τ = ~/0, just like Eq. (7).
This is typical of QBSs mentioned so far. This state, however, is not really
physically acceptable since it has an unphysical complex energy and grows
exponentially as r increases, just like virtual states. On the other hand, this
S-matrix pole affects S(E) at physical, real energies and induces resonance
processes, as will be seen below, if this pole lies close to the real axis of energy
E or wave number k. For this reason it is called a resonance pole and the
unphysical complex-energy state a resonance state. Recall that, in Section 1.1,
resonance states are explained to refer either to 9 in Eq. (1) or to8 in Eq. (2),
depending on the context. Now, here is a third meaning of the same word.
They are closely related to each other, of course.

The general form of S(E) satisfying the condition that |S(E)| = 1 for real
E and having a pole, assumed as a simple pole, at E = Er − i0/2 ≡ E is
expressible as

S(E) = eiδb
E− E∗

E− E
eiδb = eiδb

(
1−

i0
E− E

)
eiδb ≡ SBW(E) (13)

with any slowly varying or background phase δb(E), assumed to be real
at real E. The asterisk on E indicates its complex conjugate. Equation (13)
is Breit–Wigner’s one-level or single-pole formula for the single-channel S
matrix [28].

By writing E− E = (E− Er)+ i0/2 = Ae−iδr for real E and noting that
tan δr = −(0/2)/(E− Er), one may show that

SBW(E) = e2iδr e2iδb = exp
[

2i
(
− arctan

0/2
E− Er

+ δb

)]
≡ e2iδBW , (14)

δBW(E) = δr(E)+ δb(E) = − arctan
0/2

E− Er
+ δb(E) (15)

modulo π (meaning, plus any multiple of π ), and that

cot [δb(E)− δBW(E)] = − cot δr(E) =
E− Er

0/2
≡ ε. (16)

The reduced energy ε defined by Eq.(16) proves to be useful later. A quantity

q(E) = − cot δb(E) (17)

is also defined, where δr in ε is replaced by δb.
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Equations (15) and (16) are Breit–Wigner’s one-level formula for the phase
shift. If the pole lies close to the real E axis, i.e., if 0 is very small, the part
δr of the phase shift increases very rapidly with E by π/2 within the energy
region of width 0 and centered at Er. It increases by nearly π within several
times 0. This is a resonance phenomenon.

The partial-wave integral cross section σl(E) is calculable as

Eσl(E) ∝ sin2
δBW(E) = sin2

(δr + δb)

=
(sin δr cos δb + cos δr sin δb)

2

(sin2
δr + cos2 δr)(sin2

δb + cos2 δb)

=
(q+ ε)2

(1+ q2)(1+ ε2)
=

(1+ ε/q)2

(1+ q−2)(1+ ε2)
,

(18)

where two forms are shown, one convenient for small values of q and the
other for large values of q (small values of δb). This is essentially what is
often referred to as Fano profile [29], except that Eq. (18) is normalized to
the maximum value. The curves in the original paper by Fano [29] are nor-
malized to the off-resonance (ε→±∞) cross section (1+ q2)−1, so that for
near-symmetric profiles, i.e., for small background (δb' 0, q � 1), the peaks
would be too high for inclusion in the figure. The present Figure 4.1 shows
the profile (18) for some constant values of δb, or q. These values determine
the shape of the profile, and hence, q is referred to as the shape parameter.
In actual cases, the energy dependence of the background δb, and hence q,
within the energy region of the resonance can change the profile significantly.
This can happen for very broad resonances.

The original derivation of the Fano profile in Ref. [29] is more general. It
applies to any transition matrix for a final state with a QBS 8 interacting
with a background continuum. Resonance photoionization cross sections,
for example, is describable by Eq. (18) with some background augmented.
Fano [29] also generalizes his derivation for either more than one QBS or
more than one continuum, but not for both simultaneously, which is the most
difficult case and will be discussed in Section 2.3 of this article.

The variety of the resonance profiles of Figure 4.1 for different values of
δb is readily understood from Figure 4.2, which shows the essential factor
sin2

δ(E) in the partial-wave cross section σl(E). As δ(E) increases from δb to
δb + π , the quantity sin2

δ(E) ranges over a period and comes back to the
initial value. Different choices of the starting point δb of a period cut out
different parts of Figure 4.2 of width π radians. Thus, for δb = 0, sin2

δ(E)
starts from zero, takes a maximum value of one at δ(Er) = π/2, and finishes
with zero, showing a symmetric peak as a function not only of δ but also of
E since the derivative dδ(E)/dE is symmetric with respect to the resonance
center Er. For δb = π/2, sin2

δ(E) starts from one, takes a minimum value of
zero at δ(Er) = π , and comes back again to one, showing a symmetric dip.
For δb = π/4, the curve starts from 1/2 and changes through 1, 1/2, 0, and
again 1/2, showing an asymmetric profile with a peak on the left and a dip
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Figure 4.1 Fano profile of resonance cross sections normalized by the maximum cross
section. The shape parameter q = − cot δb is assumed to be a constant independent of
energy E. In actual processes, its dependence on E can alter the profile significantly. The
background phase shift δb is indicated in the parentheses below each value of q.
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Figure 4.2 Visual explanation of the effect of the constant background phase shift δb on
the resonance profile as a function of the phase shift δ(E) when it increases from δb to δb+π .
The partial-wave cross section σl(E) proportional to sin2 δ(E) shows a symmetric peak for
δb= 0 and a symmetric dip for δb=π/2 since dδ(E)/dE is symmetric with respect to Er, and
an asymmetric profile with a peak and a dip for δb=±π/4. See text.

on the right. For δb = −π/4, a dip lies on the left and a peak on the right.
Note that dδ(E)/dE is quite large near Er, so that the sin2

δ profile is squeezed
into a narrower energy profile near the resonance center Er than far from Er;
compare Figure 4.1 with Figure 4.2.
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2.1.2. Time delay and the density of states
It is of interest to note from Eq. (16) that dδr/dε = (1+ ε2)−1. In the limit of no
background, Eq. (18) takes a form

lim
q→∞

Eσl(E) ∝
1
π

dδr

dE
=

L(E)
h
≡ ρr(E), (19)

where

L(E) =
~0

(E− Er)2 + (0/2)2
. (20)

The Lorentzian profile (20) is going to appear often later in the resonance
theory. It is a symmetric peak with a maximum at E = Er. The full width
at half the maximum (FWHM) of this peak is 0, and hence, the FWHM of
the symmetric peak in Figure 4.1 is 0 if transformed into a function of the
energy E. Therefore, the cross-section structure, i.e., the resonance structure,
is narrower for smaller 0. A feature of the Lorentzian profile (20) to be noted
is that the width parameter 0 also determines its peak height 4~/0. This fact
will be taken advantage of in the resonance analysis procedure, as will be
explained in Section 2.2.5.

Equation (19) may be interpreted as the increase in the density of states in
the energy-level spectrum introduced by a QBS as compared with the case of
no interaction; hence, the notation ρr(E). A simple way of understanding this
is to evaluate the spacing1E = En+1 − En between two adjacent energy levels
determined by box-normalization at a large distance r= a when there is a
nonzero scattering phase shift δ(E). Let 1k be the corresponding difference
kn+1 − kn in the wave number and1δ be the corresponding increase δ(En+1)−

δ(En) in the phase shift. Since kna+ δ(En) increases by π as n increases by 1,
the density of states is [{(1k)a+1δ}/π ]/1E, of which the contribution ρ(E)
by scattering is (1δ/π)/1E→ (dδ/dE)/π as a→∞. If the background phase
shift δb is a constant independent of E, we recover ρr(E) of Eq. (19). Note that
ρr(E) is normalized so that its integral over the whole energy region is unity.
In this sense, it may be regarded as the probability density of a resonance
state.

Now we consider a wave packet

ψ(r, t) =
∫
1k

c(k)u(r, t; k)dk (21)

formed by superposing the radial wavefunction u(r, t; k) of Eq. (12) with the
coefficient c(k) spread over a narrow region1k of k. In the asymptotic region
of r, the integrand in Eq. (21) oscillates rapidly with the change in k, and the
integral vanishes except where the phase in u(r, t; k) takes a stationary value
as a function of k.
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For the incoming wave, this stationary phase condition is d(−kr−
Et/~)/dk ' 0, from which we know the motion of the wave packet

r = −
dE

d(~k)
t = −

~k
m

t, (22)

the inward motion with a constant group velocity ~k/m at negative time,
arriving in the potential region at t ' 0.

For the outgoing wave, we have d(2δ+kr−Et/~)/dk ' 0, and hence,

r =
dE

d(~k)
t− 2

dδ
dk
=

~k
m

[
t− 2~

dδ
dE

]
, (23)

the outward motion with the same constant group velocity as the incoming
wave packet, but with the delay in time [30–32]

1t = 2~
dδ(E)

dE
= hρ(E). (24)

In the absence of any interaction, the outgoing wave packet comes out
to the asymptotic region without delay. When scattering occurs, the wave
packet spends some time in the potential region before coming out from
there if 1t is positive. If a resonance occurs, the time delay is calculable from
Eqs. (15) and (19) as

1tBW(E) = 2~
dδr

dE
+ 2~

dδb

dE
= hρr(E)+ 2~

dδb

dE
= L(E)+ 2~

dδb

dE
. (25)

The resonance phase shift δr produces much time delay of Lorentzian shape
if 0 is small. The peak value of the time delay at E = Er is 4~/0 = 4τ if
the background term is neglected. The Lorentzian time delay averaged over
the probability density ρ(E) is h

∫
ρ2

r (E)dE = 2τ , of which τ is spent for the
formation of the QBS and the other τ for its decay.

In a resonance phenomenon in two-body collisions A+B, time delay
occurs in the relative A− B motion. The particles A and B stay near each
other for much longer time than in the absence of any interactions between
them, or form a temporary complex or a QBS with a lifetime τ = ~/0.

Sometimes in the literature, a resonance refers to the passage of the phase
shift across π/2, but that does not necessarily mean steep slope of δ(E), a large
time delay, or formation of a QBS. On the other hand, a large time delay is not
necessarily associated with the formation of a QBS. For example, Wigner’s
threshold law for a short-range potential states that the s-wave phase shift
δ0(E) is proportional to E1/2 at low energies E [33]. This leads to the time delay
1t ∝ E−1/2, which becomes extremely large at very low E (and is positive if
the interaction is attractive), in spite of its irrelevance to any QBS [34]. Note
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that the time for free passage over a specified region is also proportional to
E−1/2. Thus, the time delay proportional to E−1/2, if positive, increases the pas-
sage time by some multiplicative factor independent of E at low E. Dalitz and
Moorhouse consider another interesting case of the time delay 1t of a Gaus-
sian function of the energy E [34]. This peaked function, apparently similar
to a Lorentzian function, corresponds to an S matrix having no singularity in
a finite complex-E plane.

Finally, attention is drawn to the possibility that the effect of a resonance
due to an S-matrix pole is canceled by the strong background with the
result that the net time delay becomes negative, as will be illustrated in
Section 2.2.6.

2.1.3. Overlapping resonances
If several poles of the S matrix lie at E = Eν − i0ν/2 ≡ Eν (ν = 1, . . . , N) close
to each other and to the real E or k axis, an appropriate form of the S matrix
would be

S(E) = eiδb
∏
ν

E− E∗
ν

E− Eν
eiδb = eiδb

∏
ν

(
1−

i0ν
E− Eν

)
eiδb (26)

as a generalization of the single-pole Breit–Wigner formula (13). Following
the procedure for the single-pole case, we write E− Eν = (E− Eν)+ i0ν/2 =
Aνe−iδν for real E. Then, it follows that exp(2iδ)= exp(2iδb+

∑
ν

2iδν) and
that [35]

δ(E) =
∑
ν

δν(E)+ δb(E) = −
∑
ν

arctan
0ν/2

E− Eν

+ δb(E). (27)

Resonance poles lying within the widths of each other are called over-
lapping resonances. When they occur, the rapid rise of the phase shift due
to one pole begins before the rise due to an adjacent pole finishes. In this
sense, the effects of overlapping resonances on the phase shift and, in partic-
ular, on the cross section are difficult to separate, in general. Nonetheless, the
overlapping Lorentzian profiles in the time-delay spectrum

1t(E) =
∑
ν

2~
dδν
dE
+ 2~

dδb

dE
=

∑
ν

Lν(E)+ 2~
dδb

dE
(28)

with

Lν(E) =
~0ν

(E− Eν)2 + (0ν/2)2
(29)

should be easily recognizable and the resonance parameters Eν and 0ν easily
obtainable by a least-squares fit to accurately calculated time delay 1t(E), or
equivalently, the phase-shift derivative.
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2.2. Multichannel scattering: Isolated resonances

Let T as a superscript on a matrix indicate the transposed matrix and the
dagger the Hermitian conjugate, and hence, A†

= (AT)∗ = (A∗)T. Also, let I
denote the unit matrix of the same order as the other matrices in the same
equation.

For multichannel scattering where there are two or more open chan-
nels, the S matrix is a true matrix with elements Sij and the cross section
for the transition from channel i to channel j is proportional to |δij − Sij|

2.
The symmetry of collision processes with respect to the time reversal leads
to the symmetric property of the S matrix, ST

= S, which, in turn, leads to
the principle of detailed balance between mutually reverse processes. The
conservation of the flux of probability density for a real potential and a real
energy requires that SS†

= S†S = I, i.e., S is unitary. For a complex energy
or for a complex potential, in general, the flux is not conserved and S is
non-unitary.

In the following, No denotes the order of the S matrix, i.e., the number of
open channels of a particular symmetry under consideration.

2.2.1. S matrix for an isolated resonance
A QBS 8 formed in some way or other may decay into any channel i of the
same symmetry as8 at a rate 0i/~ that may differ depending on the channel.
The element Sij (i, j = 1, 2, . . . , No) must include both 0i and 0j on an equal
footing because of the time-reversal symmetry. The lifetime τ of state 8 is
the inverse of the rate 0/~ of decay into all channels, i.e., the sum of all 0i/~,
the total width 0 being

∑
i 0i.

We define a normalized column vector g and a projection matrix P by

gT
= 0−1/2

(
0

1/2
1 ,01/2

2 , . . . ,01/2
No

)
,

P = ggT
= gg†, Pij = (0i0j)

1/2/0, Tr P =
∑

i

Pii = 1, (30)

where Tr indicates a trace, or the sum of the diagonal elements. The vector g
and the matrix P satisfy the relations

gTg = g†g = 1,

P†
= P, P2

= (ggT)(ggT) = ggT
= P.

(31)

We note that Pg = ggTg = g, so that g is an eigenvector of P with an eigen-
value 1. The real symmetric matrix P is of rank 1 since all its rows (or
columns) are linearly dependent. Hence, the other eigenvalues of P are
all zero. This indeed satisfies the general relation that the sum of all the
eigenvalues of a matrix is equal to its trace. Thus, P is diagonalized by an
orthogonal matrix OP as

OPP = 5OP, 511 = 1, 5ij = 0 otherwise. (32)
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We begin with the simple case where the background scattering matrix
Sb is diagonal with diagonal elements (Sb)ii = e2iφi , φi being the background
phase shifts. This excludes the possibility of any inelastic processes occurring
in background scattering. For describing an isolated QBS, all the S-matrix
elements must have the same single simple pole on the complex E plane, at
E = Er − i0/2 = E , following Section 2.1.1. A symmetric S matrix satisfying
this condition, being unitary at real E, and including 0i and 0j on a par would
be [21, 36]

Sij = eiφi

(
δij −

i01/2
i 0

1/2
j

E− E

)
eiφj , (33)

which is a matrix generalization of Eq. (13). This form is often referred to as
the Breit–Wigner one-level formula for the multichannel S matrix.

However, the assumption of no inelastic scattering off resonance is too
restrictive and often unrealistic. Hence, we consider a more general form
in the following, which we call the Breit–Wigner S matrix in this article,
namely [8, 35, 37],

S(E) = BSrBT
= Sb −

i0
E− E

BPBT
≡ SBW(E),

Sr(E) = I −
i0

E− E
P

(34)

with a slowly varying background scattering matrix Sb(E), written as the
product

Sb(E) = BBT (35)

in terms of a unitary matrix B(E); BB†
= B†B = I. Note that SbS

†
b =

BBT(BT)†B†
= I, and similarly, S†

bSb = I, and therefore Sb is naturally a uni-
tary matrix. Also, ST

b = (BBT)T
= BBT

= Sb, i.e., symmetric. It is also easy to
show that Sr is symmetric and unitary at real E. The No ×No resonance
S matrix (34) contains only No width parameters {0i} and an additional
position parameter Er except for the background information.

2.2.2. S-matrix eigenchannels and eigenphases
A simple parameterization of the S matrix in the form (33) or (34) might
appear impractical when many channels, and hence many fitting parame-
ters {0i} and Er, are involved. However, the diagonalization of the S matrix
greatly simplifies such parametrization and also provides a clear physical
idea.

This diagonalization is achieved by a transformation

OS = 3O, 3αα′ = δαα′ exp[2i(δ)α] (36)
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by some real, orthogonal matrix O since S is symmetric. Furthermore, the
unitarity of S leads to the relation that I = OS†SOT

= (OS†OT)(OSOT) = 3†3,
from which it follows that the square of the absolute value of each diagonal
element 3αα of 3 is unity. That is why 3αα has been written as exp[2i(δ)α] in
Eq. (36). The phase (δ)α is called an eigenphase, and the new set of channels α
that the matrix O linearly transforms the original physical channels into are
called eigenchannels; the Greek index is used to distinguish the eigenchannel
space from the physical channel space.

If scattering starts from one of the eigenchannels, the only possible final
channel is exactly the same one. There are no transitions to other eigenchan-
nels. In general, all the other eigenchannels are coupled to this one during
the collision, but they are closed and forbidden asymptotically, though not
due to any energy condition. After this linear transformation, the eigen-
phases (δ)α determine all the apparently single-channel scattering processes.
Their simple sum, δ(E) =

∑
α
(δ)α, is referred to as the eigenphase sum. The

same notation as the phase shift in single-channel scattering should not cause
much confusion.

The background S matrix (35) is also diagonalized by an orthogonal
matrix Ob:

ObSb = ObBBT
= 3bOb, (3b)ββ ′ = δββ ′ exp[2i(δb)β]. (37)

The background eigenphase sum is defined as δb(E) =
∑

β
(δb)β . The diago-

nalization (37) may be achieved by choosing Ob to be

Ob = 3
1/2
b B†, (38)

and hence, ObB = 3
1/2
b = (3

1/2
b )T
= (ObB)T. Therefore, it follows that

BTB = BT(OT
b Ob)B = (ObB)T(ObB) = 3b. (39)

Now, we note that the determinants of matrices have a property that
det(AB) = det(BA) = (det A)(det B), and hence, the determinant of a matrix
remains intact by a unitary transformation of this matrix. Using this fact,
one may show that the eigenphase sum and the background eigenphase
sum may be related in a simple way to the determinants of the S and Sb

matrices as

det S(E) = det(OSOT) = det3 =
∏
α

exp[2i(δ)α] = exp[2iδ(E)], (40)

det Sb(E) = det(ObSbOT
b ) = det3b = exp[2iδb(E)]. (41)

To study the properties of the eigenphase sum in resonance scatter-
ing, we further note that det(I+ cP) = 1+ c, where c is any constant. This
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can be shown easily since all the elements of the diagonalized matrix
OP(I+ cP)OT

P = I+ c5 are unity except for one diagonal element equal to
1+ c, according to Eq. (32). Using Eqs. (40), (34), (39), and (41) in this order,
we derive, by letting δBW(E) denote the eigenphase sum for SBW(E),

exp[2iδBW(E)] = det SBW(E) = det(B†SBWB) = det(Sr3b)

=

(
1−

i0
E− E

)
exp[2iδb(E)],

(42)

as was derived by Weidenmüller [38]; see also Ref. [39]. This result has the
same appearance as Eq. (13) for single-channel scattering. A remarkable fact
is that the pole of det SBW(E) is simple in spite of the fact that all S-matrix
elements have a simple pole. This shows that the representation (34) of the
resonance S matrix is indeed appropriate.

The same procedure as the derivation of Eq. (15) from Eq. (13) immediately
yields the result that

δBW(E) = δr(E)+ δb(E) = − arctan
0/2

E− Er
+ δb(E), (43)

or that

E− Er = (0/2) cot [δb(E)− δBW(E)], (44)

which has the same form as Eq. (15) or Eq. (16), but now the phase shift
δBW(E) and the background phase shift δb(E) have been changed into the
eigenphase sums. With a small number of fitting parameters, Eqs. (43) and
(44) appear to be convenient for resonance fitting.

Historically, the initial general anticipation was that, for an isolated reso-
nance, only one eigenphase should exhibit a resonance behavior and that all
the others represent the background [40, 41]. This would mean, however, that
the resonance eigenphase increases rapidly by π across the other, nearly con-
stant eigenphases, contradicting the noncrossing rule for the eigenvalues. In
fact, the same pole structure of all S-matrix elements forces every eigenphase
to behave like an incomplete resonance. Figure 4.3 shows eigenphases for 1S
electron scattering by the hydrogen atom below the n = 3 excitation thresh-
old, calculated by Burke et al. by solving close-coupling equations [42–44];
this figure is also reproduced in Ref. [45].

The trend of Figure 4.3 is explained by the relation

E− Er =

∑
β

(0β/2) cot [(δb)β − (δ)α] (45)

derived by Macek [45]; note the resemblance to Eq. (44). This equation has No

solutions for (δ)α, one corresponding to each background eigenphase, thus
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Figure 4.3 S-matrix eigenphases for e−-H (1S) scattering below the H(n= 3) excitation
threshold. Figure from Ref. [43] (see also Ref. [44]).
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Figure 4.4 S-matrix eigenphases for e−-He (2S, 2P) scattering near the He(n= 2) excitation
thresholds. The energy is measured from the He (23S) threshold. Taken from Ref. [43].

determining the energy dependence of all the eigenphases. They increase
rapidly with energy E across the center Er of the resonance. This equation
seems to have been used rarely since a much simpler and useful relation (43)
or (44) is satisfied by a single quantity, the eigenphase sum [38, 39].

Figure 4.4 shows another example, also from close-coupling calculations
by Burke et al. [43], for 2S and 2P electron scattering by the helium atom near
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the n = 2 thresholds. The very complex structure of this figure makes it diffi-
cult to extract resonance information. This is considered to be mainly because
of the threshold behavior, together with the effects of the long-range poten-
tials. The background changes appreciably with energy and is intertwined
intricately with resonances. However, the second 2S eigenphase sharply rises
immediately after its start at the He (21S) threshold, which suggests the exis-
tence of a resonance. The eigenphase sum should be useful for analyzing it,
but another concept turns out to be more useful, in fact.

2.2.3. Time-delay matrix Q: Relation to the eigenphase sum
The eigenphase sum δ(E) is also seen to appear in the trace

Tr
(
−i~

d3
dE

3†

)
= 2~

dδ
dE

, (46)

as is seen from the explicit expressions for the diagonal matrix elements
3αα in Eq. (36). The right-hand side resembles the time delay (24) in single-
channel scattering and is indeed large in a resonance region according to
Eq. (43). Also, a straightforward calculation shows that Sr of Eq. (34) satisfies

− i~
dSr

dE
= L(E)PSr, −i~

dSr

dE
S†

r = L(E)P. (47)

Both of these facts suggest the relevance of the quantity −i~(dS/dE)S† to
resonance scattering.

An important perspective of multichannel resonance scattering may be
gained from the lifetime matrix Q(E), introduced by Smith [46] as a gen-
eralization of the time delay 1t of Eq. (24) in single-channel scattering. It
is now more often called the time-delay matrix or the delay-time matrix.
After extending 1t for matrix elements Qij(E) for multichannel scattering,
he proved that

Q(E) = i~S
dS†

dE
= −i~

dS
dE

S†
= Q†(E). (48)

One may regard this relation between Q and S as a definition of Q(E) for
the purpose of the following discussion. For single-channel scattering, the
substitution of the expression S = e2 iδ here immediately recovers the time
delay 1t of Eq. (24), which is the additional time spent by the projectile
in the collision compared with a passage in the absence of any interaction
with the target [30–32]. For multichannel scattering, the diagonal elements
Qii are real and have the physical meaning of the average time delay, over
all possible exit channels, starting from the initial channel i. Eisenbud [30]
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also generalized the single-channel time delay 1t for multichannel scatter-
ing. The relation between the result of Eisenbud and Smith’s Q matrix has
been discussed in detail recently [47].

As a preliminary for deriving a useful expression, we note that the trace of
a matrix is invariant under unitary transformation and that Tr(AB) = Tr(BA).
For any unitary matrix U, it follows that 0 = (UU†)′ = U′U†

+UU†′ and that
Tr(U′U†

+U†′U) = 0, the prime indicating the energy derivative. Therefore,
we have

− i~ Tr
[
(USU†)′(USU†)†

]
=− i~ Tr

[
(US′U†

+U′SU†
+USU†′)(US†U†)

]
=− i~ Tr

[
S′S†
+U′U†

+U†′U
]

=− i~ Tr
[
S′S†

]
= Tr Q.

(49)

A choice of U as O of Eq. (36) leads to USU†
= 3. Then, Eq. (46) used in

Eq. (49) shows that

Tr Q(E) = 2~
dδ(E)

dE
(50)

with the eigenphase sum δ(E) [34]. This is an extension of the theorem (24)
for multichannel scattering and is a general result holding true for both res-
onance and nonresonance scattering. This trace can be proved to be equal
to the density of states ρ(E) times the Planck constant h, as an extension of
Eq. (24) [48].

Substitution of Eq. (43) into Eq. (50) yields

Tr QBW(E) = 2~
dδr

dE
+ 2~

dδb

dE
= L(E)+ 2~

dδb

dE
, (51)

which has the same form in appearance as Eq. (25).
Another, more direct derivation of this result without use of the expres-

sion (43) for the resonance eigenphase sum would be of interest. Because
B†SBWB = Sr3b due to Eqs. (34) and (39), the choice U = B† in Eq. (49) leads
to the expression

Tr QBW = −i~ Tr
[
(Sr3b)

′3
†
bS†

r

]
= −i~ Tr

[
S′rS

†
r +3

′

b3
†
b

]
(52)

since Sr is unitary. The term −i~Tr(S′rS
†
r ) is known to be L(E) from Eqs. (47)

and (30). The other term −i~Tr(3′b3
†
b) is similar to Eq. (46) and is easily cal-

culated to be 2~dδb/dE. Thus, Eq. (52) reproduces Eq. (51). Its integration
recovers Eq. (43), which is its second derivation.
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2.2.4. Q-matrix eigenchannels and resonance eigenchannel space
The time-delay matrix Q(E) can be diagonalized by a unitary transformation

UQQ = 3QUQ, (3Q)γ γ ′ = δγ γ ′qγ . (53)

The eigenvalues qγ are real since Q(E) is Hermitian, as seen from Eq. (48).
The set of original physical channels are linearly transformed into a new
set of channels by the unitary matrix UQ. We refer to these new channels
as Q-matrix eigenchannels, or Q-eigenchannels, for short. In the rest of
Section 2, the eigenvalues qγ and the corresponding Q-eigenchannels will
turn out to be quite useful in resonance analysis.

Substitution of the Breit–Wigner S matrix (34) into Eq. (48) for the Q matrix
and the assumption of an energy-independent B, i.e., an energy-independent
background Sb yield the expression

QBW(E) = −i~(BS′rB
T)(BSrBT)†

= −i~BS′rS
†
r B†
= L(E)BPB† (54)

according to Eq. (47). Since B is unitary and since the eigenvalues of a
matrix are unchanged by its unitary transformation, the largest and the only
nonzero eigenvalue qmax of QBW(E) is L(E) and all of the other eigenvalues
are zero [43, 49]. This is clearly consistent with the trace (51). Another way of
understanding it is to confirm that QBW(E) is positive definite since

u†QBW(E)u = L(E)u†Bgg†B†u = L(E)(u†Bg)(u†Bg)†
≥ 0 (55)

for any vector u. Thus, all eigenvalues are positive or zero and one of them
is equal to their sum, so that all the others are zero.

It is also clear from Eq. (54) that

QBW(E)(Bg) = L(E)Bgg†B†Bg = L(E)(Bg), (56)

i.e., the energy-independent vector Bg is the eigenvector for the eigenvalue
L(E) [43, 49]. This eigenvector depends on the background Sb, unlike the
eigenvalue L(E). The other eigenvectors of QBW(E) are orthogonal to Bg and
can be made independent of E since any unitary transformation of the No− 1
degenerate eigenvectors into a new set of linearly independent vectors is
allowed.

We have seen that, if the background Sb is independent of energy, then

1. we can extract Er and 0 from the trace or the only nonzero eigenvalue L(E)
of Q,

2. we can also extract all partial widths {0i}, or the (energy-independent)
branching ratios {0i/0}, from the corresponding eigenvector multiplied
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by B−1
= B† from left since gi ∝ 0

1/2
i according to Eq. (30) and

∑
i 0i = 0,

and
3. all eigenvectors can be chosen to be independent of E.

Note that, if Sb depends on the energy E, the eigenvector corresponding to
the largest Q-matrix eigenvalue qmax depends on E and does not directly give
the resonance branching ratios {0i/0}; however, see Ref. [50].

The result of this sub-subsection indicates a salient feature of the
Q-eigenchannels; for an isolated resonance with an energy-independent
background, the whole channel space is separated clearly into a single-
element resonance Q-eigenchannel space and (No − 1)-element nonreso-
nance Q-eigenchannel space. Unlike the S-matrix eigenchannels, all Q-matrix
eigenchannels are completely nonresonant, except for one. This resonance
Q-eigenchannel alone represents the dynamics of the resonance process in
terms of the Lorentzian-shape eigenvalue L(E), having a strong dependence
on the energy E, whereas the resonance Q-eigenchannel itself is independent
of E. This concept of resonance Q-eigenchannel space will be generalized for
overlapping resonances later in Sections 2.3.3 and 2.3.4.

Figure 4.5 shows the eigenvalues of the Q matrix for electron scattering by
helium, using the same S matrix as diagonalized in Figure 4.4 [43]. In spite of
the complicated structure of the S-matrix eigenphases due to the threshold
effects, the resonance Q-eigenvalue stands out conspicuously as a sharp peak
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Figure 4.5 Eigenvalues of the time-delay matrix Q(E) for e−-He 2S (left) and 2P (right) scat-
tering near the He(n= 2) excitation thresholds; based on the same S-matrix data as were used
in more complicated Figure 4.4. The energy is measured from the He (23S) threshold. Symbol
“0” indicates the eigenvalue corresponding to elastic scattering from the ground state. Figure
from Ref. [43].
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from each set of curves, while the other eigenvalues are smooth and negative
except for the elastic eigenvalue.

2.2.5. Analysis of isolated resonances with weak background
The asymptotic wavefunctions obtained from multichannel scattering cal-
culations provide the S matrix, the eigenphases and eigenphase sum, and
the cross sections. In principle, any of these quantities may be chosen for
fitting the resonance formula to determine accurate values of the resonance
parameters Er and 0.

In the field of photoionization, the Fano formula for the cross section has
often been used for resonance fitting. Note, however, that the same resonance
can sometimes stand out sharply from the background, but can also fail to
manifest themselves clearly in the photoionization cross section, depending
upon the initial bound state of the dipole transition [51]. Thus, the cross-
section inspection might miss some resonances. The asymptotic quantities of
the final continuum-state wavefunction, if available, should be much more
convenient in general for the purpose of resonance search and analysis.

The cross sections for scattering are often affected significantly by the back-
ground, as is seen clearly in Figure 4.1 of the Fano profile. On the other hand,
the background, if independent of energy, simply raises or lowers the overall
eigenphase sum δ(E) in the resonance region, and thus, δ(E) is much easier
for analysis of narrow, isolated resonances than the cross sections.

The constant background disappears if the energy derivative of δ(E)
is taken. This would even simplify the resonance analysis and would
stress the structures due to resonances. Thus, dδ(E)/dE or the trace of the
Q(E) matrix should be more advantageous for the resonance search and
fitting based on the Breit–Wigner formula (51). The center of the fitted
Lorentzian profile L(E) is obviously the resonance position Er, whereas the
parameter 0 determines both the FWHM and the peak height of the profile,
the former being 0 and the latter 4~/0; see Eq. (20) and the remarks below
it. One may exploit this fact for the reliability check of the resonance fit by
confirming the consistency between the width and the height of the peak.
A careful analysis would be possible by the least-squares fit with a back-
ground eigenphase sum δb(E) quadratic in E, for example, or its contribution
to Tr Q(E) linear in E, if the resonance is fairly broad.

In actual computations, the numerical differentiation can introduce a large
error and should be avoided. A simple solution to this would be to fit spline
functions, or a piecewise polynomial and overall smooth function of E, to
the numerically calculated eigenphase sum δ(E), and then to differentiate
the spline functions analytically [52, 53]. In the R-matrix method [44], the
analytic E dependence of the R matrix and associated matrices can be taken
advantage of in the direct differentiation of these quantities. This technique
was found to be useful for automatic and fast analysis of the results of
R-matrix method calculations [54–56].
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It should be born in mind that our discussion now centers on extracting the
resonance position Er and the total width 0 from the much richer scattering
information that the S and Q matrices contain. Multichannel continuum
wavefunctions are usually calculated for more general purposes of obtain-
ing the scattering amplitudes and the cross sections for various state-to-state
processes and of unraveling the dynamics of the whole continuum system
including both resonance and nonresonance mechanisms and the intricate
interference between them.

For a nearly constant background Sb the study of the trace of the Q
matrix and that of its eigenvalues are almost equivalent. In actual physi-
cal problems, however, the energy dependence of Sb(E) is not necessarily
negligible, and more than one appreciable Q-matrix eigenvalue may exist.
Then, an inspection of the eigenvalues {qγ (E)}, containing more information
than Tr Q(E), should be desirable in general. This is the next subject of our
discussion.

2.2.6. Negative time delay: Resonances buried in the background
We take up an example of the Coulomb three-body system e+e−e− (the
positronium negative ion Ps−), or equivalently, its charge-conjugate system
e+e−e+ (Ps+) with the same interactions. This system has only one bound
state but many QBSs formed, for example, in resonance electron scattering
by the positronium. Some of these resonances are narrow but others are fairly
broad. Analysis of narrow, isolated resonances is simple in general; it is usu-
ally easy to extract the resonance parameters Er and 0 by examining the cross
sections, the eigenphase sum, the eigenphase-sum derivative or Tr Q(E), or
the Q-eigenvalues, any of which without problems. On the other hand, broad
resonances, especially those lying close to a threshold, can often be tricky and
one may have to choose an analysis method carefully.

Figure 4.6 presents selected results of the calculations by solving close-
coupling equations for Ps−(1S e, 3P o, 1D e) in terms of the hyperspherical
coordinates near the Ps(n = 3) threshold [53]; see Section 3.2.2 for hyper-
spherical close-coupling (HSCC) equations. The eigenphase sum δ(E) for
1S e scattering in Figure 4.6a shows a typical resonance behavior, though it
increases only by less than π/2 due to the rapidly decreasing background
eigenphase sum. The trace of the Q matrix (broken curve), proportional to
dδ(E)/dE, has a typical Lorentzian profile, which is nearly a mere verti-
cal shift of the largest eigenvalue qmax(E). Another eigenvalue is negative,
nearly constant but fairly large, and all of the others are almost zero and
indistinguishable from the horizontal axis.

On the other hand, the curves for 3P o scattering in Figure 4.6b deserve close
examination. The eigenphase sum decreases monotonically in this figure,
suggesting no resonances occurring in this energy region. Nevertheless, its
energy derivative, or Tr Q(E), exhibits a weak peak of negative value. Indeed,
it is due to the largest eigenvalue qmax(E), having a Lorentzian profile and
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Figure 4.6 The eigenphase sum δ(E) and the trace (−−−) and the eigenvalues {qi(E)}
(−−−−) of the time-delay matrix Q(E) as functions of the total energy E for positronium
negative ion Ps− above the Ps(n= 3) threshold (at E=−0.02778 a.u.). (a) 1Se. (b) 3Po. (c) 1De.
The number No of open channels is 6 for (a), 9 for (b), and 10 for (c). Some eigenvalues
are too small to be distinguished from the qi = 0 line. For 3Po and 1De, the eigenphase sum
decreases monotonically, indicating a negative time delay and no resonance, in spite of the
actual existence of a resonance or resonances revealed by the eigenvalue(s) qi(E). Figure from
Ref. [53].

clearly indicating the existence of a QBS. The two negative and large eigen-
values wash away the time delay due to qmax(E), and the overall effect
is the time “advance.” Without the Q-eigenvalue analysis, this resonance
could have been missed. In fact, a careful inspection of δ(E) reveals a kink,
corresponding to the resonance peak in dδ(E)/dE.

The trend of Figure 4.6c for 1D e scattering is similar. Here, however, a sec-
ond, extremely broad Lorentzian peak emerges in qmax(E), which is hardly
discernible in the trace. This broad peak and the narrower peak appear to
cross each other at first sight, but they avoid crossing due to the noncrossing
rule for the Q-matrix eigenvalues. Such an avoided crossing will be discussed
later in Section 2.3 in detail.

A completely different approach of directly calculating the positions of
S-matrix poles in the complex energy plane, by the technique of CCR (see
Section 1.4), also finds out these resonances with the positions Er and the
widths 0 in good agreement with the Q-eigenvalue results, corroborating the
reliability of both approaches [57, 58]. Specifically, the Q-eigenvalue results
for the 3P o resonance of Figure 4.6b are (Er,0) = (−2.7249× 10−2, 4.8× 10−4)

in atomic units [53], and the CCR results are (−2.725× 10−2, 4.60× 10−4)

a.u. [57]. For the two 1D e resonances of Figure 4.6c, the Q-eigenvalue
results are (−2.7480× 10−2, 3.1× 10−4) a.u. and (−2.617× 10−2, 2.1× 10−3)
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a.u. [53], whereas the CCR method gives (−2.7400× 10−2, 3.2× 10−4) a.u. and
(−2.618× 10−2, 2.04× 10−3) a.u. [57, 58].

The strong background that overcomes a resonance and makes the time
delay negative even in the energy region of the resonance is due to the
long-range dipole potential (behaving asymptotically as ∝ r−2) between the
electron and the positronium in an excited state [53, 59, 60], as will be dis-
cussed in Section 3.1.3. In such a case, the fitting formula should take into
account the divergence of δb(E) as E approaches a threshold Eth from above,
by an additional term in Tr Q(E) proportional to (E− Eth)

−1.

2.3. Multichannel scattering: Overlapping resonances

A number of closely lying resonances in multichannel scattering is a diffi-
cult problem to treat theoretically. Even the representation of the S matrix is
very complex for these overlapping resonances as compared with the Breit–
Wigner one-level formula. Various alternative proposals are found in the
literature, as is reviewed by Belozerova and Henner [61]. This is mainly due
to the formidable task of constructing an explicitly unitary and symmetric
S matrix having more than one pole when analytically continued into the
complex k plane. Thus, possible practical forms of the S matrix for over-
lapping resonances may be explicitly symmetric and implicitly unitary, or
explicitly unitary and implicitly symmetric.

2.3.1. Difficulty in the representation of the S matrix
An explicitly symmetric representation of the S matrix for N overlapping
resonances, satisfying the time reversal symmetry, may be (e.g., Ref. [62])

S = Sb −

N∑
ν=1

i0ν
E− Eν

(Bvν)(Bvν)T
= B

(
I −

N∑
ν=1

i0ν
E− Eν

vνvT
ν

)
BT (57)

with Eν = Eν − i0ν/2. For N isolated resonances, this form is consistent with
the theory of Section 2.2.1 if vν is chosen as g of Eq. (30) for each resonance.
When the resonances overlap each other, the vectors vν are complex in general
and no longer expressible in terms of partial widths, unlike g in Eq. (30).
Also, v†

ν
vν 6= 1 in general.

The form (57) is not necessarily unitary. The unitarity at real E is achieved
by forcing the N complex vectors vν to satisfy appropriate constraints. For
this purpose, the number of parameters would be insufficient if the vectors
vν were real. McVoy [35] works out expressions for the parameters satisfying
the unitarity constraints for double resonances, N = 2. For N ≥ 3, however,
the expressions are too cumbersome to present explicitly.

Abandoning the explicit symmetry, Simonius [63] proposed a representa-
tion of the S matrix for N overlapping resonances that is explicitly unitary at
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real E; it has a form

S(E) = BPNBT
≡ SSim(E) (58)

with the product

Pn =

n∏
ν=1

Sν = S1S2 · · · Sn for n ≥ 1, P0 = I (59)

in terms of unitary matrices Sν , which are defined by

Sν(E) = I −
i0ν

E− Eν
Pν = I −

i0ν
E− Eν

gνg†
ν

(60)

similarly to Sr in Eq. (34). The definition of P0 in Eq. (59) is unnecessary
here, but will be used later. The complex vectors gν , satisfying g†

ν
gν = 1

for the unitarity of Sν , should be interpreted as characterizing the mixing
of the channels. Equation (58) is a natural extension of the single-channel
overlapping-resonance formula (26) for multichannel resonances. For N iso-
lated resonances, Eq. (58) is consistent with the theory of Section 2.2.1 if gν is
chosen as g of Eq. (30) for each resonance.

The projection matrices Pν satisfy the relations

Pν = gνg†
ν
= P2

ν
= P†

ν
, Tr Pν = 1, Pνgν = gν . (61)

In general, there is no commutation of the Pν nor of the Sν matrices:

[Pν , Pν ′ ] 6= 0, [Sν , Sν ′ ] 6= 0 for ν 6= ν ′. (62)

Therefore, a fixed order of the factors in PN is implied as indicated by
Eq. (59). The symmetry of SSim(E) of Eq. (58) should be and is assumed to
be enforced by an appropriate choice of vectors {gν}. In practice, this is diffi-
cult to express explicitly. However, determination of {gν} by parameter fitting
is impractical, anyway. The S matrix (58) is often very useful when gν need
not be specified explicitly, as will be seen in the following, since it is quite
a general representation that is unitary at real E and has poles at the right
positions in the complex E plane.

The derivation of the eigenphase sum for the Simonius S matrix, SSim(E),
is straightforward by generalizing the procedure for an isolated resonance
shown in Section 2.2.2. Compared with the Breit–Wigner S matrix, SBW(E),
the matrix Sr in Eq. (34) is now replaced by PN, or the product of matrices
Sν , each having the same apparent form as Sr but with different resonance
parameters and a different projection matrix. Since the determinant of the



To protect the rights of the author(s) and publisher we inform you that this PDF is an uncorrected proof for internal business
use only by the author(s), editor(s), reviewer(s), Elsevier and typesetter diacriTech. It is not allowed to publish this proof online
or in print. This proof copy is the copyright property of the publisher and is confidential until formal publication.

AQC 08-ch04-165-246-9780123970091 2012/1/30 13:59 Page 196 #32

196 Isao Shimamura

product
∏

ν
Sν is equal to the product of the determinants of respective Sν ,

Eq. (42) for det SBW(E) is now changed into the form

det SSim(E) = exp[2iδb(E)]
N∏
ν=1

(
1−

i0ν
E− Eν

)
. (63)

This has the same appearance as Eq. (26) for the S matrix for overlapping
resonances in single-channel scattering. Since Eq. (63) is equal to exp(2iδ)
according to Eq. (40), the same argument that led to Eq. (27) applies to the
eigenphase sum δSim(E) for the Simonius S matrix with a result that

δSim(E) = −
N∑
ν=1

arctan
0ν/2

E− Eν

+ δb(E), (64)

having exactly the same form as Eq. (27). It is independent of the order of Sν
appearing in SSim of Eq. (58) in spite of the order-dependent definition of SSim.
This is one of the reasonable results supporting the proposal of the form of
SSim(E).

2.3.2. Time-delay matrix Q and its trace
The relation (50) between the time-delay matrix Q and the eigenphase sum
δ is quite general and applies to the Simonius Q matrix, too. Thus, it follows
from Eq. (64) that

Tr QSim(E) = 2~
dδSim(E)

dE
=

N∑
ν=1

Lν(E)+ 2~
dδb

dE
(65)

with the same form as Eq. (28). The Lorentzian profiles Lν(E) have the same
form as Eq. (29).

A direct proof of Eq. (65) without using the explicit form (64) of δSim(E)
would be instructive. This aim is achieved by following the procedure of
deriving Eq. (51) for Tr QBW(E) via Eq. (52). Since SSim is just SBW with its Sr

replaced by PN, it follows from Eq. (52) that

Tr QSim = −i~ Tr(P ′

NP†
N)− i~ Tr(3′b3

†
b), (66)

PN being unitary just as Sr. A straightforward calculation shows that
−i~S ′

ν
(E) = LνPνSν in the same way as Eq. (47), and hence, due to the unitarity

of Sν , that

−i~P ′

NP†
N = −i~

N∑
ν=1

S1S2 · · · Sν−1S ′
ν
Sν+1 · · · SNS†

N · · · S
†
1

=

N∑
ν=1

LνPν−1Pν(Pν−1)
†.

(67)
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Noting that Tr Pν = 1 according to Eq. (61) and that Lν is not a matrix but
a multiplicative factor, we find that the first term in Eq. (66) is reduced to∑

Lν , which is independent of the order of Sν in the definition of SSim. The
second term was already shown, below Eq. (52), to be equal to 2~dδb/dE.
Thus, Eq. (66) recovers the trace formula (65).

The explicit form of QSim(E) is calculable by substituting SSim(E) into
Eq. (48) for the Q matrix and by using the unitarity of B and Sν and Eq. (67) as

QSim(E) = −i~
[
BP ′

NBT
+ B′PNBT

+ BPN(BT)′
]
(BT)†P†

NB†

=

N∑
ν=1

Qν(E)+Qb(E),
(68)

where

Qν(E) = Lν(BPν−1)Pν(BPν−1)
†
= Lν(BPν−1gν)(BPν−1gν)† (69)

and

Qb(E) = −i~[B′B†
+ SSim(B′B†)TS†

Sim]. (70)

This general expression for QSim(E) looks cumbersome unless B(E), and
hence, the background S matrix Sb(E) is independent of E [64]. On the other
hand, its trace has been shown to take a simple form (65). The trace is inde-
pendent of the order of the resonances Sν , which it should be, but QSim itself
is unfortunately not, since Pν−1 in Qν is not.

2.3.3. Avoided double resonance and resonance eigenchannel space
Two overlapping resonances with an energy-independent background Sb is
the simplest case of Eq. (68), reducing to

QSim(E) = B[L1(E)P1 + L2(E)S1P2S†
1]B

†. (71)

Its unitary transform

Qut = S†
1B†QSimBS1 = L1P1 + L2P2, (72)

where the commutativity of Pν and Sν has been used, has the same eigen-
values and the trace as QSim; Tr QSim = TrQut = L1 + L2 in agreement with
Eq. (65).

We consider the eigenvectors of Qut in the form of a linear combination of
the vectors g1 and g2 [65]. This approach is a generalization of the theory for
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isolated resonances discussed in Section 2.2.4. The eigenvalue equation for
Qut may be written as

0 = (Qut − q)x = (L1g1g†
1 + L2g2g†

2 − q)(c1g1 + c2g2). (73)

Multiplication by g†
1 and by g†

2 from left results in the coupled equations(
L1 − q ρ12L2

ρ∗12L1 L2 − q

)(
c1 + ρ12c2

ρ∗12c1 + c2

)
= 0 (74)

for the coefficients c1 and c2, where ρ12 = g†
1g2. The nontrivial solutions

require that the determinant of the matrix on the left-hand side be zero, so
that two eigenvalues of QSim are found to be [65]

qγ = q± =
L1 + L2

2
±

[(L1 − L2)
2
+ 4βL1L2]1/2

2
, 0 ≤ β = |ρ12|

2
≤ 1. (75)

This represents a typical avoided-crossing formula. The corresponding mix-
ing ratios r± = c2/c1 are obtainable from the equation

q± = (1+ ρ12r±)L1 = (1+ ρ∗12r−1
±
)L2. (76)

Equation (75) contains only five parameters, namely, the resonance parame-
ters E1, 01, E2, and 02 and the overlap parameter β. Details of the vectors gi

or the mixing ratios r± are irrelevant to the Q-matrix eigenvalues for the case
of two overlapping resonances with an energy-independent background.

The sum of these two eigenvalues q+ + q− = L1 + L2 is equal to the trace.
Also, Qut is positive definite. Therefore, all eigenvalues other than q± must
be zero. The eigenvectors of QSim corresponding to these zero eigenvalues
are orthogonal to both BS1g1 and BS1g2. This is a generalization of the
result for isolated resonances, namely, for double resonance with a con-
stant background, the whole channel space is separated clearly into a
two-element resonance Q-eigenchannel space and (No − 2)-element nonreso-
nance Q-eigenchannel space. All the Q-matrix eigenchannels are completely
nonresonant, except for the two. These two resonance Q-eigenchannels alone
represent the resonance process in terms of the Lorentzian eigenvalues L1(E)
and L2(E) avoided from each other near the crossing point.

The strength of the resonance–resonance interaction, or of avoidance
between L1(E) and L2(E) to form q±, is determined by two kinds of over-
lap: (1) that between the two Lorentzian profiles L1(E) and L2(E) and (2)
the parameter β = |g†

1g2|
2. The product L1(E)L2(E) in the formula (75) for the

nonzero eigenvalues is almost zero for any E if the two resonances are well
separated. Then, one of the two eigenvalues q± will be nearly equal to L1(E)
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and the other to L2(E). When L1(E) and L2(E) overlap each other significantly,
the two limiting cases of Eq. (75) are

β → 0 : q±→ Li(E), i = 1, 2

β → 1 : q+→ L1(E)+ L2(E), q−→ 0. (77)

As an example, we take up the positronium negative ion Ps− again, calcu-
lated by solving HSCC equations [65]; see Section 3.2.2. Shown in Figure 4.7
are the two extremes of overlapping resonances, namely, (a) those of sym-
metry 1P o lying just below the threshold E = −0.02778 a.u. for the channel
e− + Ps(n= 3), illustrating the case of strong interaction, β ' 1, and (b) those
of symmetry 1D e just above this threshold, illustrating weak interaction,
β ' 0. The solid curves in Figures 4.7a and 4.7b represent the two largest
eigenvalues of the Q matrix obtained from the HSCC calculations. The
broken curves are the results of fitting of Eq. (75) and the dotted curve
was obtained by fitting with the background contribution augmented; see
Ref. [65] for the details of fitting. For Figure 4.7a, the fitting to the largest
calculated Q eigenvalue is perfect and the broken curve is indistinguish-
able from the solid curve. The error in the fitting of the second largest

Total energy (10−2 a.u.) Total energy (10−2 a.u.)

−2.814 −2.812 −2.810 −2.808

Ps− (1Po) Ps− (1De)

0.0
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−2.80 −2.70 −2.60 −2.50

Figure 4.7 Eigenvalues qi(E) of the time-delay matrix Q(E) for the positronium negative
ion Ps− as functions of the total energy E in the region of an overlapping double resonance.
The small eigenvalues irrelevant to the avoided crossing are excluded. Solid curves: hyper-
spherical close-coupling calculations. Broken curves: fitting of Eq. (75). (a) Strong avoidance
case with β = 0.95 in the symmetry 1Po. The upper broken curve is indistinguishable from the
solid curve. (b) Weak avoidance case with β = 0.10 in the symmetry 1De; the dotted curve
reproducing the upper solid curve better than the broken curve is the result of fitting with
a weak background added to Eq. (75). The solid curves are the same as a part of Figure 4.6c.
Figure from Ref. [65].
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Figure 4.8 The eigenvalues {qi(E)} of the time-delay matrix Q(E) for e+He+(Pe) as func-
tions of the total energy E below the threshold Eth = −0.0625 a.u. of He2+

+ Ps(n= 2);
results of hyperspherical close-coupling calculations [66]. (a) The whole view, where only the
largest eigenvalue qmax(E) is distinguishable from zero, and is indistinguishable from the trace
of Q(E). (b) An enlargement, where qmax(E) lies far outside of the figure. The second largest
eigenvalue, visible only in (b), represents a broad resonance with a width 0 of 0.014 a.u. and
a central position Er of−0.0640 a.u. within 0/10 of the threshold Eth. Taken from Ref. [66].

eigenvalue is also small, considering the logarithmic scale. The largest eigen-
value in Figure 4.7b contains a weak background, with which the fitting is
quite good. Thus, the description of avoided Lorentzian profiles has proved
to be justified for these double-resonance Q-eigenvalues from the HSCC
calculations.

A noteworthy case of overlapping resonances is found in Figure 4.8 for the
three-body system e+He+(P e) [66]. At first sight, the upper figure including
all the Q(E)-matrix eigenvalues and their sum, Tr Q(E), appears as if it were a
typical isolated resonance with almost no background effect discernible. The
largest eigenvalue qmax(E) almost coincides with Tr Q(E). A Lorentzian pro-
file fits to it quite accurately. By careful examination of the second largest
eigenvalue by enlarging the scale as in the lower figure, a much weaker
and broader but typical Lorentzian emerges. This is a clear indication of the
importance and power of detailed analysis of the Q-matrix eigenvalues. The
broader resonance would have been missed by the inspection of only the
eigenphase sum or the trace of the time-delay matrix.

A resonance fit finds the position and the width of the narrower res-
onance to be Er=−0.06404 a.u. and 0= 4.7×10−4 a.u. and those of the
broader one to be Er=−0.0640 a.u. (1.5×10−3 a.u. below the threshold
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Eth(2)=−0.0625 a.u. for the channel He2+
+ Ps(n= 2)) and 0= 1.4×10−2 a.u.

These values are corroborated by CCR calculations (see Section 1.4),
yielding (Er,0)= (−0.06405, 4.75×10−4) a.u. for the narrower resonance and
(Er,0)= (−0.0643, 1.8×10−2) a.u. for the broader resonance [67]. The centers
of the two resonances almost coincide with each other, but the broader reso-
nance extends over an energy region (across the threshold Eth(2)) one order
of magnitude broader than the energy difference between its resonance cen-
ter and Eth(2). The mechanism that produces this pair of resonances will be
discussed toward the end of Section 3.2.5. A similar pair of narrow and broad
resonances is found also for the Do symmetry around Eth(2) [66].

2.3.4. Diabatic decomposition of several overlapping resonances
There seems no simple unitary transform of the time-delay matrix QSim, such
as Eq. (72), if more than two resonances overlap each other. Instead, we may
take advantage of the rank 1 of the projection matrix Pν of Eq. (61) in Qν of
Eq. (69). Thus, for the eigenvalue equation

Qν(E)BPν−1gν = Lν(E)BPν−1gν (78)

following from Eq. (69) for each Qν in QSim of Eq. (68), the only nonzero
eigenvalue of Qν(E) is Lν(E) and the corresponding eigenvector is BPν−1gν .
It follows that Qνu = 0 for any vector u orthogonal to BPν−1gν . This immedi-
ately leads to a theorem that QSimu = 0 for any vector u orthogonal to all
the eigenvectors BPν−1gν of Qν(E) for ν = 1, 2, . . . , N, provided that Sb be
independent of E [68].

The matrix QSim(E) projected onto the vector space spanned by
{BPν−1gν}Nν=1, when diagonalized, provides all the N nonzero eigenvalues
of QSim(E). Since the overlapping resonances interact with each other in the
sense that the vectors BPν−1gν for ν= 1, 2, . . . , N are nonorthogonal to each
other in general, the resultant N eigenvalues are the Lorentzians Lν(E) avoid-
ing each other around their crossing points, thus satisfying the noncrossing
rule of the eigenvalues. The sum of these eigenvalues, however, is a simple
sum of the Lorentzians, as was already shown in Eq. (65).

For double resonances, the vector space corresponding to the resonance
eigenchannel space is spanned by Bg1 and BS1g2. This might appear to con-
tradict the result of Section 2.3.3, namely, that the eigenvectors for the two
nonzero Q-eigenvalues are linear combinations of BS1g1 and BS1g2. In fact,
this apparent contradiction is resolved by the fact that Sνgν is proportional
to gν , as is evident from Eq. (60).

To rephrase, the vector space spanned by {BPν−1gν}Nν=1 defines the
N-element resonance Q-eigenchannel space, which alone describes the res-
onance processes, if the background S matrix is independent of E. The
vector space complement to it defines the (No−N)-element nonresonance
Q-eigenchannel space, which is totally unassociated with the resonance



To protect the rights of the author(s) and publisher we inform you that this PDF is an uncorrected proof for internal business
use only by the author(s), editor(s), reviewer(s), Elsevier and typesetter diacriTech. It is not allowed to publish this proof online
or in print. This proof copy is the copyright property of the publisher and is confidential until formal publication.

AQC 08-ch04-165-246-9780123970091 2012/1/30 13:59 Page 202 #38

202 Isao Shimamura

states or the resonance processes asymptotically, although it may be coupled
with the resonance states in the inner region of the configuration space. Only
N eigenvalues of QSim(E) are nonzero, and they form a set of Lorentzian pro-
files {Lν(E)}Nν=1 avoiding each other at their crossing points, either strongly or
weakly, depending on the interactions between the resonances [68].

In the last two paragraphs, the number N of overlapping resonances has
been assumed implicitly not to exceed the number No of open channels.
If N > No, as in overlapping resonances in single-channel scattering dis-
cussed in Section 2.1.3, then the No eigenvalues of the Q matrix represent
as many as N Lorentzians. Hence, the sum of more than one Lorentzian
appears in one or more eigenvalues, which decreases the number of avoided
crossings. In this case, as in the case of N = No, there exists no non-
resonance Q-eigenchannel space and the resonances can decay into any
Q-eigenchannel.

Figure 4.9 provides a whole view of the Q-matrix eigenvalues {qi(E)}
and Tr Q(E), calculated for He(1P o) using the HSCC equations, in an energy
region between the thresholds of He+(n= 4) = −0.125 a.u. and He+(n= 5) =
−0.08 a.u. [69]. Some Lorentzian peaks stand out distinctly and no compli-
cated analysis appears to be necessary for them. On the other hand, many

−0.12 −0.112 −0.104

0.0

0.4

0.8

1

2

3

4

5
6

7
Tr Q

−0.092 −0.091 −0.090 −0.089 −0.088
0.0

3.0

6.0

Total energy (a.u.)

20
21

22 23 25
26

27 28

29
31

30
32

−0.100 −0.098 −0.096 −0.094 −0.092

0.0

1.0

2.0

9

10

12

13
14 16

18
19

q i
 (

10
4 

a.
u.

)

8

11 15 17

24

Figure 4.9 The eigenvalues {qi(E)} (black solid curves) of the time-delay matrix Q(E) for
He(1Po) and their sum, TrQ(E) (red broken curves), obtained from hyperspherical close-
coupling calculations and plotted against the total energy E. The resonance peaks are
numbered from the lower to higher energy positions. Most eigenvalues are too small to be
distinguishable from the base line qi(E) = 0. Figure from Ref. [69].
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cases of typical overlapping resonances including weak ones are also found.
The many, seemingly crossing curves in fact avoid crossing on a closer view
of accurate curves. The cross sections corresponding to these overlapping
resonances should be too complicated for fruitful resonance analysis.

Figure 4.10 pays particular attention to two narrow energy regions in
Figure 4.9 as examples. Rapid increase in the eigenphase sum δ(E) is
noticeable at two places in Figure 4.10a, suggesting two resonances. Another
resonance emerges in Tr Q(E) in Figure 4.10b, showing that the derivative
dδ/dE is a better probe of resonances than δ(E) itself. An even more sen-
sitive probe turns out to be the eigenvalues {qi(E)} in Figure 4.10b. Quite
obvious avoided crossings with weak avoidance or weak resonance interac-
tions are observed, which, if “diabatically” connected, reveal as many as five
Lorentzian profiles in this energy region. At least two of them (resonances
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Figure 4.10 Detailed analysis of two sets of overlapping resonances in He(1Po) shown in
Figure 4.9. Left: Resonances 28–32. Right: Resonances 24–26. (a), (d) Calculated eigenphase
sum δ(E) in units of π radians. (b), (e) The eigenvalues {qi(E)} (black solid curves) of the
calculated Q(E) matrix and their sum, TrQ(E) (= 2~dδ/dE) (red broken curve). (c), (f) The
Lorentzians Lν(E) representing the decomposed resonances (black solid curves), the back-
ground (BG: orange dotted curve), and their sum (Total: blue broken curve), obtained by
fitting Eq. (65) to the calculated TrQ(E) of (b), (e). Figure from Ref. [69].
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29 and 30) would have been missed without recourse to the Q-eigenvalues.
The detailed resonance structure in {qi(E)} having been uncovered, Eq. (65)
with five Lorentzians and a background of polynomial in E of a low degree
is then fitted to the calculated Tr Q(E) (red broken curve) of Figure 4.10b.
This fitting is extremely accurate with no appreciable deviation of the fitted
blue broken curve in Figure 4.10c from the red broken curve in Figure 4.10b.
Figure 4.10c includes all the five Lorentzian profiles obtained in this way,
which are effectively the diabatization of {qi(E)}.

Another case distinct from this is found in the range −0.0903 < E <
−0.0898 a.u. The eigenphase sum δ(E) in Figure 4.10d increases nearly by
3π in this energy range, suggesting the occurrence of three resonances.
However, an appreciable slope change in δ(E) occurs only twice, which
is indeed supported by Tr Q(E) in Figure 4.10e having only two peaks.
In fact, the largest eigenvalue in Figure 4.10e has a weak kink just below
E = −9.00×10−2 a.u. This kink, together with the broad peak in the next
largest eigenvalue, represents a strongly avoided crossing between two
resonances. Including another marked peak at lower energies, three reso-
nances are detected. Thus, a three-Lorentzian fit of Tr Q(E) is appropriate.
This leads to Figure 4.10f of diabatically decomposed resonances similar to
Figure 4.10c. Indeed, the strong interactions between resonances 25 and 26
are seen to generate the avoided crossing in {qi(E)} of Figure 4.10e around
E = −9.00× 10−2 a.u. The avoided crossings between resonance 24 and the
strongly interacting resonances 25/26 complicate the eigenvalue profiles.

To conclude, the careful inspection of the Q-matrix eigenvalues reveals
otherwise hidden resonances, determines the number of Lorentzian profiles
Lν(E) to be included in the formula (65) to be fitted to calculated Tr Q(E), and
suggests approximate values of the parameters Eν and 0ν for each Lν(E). This
fitting procedure breaks a group of overlapping resonances down into sepa-
rate diabatic components and provides a transparent understanding of how
they are superimposed into the whole group of resonances that brings about
very complex cross-section shapes.

3. RESONANCE ANALYSIS: INFORMATION FROM CHANNEL
POTENTIALS

Obviously, much information on the resonance dynamics should normally
be gained by close examination of the structure of the wavefunction in the
internal region of the configuration space. However, it is often possible also
to infer either the dominant roles or the secondary roles of the interaction
potentials in resonance processes without going into details of the wave-
function. The inspection of the potentials can often lead to transparent visual
understanding of the essential dynamics.
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The interaction potential is unambiguously specified in potential scatter-
ing problems. In multichannel scattering involving Np particles, the interac-
tion potentials may be different depending on the physical picture the theory
is based on. Let the coordinate variables of the constituent particles of the
system be denoted collectively by R = (r1, r2, . . . , rNp). In many theoretical
formulations, the wavefunction 9(R) of the whole system (separated from
the spin wavefunction, under the assumption of spin-independent interac-
tions) is expanded in terms of some complete set of basis functions {ψn(R̂)} as∑

n Fn(R)ψn(R̂). It is substituted into the Schrödinger equation, and coupled-
channel equations for the unknown functions {Fn(R)} are derived. Here, R is a
scalar variable defined by combining r1, r2, . . . , rNp in some way or other, and
plays the role of the reaction coordinate. All the other coordinates are collec-
tively represented by R̂, though not necessarily angular coordinates only. The
interaction potential in the coupled-channel equations in this representation
takes the form of a matrix, whose elements, Vnn′ , are not necessarily simple
multiplicative operators depending only on R. If they are, however, or if they
may be approximated as such, and if a few channels only are important or
if the off-diagonal potentials are weak, then we can often obtain significant
information about the resonance dynamics from the potential matrix without
detailed knowledge of the relevant wavefunction.

Section 3.1 discusses the cases where only the channels having a com-
mon asymptotic energy determine the dominant dynamics at large distances
R. There, a natural choice of R should be the ordinary distance between
the two fragments the whole system asymptotically separates into. Another
choice of R, appropriate for studying the dynamics in the whole region
0 ≤ R and especially powerful for three-body problems, is discussed in
Section 3.2.

Separation of the effects due to the long-range and short-range interactions
greatly advances the understanding of the dynamics prevailing in contin-
uum processes. Particularly useful general theoretical frameworks to this
effect have been the R-matrix theory [44, 70] and the multichannel quan-
tum defect theory (MQDT) [71, 72]. They have been applied successfully to
a wide variety of atomic and molecular systems, and the relevant material is
too rich to be covered in this article.

3.1. Long-range potentials

3.1.1. Infinite series of Feshbach resonances due to the Coulomb tail
If the collision system can separate asymptotically into a pair of charged par-
ticles of opposite signs, the attractive Coulomb tail of the interaction between
them supports an infinite number of bound Rydberg states in each closed
channel (with a threshold energy Eth). Its coupling with open channels, if
any, normally turns these bound states into an infinite series of quasi-bound



To protect the rights of the author(s) and publisher we inform you that this PDF is an uncorrected proof for internal business
use only by the author(s), editor(s), reviewer(s), Elsevier and typesetter diacriTech. It is not allowed to publish this proof online
or in print. This proof copy is the copyright property of the publisher and is confidential until formal publication.

AQC 08-ch04-165-246-9780123970091 2012/1/30 13:59 Page 206 #42

206 Isao Shimamura

Rydberg states, which are Feshbach resonance states. Their complex energies
En, for a fixed angular momentum and labeled by the principal quantum
number n, satisfy the Rydberg formula with a complex quantum defect
µn + iγn,

En = Er,n − i0n/2

= Eth − (n− [µn + iγn])−2

' Eth − (n− µn)
−2
+ 2iγn(n− µn)

−3 for γ 2
n � (n− µn)

2, (79)

in Rydberg units appropriate for the pair of charged particles in considera-
tion, here assumed to have a unit charge [71, 73–75].

When two or more series of quasi-bound Rydberg states interact, or cou-
ple each other, the resonance positions may be analyzed on the basis of
the MQDT [71, 72]. For treating the complex energies of the QBSs belong-
ing to these coupled series, a multichannel complex quantum defect theory
needs to be developed. Overlapping resonances occur frequently when this
series coupling occurs. Examples of such overlapping resonances are found
in Figure 4.9.

Photoionization of neutral atoms and molecules and electron–ion colli-
sions, for example, are rich in infinite Rydberg series of Feshbach resonances.
On the other hand, only a finite number of Feshbach (and possibly shape)
resonances occur in electron-neutral collisions and photodetachment of an
electron attached to a neutral species, with an exception of the following
cases.

3.1.2. Series of Feshbach resonances due to the dipole potential
Another type of interactions that can support an infinite number of bound
states has an attractive dipole potential ~2α/(2µR2) asymptotically. Here, α
is some constant, R is the distance between the centers of mass of the two
subsystems which the whole system separates into, and µ is their reduced
mass. Such an interaction occurs between a charged particle and a hydrogen-
like atom in an excited state [59, 60].

Consider a structureless charged particle interacting with a neutral
hydrogen-like atom in 2s or 2p state. For a total orbital angular momentum
L ≥ 1, there are three degenerate channels with the angular momentum of
the relative motion L, L± 1; for L = 0, there are only two. The dipole term,
behaving like ∝ R−2, in the multipole expansion of the interaction potential
couples the 2s channel with the 2p channels, differing by one unit of angular
momentum. Together with the diagonal centrifugal potential, the asymptotic
potential is described by a three-by-three matrix times R−2. This matrix can be
diagonalized by a unitary transformation of the three degenerate channels,
and thus, the coupled equations are changed into three decoupled equations
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with potentials behaving as ~2αi/(2µR2) (i = 1, 2, 3). This is the linear Stark
effect due to the first-order perturbation on the degenerate sublevels by the
electric field of the charged particle.

The coefficient αi may be positive, negative, or vanishing. Any dipole
potential with a coefficient α less than −1/4 (overcritical dipole) is known
to support an infinite number of bound states converging to the asymp-
totic energy, or the threshold energy Eth, of those degenerate channels [12].
These bound states turn into an infinite series of Feshbach resonances, called
“dipole resonances,” via coupling with open channels [60]. The resonance
parameters for the higher members, labeled by an integer ν, of an infinite
series are expressible as [60]

Er,ν = Eth − εν , εν = ε0 exp(−ζν),

0ν = 00 exp(−ζν), (80)

ζ = 4π (−1− 4α)−1/2,

where ζ is common to both the resonance positions and widths for each
series. In other words, the ratio of adjacent εν and 0ν are the same; εν+1/εν =

0ν′+1/0ν′ = e−ζ . Equation (80) can be inaccurate for the lower members.
The constants ε0 and 00 depend on the whole interaction including the
short-range potentials, and their determination requires a full scattering
calculation.

Simple analytic formulas for α for the decoupled 2s–2p channels are
derivable for any value of L and for any combination of the masses of
the point charge, m0, and of the two particles, m1 and m2, constituting the
hydrogen-like atom [76]:

α1 = (L− 1)L− x,

α2 = L(L+ 1),

α3 = (L+ 1)(L+ 2)+ x, (81)

x = [(2L+ 1)2
+ β2]1/2

− (2L+ 1),

where

β =
6µ0,12

µ12
, µ12 =

m1m2

m1 +m2
, µ0,12 =

m0(m1 +m2)

m0 +m1 +m2
. (82)

Here, all the three particles are assumed to have a unit charge. The value
of β is 6 for H− with an infinitely heavy nucleus and is 8 for Ps−. With the
values of α from these analytic formulas, and hence ζ , Eq. (80) played an
essential role in the analysis of the Feshbach series of resonances in muonic
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three-body systems [76]. Incidentally, channel 2 represented by α2 is inactive
asymptotically and is uncoupled with other channels even before the dipole
diagonalization. Its usual centrifugal potential remains intact by the unitary
transformation.

The dipole interaction couples higher sublevel channels too, for which
the order of the coefficient matrix on R−2 is larger than for the 2s–2p
channel coupling. Numerical values of α and/or ζ (or e−ζ ) for the decou-
pled higher sublevel channels are tabulated for some three-body systems
[44, 53, 66, 77–79].

Known values of ζ render Eq. (80), plotted semilogarithmically, quite
useful in grouping resonances into series, in clarifying which decoupled
channels they belong to, i.e., by which potential they are mainly supported,
and in extending the series to obtain the resonance positions and widths of
still uncalculated higher members, often more accurately than even elaborate
scattering calculations.

In fact, the relativistic effects and the radiative corrections split the non-
relativistically degenerate hydrogenic sublevels. At distances R where the
dipole potential is comparable to or weaker than the splitting 1E between
the nearly degenerate levels, i.e., at large R where 1E is no more negligible,
the attractive long-range potential decays more rapidly than R−2 and termi-
nates the dipole resonance series at some finite number ν(d)max [60]. In spite
of the spectroscopically very fine splittings, this series termination effect is
remarkable.

Assume that the probability density of a QBS is highest near the outer
turning point Rtp determined by the long-range potential Vasym(R). One may
estimate ν(d)max based on the rough criterion that a dipole resonance vanishes
if its binding energy (' |Vasym(Rtp)|) is less than the splitting 1E since this
would mean contradictorily that this “dipole resonance” must be supported
by Vasym(R) of shorter range than the dipole potential [78]. According to this
criterion, the mainly fine-structure splitting of ∼41µeV between the higher-
lying 2p3/2 and the lower-lying 2s1/2 levels of the hydrogen atom (2p1/2 lying
slightly below 2s1/2) terminates the 1S e dipole series at ν(d)max = 4, the 3S e series at
3, the 1P o series at 2, the 3P o series at 3, and there is only one dipole resonance
of symmetry 1D e [79]. The situation for the series below the n = 3 levels of
the H atom is similar; ν(d)max values of 2 to 7 are reported for S, P, D, F, and G
series [78, 79].

For more accurate estimation, complex-rotation calculations [80] and
coupled-channel calculations [81, 82] with the correct relativistic and radia-
tive splitting1E taken into account reveal that, for H− Feshbach series below
the H(n = 2) threshold, the number νmax of resonances for the 1S e series is 4
(and the same for the system e+H) [81], νmax = 3 for the 1P o series [80, 82], and
νmax = 4 for the 3P o series [82]. The relativistic effects also mix different LS
states. This affects the resonance positions only slightly, but the components
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other than the main one increases as the resonance level approaches the
series limit [80, 82]. For example, the fourth resonance of main symmetry 3P o

contains 17% of 1P o component, changing this QBS into an optically allowed
state [82].

The Lamb shift splits the 2s1/2 and 2p1/2 levels of the muonic hydrogen
µp and its isotopes µd and µt (p, d, t = proton, deuteron, triton) by as much
as ∼0.2 eV. For the resonance series of the muonic molecule dtµ with total
angular momentum L = 0 and 1 converging to the energy of tµ(n= 2), νmax is
estimated to be as large as 10 due to the mass effect. For the ddµ series with
L = 0 and 1 converging to dµ(n= 2), νmax = 5 for the ungerade series (in the
homonuclear molecular picture of this three-body system) and νmax = 9 to 10
for the gerade series [76].

The lesson we learn from these considerations is the need to understand
that elaborate nonrelativistic calculations of dipole-supported resonances
lying within 1E of the corresponding nonrelativistic threshold Eth are mere
model calculations that result in what are quite far from the actual physical
system.

The dipole potential is known to occur even in the asymptotic absence
of a charged particle. Thus, a series of dipole-supported bound states and
QBSs are possible for systems of three neutral particles. This phenomenon,
called the Efimov effect, will be discussed briefly in the last paragraph of
Section 3.2.2.

3.1.3. Near-threshold background due to the dipole potential
The asymptotic overcritical dipole potential also affects the threshold behav-
ior of the phase shift [60, 72, 83, 84]. Thus, the eigenphase sum includes a
term δ

dip
b (E) that diverges logarithmically toward the threshold Eth for these

sublevels, δdip
b (E) satisfying a formula

tan δdip
b (E) = −coth(ζ/16) tan{(ζ/16π) ln(E− Eth)+ χ} (83)

with an almost constant χ for E ' Eth. This formula is awkward in actual
applications to a fitting procedure. Since it reduces to a simple relation
δ

dip
b (E) ' −(ζ/16π) ln(E− Eth)− χ for large |α|, an expression

δb(E) = −c−1 ln(E− Eth)+ c0 + c1E+ c2E2, (84)

or even without the last term, was proposed and found to be convenient and
useful for practical purposes of resonance fitting just above a threshold that
produces an overcritical dipole potential [53]. A term inversely proportional
to E− Eth was used empirically in Ref. [85]. Compared to this form, Eq. (84)
indeed gave a numerically better fit [53]. As the energy departs farther
and farther from Eth, the logarithmic term becomes more and more slowly
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varying with the energy, thus making a simpler form δb(E) = c0 + c1E+ c2E2

accurate enough.
In terms of the time-delay matrix Q, Eq. (84) implies a convenient fitting

formula

Tr Q(E) =
~0

(E− Er)2 + (0/2)2
−

C−1

E− Eth
+ C1 + 2C2E (Ci = 2~ci) (85)

just above a threshold Eth associated with an overcritical dipole potential.
The term inversely proportional to E− Eth in Tr Q(E) can sometimes even
dominate over the Lorentzian term. The strong background overcoming a
resonance, illustrated in Section 2.2.6, is due to this term.

3.2. Hyperspherical picture

3.2.1. Hyperspherical coordinates
The natural choice of the reaction coordinate R, mentioned just before
Section 3.1, for describing the channels with the asymptotic arrangement
A+ B is the distance between the centers of mass of A and B. This defines
the conceptually simplest set of close-coupling equations. However, the cor-
responding potential matrix elements Vnn′(R) are difficult to interpret since
many channels are coupled to each other strongly in general. Thus, no
single potential is expected to predict the physics of the processes under
consideration.

An alternative would be the hyperspherical coordinate system, introduced
into the study of the ground-state helium by Gronwall [86], developed for
nuclear reactions by Delves [87, 88], adopted in molecular reactive colli-
sions by Smith [89], and initiated applications to two-electron excited QBSs
by Macek [90]. The hyperradius ρ and one of the hyperangles, the radial
hyperangle α, are defined by

ρ2
= r2

1 + r2
2, tanα = r2/r1 (86)

in terms of the radial coordinates of the two electrons [72, 90–92]. Note that
α is confined within the region 0≤α≤π/2 since both r1 and r2 are positive
or zero. Mathematically, Eq. (86) is a mere transformation of the rectangu-
lar coordinates (r1, r2) into the polar coordinates (ρ,α). Physically speaking,
however, the polar coordinates introduce a new concept, compared with
the independent electron coordinates, for describing efficiently the strong
electron–electron correlation in QBSs by treating the two electrons collec-
tively and on equal footing. The hyperradius ρ describes the size of the whole
system, whereas the radial hyperangle α describes the correlation between r1
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and r2, called the radial correlation. The angular coordinates (r̂1, r̂2) and the
angle α constitute the five-dimensional hyperangle �. The four-dimensional
space (r̂1, r̂2) may be represented by some other choice of angular coordi-
nates, one of which may be the angle θ12 between the vectors r1 and r2,
describing the angular correlation between the two electrons. The whole sys-
tem of coordinates R = (ρ,�) is referred to as the hyperspherical coordinate
system for two-electron atoms. Note that there is only one radial coordinate
extending to infinity, unlike the independent-electron coordinates, and all
the others are angular coordinates ranging over a finite coordinate space; the
limit R→∞ occurs for either r1 →∞ or r2 →∞, or both. This fact is quite
convenient conceptually, for theoretical argument, and also for practical
calculations.

A general three-body system ABC has three possible asymptotic arrange-
ment channels A+ BC, B+ CA, and C+AB (except for the three-body
breakup) if all the three pairs AB, BC, and CA have a bound state or states.
The corresponding sets of Jacobi coordinates are (see Figure 4.11) the dis-
tance vector rBC from C to B and that to A from the center of mass of
BC, RA-BC, and similar sets (rCA, RB-CA) and (rAB, RC-AB). The reduced masses
appropriate for the motion in rBC and in RA-BC are denoted by µBC and
µA-BC, and so on. The convenient choice of Jacobi coordinates changes from
the initial to the final channel in rearrangement collisions, and hence, the
treatment of the whole process inevitably contains more than one set of
Jacobi coordinates. This not only complicates the theoretical development
but also leads to a set of coupled integro-differential equations involving
nonlocal potentials, rather than coupled differential equations, making prac-
tical calculations much harder. The hyperspherical coordinates can cure this
difficulty.

A

rBC
1/2μBC

1/2μ

1/2

A-BC

ρ

αA-BC

μ

rBC

RA-BC

RA-BC
C

B

Figure 4.11 One of the three sets of Jacobi coordinates and the corresponding hyper-
spherical coordinates. For two-electron atoms with an infinitely heavy nucleus C, rBC = r2,
RA-BC = r1, and µBC = µA-BC = me, which is usually chosen for µ in Eq. (87).
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The hyperradius ρ is defined in terms of the Jacobi coordinates as
(Figure 4.11)

µρ2
= µBCr2

BC + µA-BCR2
A-BC

= µCAr2
CA + µB-CAR2

B-CA

= µABr2
AB + µC-ABR2

C-AB (87)

with an arbitrary normalizing mass µ, which merely scales ρ. The three dif-
ferent definitions turn out to give exactly the same ρ [93, 94]. This is an
outstanding feature of this hyperradius, indicating its suitability as a reac-
tion coordinate for describing the whole reaction process involving all the
arrangement channels by a single, common variable. It also follows that the
coupled equations to be derived have no integral operators, or no nonlocal
potentials. Unfortunately, the radial hyperangles (Figure 4.11)

tanαA-BC =
µ

1/2
BC rBC

µ
1/2
A-BCRA-BC

, etc., (88)

and the sets of the other four hyperangles (r̂BC, R̂A-BC), etc., differ depend-
ing on the choice of the Jacobi coordinates, although the whole sets
of five hyperangles �A-BC = (αA-BC, r̂BC, R̂A-BC), etc., span a common five-
dimensional angular space independent of the choice of the Jacobi coor-
dinates. For simplicity of notation, the subscripts indicating a particular
set of Jacobi coordinates will be henceforth replaced by the shorthand “c,”
for example, rc, Rc, αc, and �c.

Equation (87) is simplified for two-electron atoms; assuming particle C to
be an infinitely heavy nucleus, we have rBC = r2, RA-BC = r1, µBC = µA-BC =

me, me being the electron mass. For the positronium ion Ps−, the choice of
the positron to be particle C results in the quantities rBC = r2, RA-BC = r1 −

r2/2, µBC = me/2, and µA-BC = (2/3)me. Usually, the normalizing mass µ is
conveniently chosen to be me for these systems. This choice recovers Eq. (86)
for two-electron atoms.

3.2.2. Coupled-channel equations
By the transformation of the independent-particle coordinates into the
hyperspherical coordinates the Hamiltonian for the three-body system
changes into the form

H = −
~2

2µ

(
d2

dρ2
+

5
ρ

d
dρ

)
+Had(�c; ρ), (89)

separated into the dynamical term and the adiabatic term

Had(�c; ρ) =
~232

(�c)

2µρ2
+ VC(�c; ρ). (90)
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Here, VC is the sum of all the two-body interactions and 3(�c) is the angu-
lar momentum operator suitable for the five-dimensional angular space. The
latter is referred to as the grand angular momentum operator. It introduces
the centrifugal potential for the motion in ρ. It takes an explicit form

32
(�c) = −

1
ScCc

∂

∂αc

(
ScCc

∂

∂αc

)
+

l2
rc

Sc
+

l2
Rc

Cc

= −
∂2

∂α2
c

− 4 cot(2αc)
∂

∂αc
+

l2
rc

Sc
+

l2
Rc

Cc
(91)

with

Sc = sin2
αc, Cc = cos2αc, (92)

where l rc and lRc are the usual angular momentum operators for the motion
in rc and in Rc, respectively. They exert the centrifugal force on the motion in
rc and that in Rc separately, and in turn, on the motion in ρ through Eq. (87).
The differential operators in αc directly exerts the centrifugal force in ρ by the
angular motion in αc in the plane of Figure 4.11. This centrifugal force resists,
in particular, the simultaneous approach of rc and Rc to short distances, or the
simultaneous approach of the two electrons to the nucleus in two-electron
atoms.

Equation (91) is in fact identical for all choices of the set “c” of Jacobi coor-
dinates [93, 94]. The adiabatic Hamiltonian Had(�c; ρ) of Eq. (90) contains ρ
as a parameter, rather than a variable, and its eigenvalue equation

Had(�c; ρ)8n(�c; ρ) = Vn(ρ)8n(�c; ρ) (93)

defines the adiabatic hyperangular functions and the corresponding poten-
tials. The expansion

9(ρ,�c) =
∑

n

ρ−5/2Fn(ρ)8n(�c; ρ) (94)

of the whole three-body wavefunction 9(ρ,�c) in terms of the adiabatic
functions {8n(�c; ρ)} and its insertion into the Schrödinger equation leads
to second-order differential equations for {Fn(ρ)},(
−

~2

2µ
d2

dρ2
+ Vn(ρ)+

3
2

(
3
2 + 1

)
~2

2µρ2
− E

)
Fn(ρ)−

~2

2µ

∑
n′

Wnn′(ρ)Fn′(ρ) = 0,

(95)
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where the nonadiabatic coupling operators

Wnn′(ρ) = 2
(
8n

∣∣∣∣ d
dρ

∣∣∣∣8n′

)
�c

d
dρ
+

(
8n

∣∣∣∣ d2

dρ2

∣∣∣∣8n′

)
�c

(96)

stem from the differential operators in Eq. (89). These coupled equations are
referred to as the hyperspherical coupled-channel or close-coupling (HSCC)
equations.

The direct numerical solution of the HSCC equations (95) would be
impractical because of the sharply peaked nonadiabatic coupling potentials
near any of the many avoided crossings. This difficulty is often circumvented
by the diabatic-by-sector technique to solve, effectively, the coupled equa-
tions (95) [95, 96]. By this technique, the region of ρ up to some large value is
divided into many sectors, labeled by i. The adiabatic functions {8n(�c; ρ)}
at some fixed point ρ = ρi in each sector are employed throughout the sector
as the diabatic basis functions {φ(i)n (�c)} for expansion. The expansion then
takes a form 9 (i)(ρ,�c) =

∑
n ρ
−5/2F(i)n (ρ)φ

(i)
n (�c), and the coupled equations

in each sector i are(
−

~2

2µ
d2

dρ2
− E

)
F(i)n (ρ)+

∑
n′

V(i)
nn′(ρ)F

(i)
n′ (ρ) = 0 (97)

with the coupling potential matrix

V(i)
nn′(ρ) =

∫
d�c[φ(i)n (�c)]∗Had(�c; ρ)φ

(i)
n′ (�c). (98)

This coupling potential is smooth everywhere, which allows numerical cal-
culations with high precision. There is no nonadiabatic coupling since the
basis functions {φ(i)n (�c)} are independent of ρ in each sector. The solution
9 (i)(ρ,�c) is connected smoothly, in principle, from sector to sector by a
unitary frame transformation from the ith set of channels to the (i+ 1)st
set [97–99]. The coordinate system is transformed from the hyperspherical
to the Jacobi coordinates at some large ρ, beyond which the conventional
close-coupling equations are employed for determining the asymptotic form
of the wavefunction appropriate for the scattering boundary condition [100].

A recent numerical development is the introduction of the slow or smooth
variable discretization (SVD) technique [101–103]. In the diabatic-by-sector
method, the basis functions to expand the total wavefunction are fixed
within each sector. In the SVD method, the hyperangular basis functions
are constructed using the discrete variable representation (DVR) [104]. The
requirement is only that the total wavefunction be smooth in the adiabatic
parameter ρ. By expanding the hyperradial wavefunctions using DVR basis
functions, a new set of hyperangular basis functions are determined and they
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Figure 4.12 Photoionization spectrum of He(11 S) between the thresholds for He+(n= 4)
and He+(n= 6). Dots: Experiment [126]. Curve: Hyperspherical close-coupling calculations
convoluted with an experimental energy resolution of 6 meV and the background linear in
photon energy subtracted. This background is caused mostly by the decay of the electron
current in the storage ring. Figure from Ref. [51].

are used together to propagate the total wavefunction from one end of the
sector to the other. This technique was found to be quite efficient.

The HSCC equations have been solved for various Coulomb three-body
processes, such as photoionization and photodetachment of two-electron
systems and positronium negative ions [51, 105–111], electron or positron
collisions [52, 112–115], ion–atom collisions [116–119], and muon-involving
collision systems [103, 114, 120–125]. Figures 4.6, 4.7, 4.8, 4.9, and 4.10 are
all due to HSCC calculations. Figure 4.12 illustrates the good agreement
between the results of HSCC calculations [51] and the high-resolution pho-
toionization experiment on helium [126]. See Ref. [127] for further detailed
account of the comparison between the theory and experiment on QBSs of
helium up to the threshold of He+(n= 9).

It should be added that the hyperspherical coordinate method has been
extended in further different directions, such as reactive and nonreactive
molecular interactions [128–133], three- and four-electron systems [134–137],
three-boson systems [94, 138–143], and extension for four-body and even
larger systems [144–150]. In this regard, a remark on the so-called Efimov
effects [151–153] is due here.

When the constituent two-body interactions in a three-body system pro-
duce an s-wave scattering length a of much larger magnitude |a| than
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the characteristic range r0 of the two-body interactions, an attractive long-
range effective three-body interaction emerges irrespective of the detailed
forms of the two-body interactions. This effective interaction takes a form
of a dipole potential at hyperradii between r0 and |a| and can support
a number of weakly bound three-body states [151, 152] as well as QBSs
(Section 3.1.2), which may affect, for example, three-body recombination
processes in trapped ultracold gases, and hence, Bose–Einstein conden-
sates [94, 138–143]. The hyperspherical-coordinate approach has been essen-
tial in most of these theoretical developments for unraveling this intriguing
Efimov effects. The three-body Efimov resonance effects have indeed been
observed in recent experiments [154, 155]. This is currently quite an active
research field requiring detailed reviews [94, 143, 150].

3.2.3. Adiabatic potentials and adiabatic corrections
The results of HSCC calculations have proved much more rapid convergence
with the number of coupled channels than the conventional close-coupling
equations in terms of the independent-particle coordinates or the Jacobi
coordinates based on them. This is considered to be because of the particle–
particle correlations considerably taken into account already in the choice of
the hyperspherical coordinate system. The results suggest an approximate
adiabaticity with respect to the hyperradius ρ, even when the mass ratios
might appear to violate the conditions for the adiabaticity, for example, for
Ps− with three equal masses. Then, it makes sense to study an adiabatic
approximation with ρ adopted as the adiabatic parameter.

By neglecting the off-diagonal coupling potentials in the coupled equa-
tions [Eq. (95)], we obtain a single-channel approximation(

−
~2

2µ
d2

dρ2
+Un(ρ)− E

)
Fn(ρ) = 0 (99)

with

Un(ρ) = Vn(ρ)+
(15/4)~2

2µρ2
−

~2

2µ

(
8n

∣∣∣∣ d2

dρ2

∣∣∣∣8n

)
�c

(100)

since
(
8n

∣∣d/dρ
∣∣8n

)
�c
= 0. This is similar to the adiabatic approxima-

tion used for separating the electronic and nuclear motions of diatomic
molecules. A further approximation

Un(ρ) ' Vn(ρ)+
(15/4)~2

2µρ2
(101)

of neglecting the so-called adiabatic correction term, or the last term on
the right-hand side of Eq. (100), is also often discussed. This is similar to
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the Born–Oppenheimer approximation for diatomic molecules. In the liter-
ature of hyperspherical coordinate methods, both Un(ρ) with and without
the adiabatic correction term are referred to as the adiabatic hyperspherical
potentials, or simply, the hyperspherical potentials.

Let us recollect the linear Stark effect discussed in Section 3.1.2. The
asymptotic interaction between a charged particle A and an excited neu-
tral hydrogenic system BC has a decoupled dipole form ~2αi/(2µA-BCR2

A-BC)

for each channel i after unitary transformation to diagonalize the potential
matrix; here and in the following, no confusion of αi with the radial hyper-
angle should occur. The already diagonal hyperspherical potentials Un(ρ) of
Eq. (101), without the adiabatic correction term, represent all the interaction
potentials in the three-body system ABC exactly, and the coupling matrix
elements Wnn′(ρ) in coupled equations (95) are due only to the nonadiabatic
operators. Also, the distance µ1/2

A-BCRA-BC is equal to µ1/2ρ to the lowest order
for RA-BC � rBC, according to Eq. (87). Therefore, the adiabatic hyperspheri-
cal potentials Un(ρ) of Eq. (101) have an asymptotic form ~2αn/(2µρ2) with
exactly the same α values as the dipole potential in the Jacobi coordinates.
Then, the argument developed in Sections 3.1.2 and 3.1.3 applies equally well
to the asymptotic hyperspherical potentials.

The virtue of the hyperspherical potentials Un(ρ) is that they often pro-
vide correct qualitative information on the essential physics prevailing in
strongly correlated three-body systems not only in the asymptotic region
of ρ but also over the whole region, although the adiabatic picture is
numerically much less precise in general than the usual adiabatic poten-
tials for low-lying molecular electronic states. The early work by Macek [90]
already reveals the usefulness of the hyperspherical potentials on the physi-
cal grounds discussed there in detail. The predictions by the hyperspherical
potentials have been mostly corroborated by HSCC calculations, and the
latter have been interpreted clearly by the former, especially for resonance
processes.

Examples of the helium potentials Un(ρ) of Eq. (101) from Ref. [90] are
found in Figure 4.13; note the difference in the notation between this article
and Ref. [90]. In this figure, only the hyperangular states decomposing into
the channels e− +He+(n= 2) are shown. There are two curves for the Se states
and three for the Po states, all of which possess an attractive Coulomb tail.
All of these potentials support Rydberg series of bound states, which turn
into Feshbach resonance states owing to the coupling with the open channel
e− +He+(1s). Its adiabatic potential curve lies much lower than the energy
region of the figure. The lowest member of the Rydberg series supported
by each potential is indicated by a horizontal line. All adiabatic potentials
rise as ∝ ρ−2 at short hyperradii because of the centrifugal potential due
to the grand angular momentum. Their short-range and long-range behav-
iors differ from those of typical diatomic adiabatic potentials as functions
of the internuclear distance R, the latter being ∝ R−1 at short distances and
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Figure 4.13 Adiabatic hyperspherical potentials, Eq. (101), in a.u. without the adiabatic
correction term for He of symmetries 1,3Se and 1,3Po converging to the asymptotic limit
e− + He+(n= 2), plotted against the hyperradius R in a.u. Each potential supports an infi-
nite number of Rydberg states of Feshbach resonance, of which the lowest level is indicated
by a horizontal line. Figure from Ref. [90]. Note the difference in notation.

decaying much faster than the Coulomb potential as the molecule dissociates
into two neutral atoms.

One of the great advantages of the hyperspherical potentials is that they
can be classified in terms of the so-called correlation quantum numbers, a
new set of approximate quantum numbers suitable for specifying strongly
correlated dynamics. In terms of two-electron atoms, the quantum number
T may be understood to represent the projection of the total orbital angu-
lar momentum L onto the interelectronic axis. It satisfies the relation T ≤ L,
provided that T is a fairly good quantum number [72, 77, 92]. The quan-
tum number K is approximately equal to the expectation value of−r< cos θ12,
where r< is the radial coordinate of the inner electron [72, 77, 92]. Both T and
K represent the angular correlations. The radial correlation is described by
A, which takes a value 0 or ±1 and is usually specified by a superscript 0
or ± [72, 92, 156]. A = 1 if the wavefunction of the radial hyperangle α is
nearly symmetric around α ' π/4, i.e., around r1 ' r2, and A = −1 if nearly
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antisymmetric. In other words, A = −1 if the wavefunction has a node near
α = π/4, and A = 1 if it has an antinodal structure. Otherwise, A = 0.

The profound implication of and the insight given by this classification
scheme is fully described in the literature [72, 92, 93]. This article avoids too
brief a summary of this knowledge and concentrates on the other aspects of
the theory.

3.2.4. Feshbach versus shape resonances in the hyperspherical picture
We examine Figure 4.14, left figure, for adiabatic hyperspherical potentials
(full curves: without the adiabatic correction term) for H−(1P o) converging
to the asymptotic limit e− +H(n= 2). An avoided crossing between the two
lowest curves is clearly observed. In fact, the corresponding He(1P o) poten-
tials in Figure 4.13 also have an avoided crossing, which appears as if it
were a real crossing in the small figure. In these weak-avoidance cases, the
resonances are better described by diabatically connected potentials than
by the adiabatic potentials. Indeed, the physical characters, including the
correlation quantum numbers, of each hyperangular state of H− shown in
Figure 4.14 changes smoothly with ρ along the diabatic potential, as shown
by Lin [157, 158], although the exact definition of his “diabatic” potential is
unclear.
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Figure 4.14 The effect of the adiabatic correction. Left: Hyperspherical potentials, Eq. (101),
without the adiabatic correction term (full curves) for H−(1Po) converging to the asymptotic
limit e− + H(n= 2). The lowest asymptotic potential supports an infinite series of dipole
Feshbach resonances, of which only the lowest level is indicated by the longer horizon-
tal line. The asymptotically second lowest potential supports a shape resonance (indicated
by the shorter horizontal line) confined within the potential barrier, which is high enough
if the adiabatic correction is introduced (broken curve). Diabatically connected potentials
(not shown) describe the resonances better than the adiabatic potentials. Right: The hyper-
spherical potential with (broken curve) and without (full curve) the adiabatic correction
term for Ps−(3Pe) converging to the asymptotic limit e− + Ps(n= 2). The adiabatic correc-
tion introduces a high potential barrier, creating a shape resonance indicated by a straight
line. Calculations and figures: courtesy A. Igarashi.
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According to Eq. (81) with β = 6, the three α values for H−(1P o) in
Figure 4.14 are −3.708, 2.000, and 9.708. Thus, the asymptotically lowest
hyperspherical potential supports an infinite series of Feshbach resonances
in the nonrelativistic approximation, although only three lowest members
remain as resonances after corrections for the relativistic and radiative
effects [80, 82], as was mentioned in Section 3.1.2. Only the lowest member
is indicated in the figure by a horizontal line. This resonance is supported
by the diabatic potential with A = −1 connecting from the lowest curve for
large ρ to the middle curve for small ρ.

The second lowest asymptotic potential is inactive and the dipole potential
is actually a mere centrifugal potential. As a diabatic potential with A = +1,
however, it is strongly attractive at small ρ. Inside the high enough poten-
tial barrier introduced by the adiabatic correction term (see broken curve)
at large ρ, this attractive potential supports a QBS (indicated by the shorter
horizontal line) lying at an energy above the asymptotic limit e− +H(n= 2).
This is a typical shape resonance in the hyperspherical picture. In this way,
the hyperspherical potentials provide a transparent visual understanding
of the shape versus Feshbach resonances [157, 158]. In fact, the adiabatic
correction term is strongly peaked at the ρ values near the avoided cross-
ing, although the region of this peak is excluded from the broken curve in
Figure 4.14 (courtesy A. Igarashi). This suggests that unambiguous under-
standing of this shape resonance is gained by taking account of the channel
coupling.

This shape resonance observed clearly in photodetachment spectra of
H− [159, 160] used to be called the 2s2p shape resonance, although it lies
above the limit energy of 2s∞p. The orbital of the outer electron in H− is
quite different from Rydberg orbitals. Therefore, a careless analogy with the
Rydberg states in helium can easily lead to misunderstanding.

Hyperspherical potentials are useful in studying similar three-body sys-
tems by changing the charges or the masses of the constituent particles. Thus,
Chen and Lin compared hyperspherical potentials for systems consisting of
two identical singly charged particles (with a mass m) and a third particle
(with a mass M) having an opposite unit charge, for various values of the
mass ratio λ=m/M [156]. For example, in the second bound state of H− (i.e.,
λ→ 0), namely, H−(2p2 3P e), the outer electron is weakly bound to H(n= 2)
(by only 9.7 meV) and is parity forbidden to escape into the energywise open
channel e−(l= 1)+H(1s). The closed channel e−(l= 1)+H(2s) is also parity
forbidden. Hence, there is only one hyperspherical potential approaching
the threshold H(n= 2), and no dipole coupling occurs. The hyperspherical
potential supporting the state H−(2p2 3P e) has too weak a potential barrier to
support a shape resonance. However, for λ= 1, i.e., for Ps− the correspond-
ing hyperspherical potential, if the adiabatic correction term is added, has a
significant potential barrier, as is found in the right figure of Figure 4.14; see
the broken curve. Thus, the level Ps−(2p2 3P e) is pushed up compared with
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the excited bound state of H−, and lies above the energy of Ps(n= 2), turn-
ing into a shape resonance in agreement with the calculations in, e.g., Refs.
[161, 162]. Detailed calculations prove that this 3P e state is unbound and is a
shape resonance for 0.3 < λ < 17.0 [163].

A similar phenomenon is found also near higher thresholds. The shape
resonances of Ps−(1S e, 1D e), shown in Figure 4.6 to lie just above the thresh-
old Eth(n= 3) of Ps(n= 3), are lowered across this threshold as λ decreases,
and they turn into Feshbach resonances for H−(1S e, 1D e) [53]. Such change
of shape resonances in Ps− into Feshbach resonances in H− is found also
at higher thresholds Eth(n= 4, 5, 6) [164]. A continuous change in λ is consid-
ered to change the large-amplitude part of the QBS wavefunction slowly and
smoothly as the resonance position shifts across a threshold, i.e., as the shape
resonance suddenly turns into a Feshbach resonance. The criterion for classi-
fying resonances into these two categories is an asymptotic threshold energy,
which is almost irrelevant to the main part of the QBS wavefunction. Thus,
this classification is physically not too essential, unless the main part of the
wavefunction is supported by the long-range tail of the interaction potential.

The hyperspherical potentials in Figures 4.13 and 4.14 look simple. Reso-
nances appear to be easily attributable to an adiabatic or a diabatic potential.
In comparison to these potentials, Figure 4.15 for the higher-lying adia-
batic potentials of He(1P o) is quite complex because of a large number of
curves presenting many avoided crossings. There are 2n− 1 potentials con-
verging to each asymptotic limit e− +He+(n). Every one of these potentials
supports an infinite Rydberg series of Feshbach resonances. Therefore, many
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Figure 4.15 Hyperspherical potentials without the adiabatic correction term for He(1Po)
converging to the asymptotic limits e− + He+(n= 4, 5, 6). Each potential supports an infinite
Rydberg series of Feshbach resonances. Some of them exhibit typical cases of inter-series
overlapping resonances illustrated in Figures 4.9 and 4.10. Figure from Ref. [69].
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overlapping resonances are readily expected from this figure. Indeed, the
results already shown in Figures 4.9 and 4.10 are due to these potentials.

3.2.5. Diabatic potentials in rearrangement collisions
The three-body systems discussed so far contain two identical particles.
Another system of interest, e+He+, contains three different particles and can
decay into two different arrangement channels

Ps(n)+He2+
←− e+He+ −→ e+ +He+(n′), (102)

giving the possibility of rearrangement collisions. The hyperspherical poten-
tials of symmetries e+He+(P e, D o) converging to the thresholds Ps(n= 2, 3)
and He+(n′= 5 – 8) are shown in Figure 4.16 as full curves [66]. The arrange-
ment e+ +He+ has a repulsive Coulomb interaction asymptotically, whereas
the asymptotic potentials behave as ∼±ρ−2 for the arrangement Ps+He2+.
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Figure 4.16 Hyperspherical potentials without the adiabatic correction term (full curves)
for systems of unnatural parity e+He+(Pe) (left) and e+He+(Do) (right) converging to the
asymptotic limits e+ + He+(n= 5 – 8) and He2+

+ Ps(n= 2, 3). The diabatic broken curves
are for the He2+

+ Ps configurations only; see text. The vertical positions of the symbols
He+(n) and Ps(n) on the right roughly indicate the asymptotic threshold energies. The calcu-
lated resonance levels are shown by horizontal bars, some of which are unexpected from the
adiabatic potentials. Adapted from Ref. [66].
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This difference in the slope of curves introduces many avoided crossings
between potentials representing different asymptotic arrangements. These
avoided crossings are of a kind absent in He, H−, or Ps−.

The symmetries P e and D o of the particular examples in Figure 4.16 are
of unnatural parity π = (−1)L+1. For this class of parity, a positron–electron
pair of vanishing angular momentum is forbidden. This makes the pair anni-
hilation rate in this three-body system extremely low since the expectation
value of the delta function of the positron–electron distance vanishes. Also,
the only channel approaching Ps(n= 2)+He2+, namely, the Ps(2p) channel,
is asymptotically repulsive and no dipole Feshbach resonance series exists
below this threshold. Below the Ps(n= 3) threshold, however, the dipole cou-
pling between the Ps(3p) and Ps(3d) channels produces an infinite series of
Feshbach resonances described by Eq. (80). The parameter ζ in Eq. (80) is
found by diagonalization of these two asymptotic channels to be 0.7633 for Pe

and 0.7862 for Do. This may be confirmed by detailed HSCC calculations, fol-
lowed by the analysis of the time-delay matrix eigenvalues, yielding accurate
resonance parameters [66].

The obtained resonance levels are shown in Figure 4.16 by horizontal bars.
We first pay attention to the three resonances lying just below the thresh-
old Ps(n= 3), for each symmetry. The positions Er,ν =Eth− εν and widths 0ν
(ν= 1, 2, 3) of these resonances are plotted semilogarithmically in Figure 4.17.
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Figure 4.17 Semilogarithmic plot of the positions Er,ν = Eth − εν and widths 0ν of (a)
the three e+He+(Pe) and (b) the three e+He+(Do) resonances lying below the Ps(n = 3)
threshold Eth = −0.027778 and above the lower thresholds (open circles and triangles). The
straight lines have known slopes of 0.763 (for Pe) and 0.786 (for Do). Their vertical positions
are adjusted to reproduce the two highest members of the resonance series. Some lower-
lying resonances are also included (solid circles and triangles) and discussed in the text. Figure
from Ref. [66].
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Straight lines are drawn with the slopes ζ known from the channel diago-
nalization. The vertical positions of these lines are chosen to reproduce the
members ν= 2, 3 well. The HSCC resonances are seen to satisfy Eq. (80)
quite well with the known ζ common to both Er,ν and 0ν . This proves
clearly that, for both Pe and Do symmetries, the three resonances belong to
a common infinite series of dipole resonances converging to the threshold
Ps(n= 3). Indeed, Figure 4.16 suggests that the lowest of the potentials with
an asymptotic limit Ps(n= 3)+He2+ (henceforth denoted by Udip(ρ)), show-
ing a minimum, supports these resonances. The width 01 for e+He+(Do) is
a little off the straight line, presumably due to the effects of the avoided
crossing of Udip(ρ) with lower potentials.

Frequently, more than one series of dipole resonances converges to a
common series limit. Then, the resonance energies might appear quite irreg-
ular. Nevertheless, the resonances can be often classified unambiguously
into different series by referring to the value of ζ for each series and by
using a semilogarithmic plot similar to Figure 4.17, unless the coupling
between series complicates the energy spectrum too much. Such a proce-
dure is applied successfully in Ref. [66] to the double series in e+H(Pe) and in
e+H(Do), converging to the energy of H(n= 5).

The next resonance in Figure 4.16 to discuss in detail lies right in the
middle of the three-potential avoided crossing. The e+He+(Pe) resonance
at −0.03423 a.u. in Figure 4.16, left upper figure, is located just in between
the minimum of an upper potential and the maximum of the next highest
potential. No adiabatic potential is seen to support this resonance. Therefore,
it must be supported by a diabatically connected potential, i.e., by an exten-
sion of the attractive part of Udip(ρ) further down. If so, this resonance may
be regarded as another member of the infinite series of dipole resonances
already discussed above. This interpretation is corroborated by indicating
the energy position and width of this resonance in Figure 4.17, left figure, by
a solid circle and a solid triangle to the left of ε1 and 01. Indeed, the resonance
energy lies close to the straight line, suggesting its membership of the same
series. The width is off the straight line, which is understandable since the
width is very sensitive to the coupling with other channels, in general.

A similar resonance occurs for e+He+(Do) at −0.03396 a.u. in Figure 4.16,
right upper figure, which is also plotted in Figure 4.17, right figure, by a solid
circle and a solid triangle to the left of ε1 and 01. Both the energy position and
the width are seen to suggest that this resonance belongs to the same series
as (εν ,0ν) (ν = 1, 2, 3).

A means to extrapolate the attractive part of Udip(ρ) is to remove from
the adiabatic potentials the contributions from the arrangement e+ +He+.
This may be effected by constructing the basis functions for the adiabatic
hyperangular states in Eq. (93) in terms only of the Jacobi coordinates for
the arrangement Ps+He2+. The two lowest potential curves (henceforth
denoted by V2(ρ) and V3(ρ)) obtained in this way are included in Figure 4.16
as red broken curves. The curve approaching Ps(n= 3), i.e., V3(ρ), can be
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regarded as supporting all the four resonances discussed so far for both
symmetries.

Furthermore, even three more lower-lying resonances at −0.0438 a.u.,
−0.0640 a.u., and−0.0833 a.u. (outside of the energy region of Figure 4.16) for
Pe and−0.04346 a.u.,−0.063 a.u., and−0.0790 a.u. (outside of Figure 4.16) for
Do, all lying far from the already discussed four resonances, also appear to
be supported by the same diabatic potential V3(ρ) and to belong to the same
Feshbach series. These energy values, included in Figure 4.17, indeed exhibit
near linearity, although the widths are far from the straight line because of
the much stronger effects of coupling with other channels on the widths than
on the resonance energies.

One of the e+He+(Pe) resonances lies at −0.0640 a.u., near the crossing
point of the two diabatic broken curves in Figure 4.16, left figure. In fact, this
is one of the two overlapping resonances discussed in relation to Figure 4.8.
A very broad (0= 1.4×10−2 a.u.) low-lying member of the dipole series sup-
ported by V3(ρ) happens to be centered near a narrow (0= 4.7×10−4 a.u.)
independent Feshbach resonance supported by V2(ρ). Similar pair of broad
and narrow overlapping resonances supported by V3(ρ) and V2(ρ) occurs
also for e+He+(Do); see Figure 4.16, right figure.

All in all, adiabatic and diabatic hyperspherical potentials have proved
to be quite useful in detailed interpretation of the resonance information
obtained by the time-delay analysis of the scattering parameters calculated
accurately from the HSCC equations.

4. THRESHOLD BEHAVIOR OF THE FORMATION OF A
QUASI-BOUND STATE

Pair annihilation of a positron e+ and an electron e− by γ -ray emission was
briefly explained in Section 1.3. There, the hydrogen-like system e+e−, or
positronium Ps, was described quantum mechanically as a QBS having a
finite lifetime τ because of an absorption potential−iVabs. This potential also
causes positron flux loss, or positron absorption, in collisions with atoms.

The energy of a QBS has an ambiguity. This introduces an ambiguity in
the threshold energy for the formation of a QBS, for example, positronium.
Then, the cross section for the formation of positronium near the threshold
is considered to violate the threshold law normally ascribed to Wigner [33].
This section discusses an alternative threshold law due to Baz’ [165], which
appears to be seldom cited in the literature. This is a general theory appli-
cable to any kind of QBSs. It will be shown here to be able to describe
both positronium formation and positron absorption collectively by a sin-
gle threshold formula. For its numerical corroboration, accurate calculations
are carried out by properly incorporating an imaginary absorption potential
into the Schrödinger equation. This also solves the unphysical divergence
difficulty of the conventional treatment of positron absorption.
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4.1. Threshold law with an ambiguous threshold energy

Consider an endothermic reaction A+ B→ C+D, or an excitation process
if C and D are the same as A and B, with a threshold energy Eth > 0. Suppose
that the interaction between C and D is of short range. Let the lowest possible
angular momentum of the relative C-D motion be L. Then, the dominant
term in the reaction or excitation cross section σ(E) at energies E near and
above the threshold Eth is

σ(E) = cL(E− Eth)
L+1/2 (103)

with cL a constant depending on the process. Combined with the principle
of detailed balance [12], this formula also expresses a threshold behavior
∝ (E−Eth)

L−1/2 for the reverse exothermic or deexcitation process. Equation
(103) is often referred to as the Wigner threshold law. In fact, it had been
widely known before the publication of Wigner [33] concerning the general
theory of the effects of long-range potentials on the threshold laws; see foot-
note 1 of Ref. [33]. The cross section for a channel that is open even below
the threshold Eth of another channel can exhibit a cusp shape, either peak
or dip, at this threshold Eth. This was pointed out by Wigner [33] and was
discussed in detail by Baz’ [166]; see also Ref. [12]. Reference [167] reviews
various threshold laws.

Our interest in this section is in the case where the particle D is formed in
a QBS and decays subsequently into Da +Db, for example, in a finite lifetime
τ . Then, the threshold energy Eth has an uncertainty 0= ~/τ . The threshold
law (103) must be “blurred” in some sense and is considered to break down
for E− Eth comparable to or lower than 0.

Baz’ [165] treats the wavefunction for the particle D as a resonance state in
the continuum Da +Db and derives a cross-section formula

σL(E) ' CL Re[{0(ε + i)}L+1/2]+ C ′L (104)

for the new channel C+D with a relative angular momentum L, at energies
close to and both above and below the threshold energy Eth for the opening
of this channel. Here, the reduced energy ε= (E−Eth)/(0/2) has essentially
the same significance as the definition in Eq. (16) with respect to a resonance
position. Both CL and C ′L may be regarded as constants independent of E in
a small region of E around the threshold. In fact, the particle D need not
disintegrate into two fragments after its lifetime. The threshold law (104)
remains valid for any kind of decay mode of D.

For L= 0, Eq. (104) reduces to

σ0(E) ' C0(0/2)1/2
{(ε2
+ 1)1/2

+ ε}1/2 + C ′0
= C0(0/2)1/2

{(ε2
+ 1)1/2

− ε}−1/2
+ C ′0.

(105)
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The physical meaning of this energy dependence will become clear later in
the consideration around Eq. (125). Far from the threshold, Eq. (105) takes
a form

σ0(E) ' C0(0ε)
1/2 for ε � 1,

σ0(E) ' C0(0/|ε|)
1/2/2 for ε � − 1

(106)

to the extent that the constant C′0 is negligible. The first of these equations
reproduces the Wigner threshold law (103) for L= 0. The knowledge of
the large cross section for ε � 1 above threshold immediately provides the
small cross section for ε � −1 below threshold, which may be too small to
measure. The same can be said for Eq. (104) for a general L.

Far above the threshold, the uncertainty 0 in the threshold energy is negli-
gible, and the imaginary part in the square brackets in Eq. (104) is practically
absent. Thus, the Baz’ threshold law reduces to the Wigner law for ε � 1 also
for a general L. If the threshold energy has no ambiguity, Eq. (104) vanishes
for E<Eth, as it should, since the quantity inside the square brackets is pure
imaginary, then.

Baz’ [165] also derives a formula for elastic scattering at wave number k
and energy E near Eth. For the s wave, the S matrix takes a form

S0(E) ' e2iη0 [1− C0(k2/2π){0(ε + i)}1/2], (107)

where η0 may be regarded as a constant in the energy region of the applica-
bility of this formula. For 0→ 0, i.e., in the limit of a stable-state formation
threshold, the quantity in the braces tends to 0ε= 2(E−Eth), and Eq. (107)
reduces to the usual elastic scattering formula near the threshold of opening
of a new channel [12, 166]. When a cusp appears in the elastic cross section
at E=Eth for 0= 0, the introduction of nonzero 0 rounds off or smooths out
the sharp cusp to some extent, more so for larger 0 [165].

4.2. Absorption potential for pair annihilation

The phenomenon of pair annihilation depends on the spin state of the e+–e−

pair. Two γ -ray photons are emitted in opposite directions if it is a singlet
pair (S= 0), and three γ rays are emitted in directions on a common plane if
it is triplet (S= 1). The absorption potential appropriate for the singlet and
the triplet annihilation in the absence of any other particles is [9, 10]

1,3H′ = −i(1,3Vabs)

= −i(~cr2
0)(

1,3C) αSδ(r)

= −i(e2/aB)(
1,3C) αS+3δ(r) (108)
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in the lowest-order approximation, if the relative electron–positron motion,
i.e., the motion in the e+–e− distance vector r, is much slower than the light
velocity c in vacuum. Here,

1C = 2π and 3C = 8(π 2
− 9)/9, (109)

α (= 7.297×10−3) is the fine-structure constant, aB is the Bohr radius, and
r0 (= e2/mec2

= 2.818×10−13 cm) is the classical electron radius. The factor
αS+3 in the last equality shows that 1,3H′ is much weaker than the Coulomb
potentials. The 3-γ annihilation is slower than the 2-γ annihilation by a factor

β31 ≡ α

( 3C
1C

)
=

4α(π 2
− 9)

9π

= 0.898× 10−3
= (1.114× 103)−1. (110)

The first-order correction on the nonrelativistic energy −6.8 eV/n2 of the
positronium Ps(ns 1,3S) in an s state with a wavefunction ψ(ns 1,3S) is [9, 10]

E(1)
= (ψ(ns 1,3S)|1,3H′|ψ(ns 1,3S)) ≡ −i0(ns 1,3S)/2. (111)

The values of 0 for positronium defined by Eq. (111) are calculated to be

0(ns 1S) = cr2
0/2n3

= 5.29× 10−6n−3 eV,

0(ns 3S) = β310(ns 1S) = 4.75× 10−9n−3 eV,
(112)

from which the lifetimes τ = ~/0 follow as

τ(ns 1S) = 1.245× 10−10n3 s,

τ(ns 3S) = 1.39× 10−7n3 s.
(113)

The uncertainties (112) for n= 1 may be compared with the hyperfine
splitting 0.841 meV between the para-positronium Ps(1s 1S) and ortho-
positronium Ps(1s 3S) in the ground state [168, 169], which will be referred
to in the next subsection.

4.3. Collisional positron absorption

4.3.1. Positron–atom collision processes
Recent progress in the study of positron scattering and positron annihila-
tion processes is reviewed in Refs. [11, 170–172]. Experimentally, the positron
sources from radioisotopes and from electron accelerators are quite weak
and have a broad spectrum of energies as compared with electron sources,
making precise measurements of positron collision processes extremely diffi-
cult. Such measurements, however, have become possible recently due to the
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developments in efficient positron accumulators to trap and cool positron
plasmas, which are used, in turn, to create beams with as narrow energy
spreads as ∼20 meV[170, 172].

Possible final channels in positron collisions with atoms A are

e+ +A→ A+ e+, A+ + e− + e+ (direct process),

→ A+ + Ps(nl)→ A+ + n′hν (Ps formation), (114)

→ A+ + n′hν (pair annihilation).

Measured direct processes include elastic scattering, electronic and, for the
molecular target, vibrational excitation, and ionization, as well as the total
cross section. Some cross sections are measured differentially in the scatter-
ing angle or in the kinetic energy of the emitted electrons. Doubly and even
triply differential ionization cross sections are reported.

The positronium formation process is allowed if the energy of the incident
positron exceeds the ionization potential of atom A less the binding energy
6.8n−2 eV of Ps(nl) with a slight uncertainty 0 in the threshold energy. For
some systems, it is exothermic and positronium can be formed for any inci-
dent positron energy. The Ps formation eventually ends up with a channel
that is indistinguishable from a pair annihilation channel [15, 16, 173, 174].
These two kinds of processes lead to the same final channel either directly or
indirectly via an intermediate resonance state, Ps. The direct annihilation has
a much lower rate than the Ps formation. Thus, by neglecting the former, the
Ps formation cross section is determined by measuring the rate of positron
loss in collision.

Annihilation at positron energies below the threshold for Ps formation,
which used to be measured for a variety of high-density gases, can now
be measured by introducing low-pressure gas in the presence of a cloud
of trapped positrons, thus avoiding the density-dependent effects. It has
become possible even to use a positron beam to determine the annihilation
cross section as a function of the positron energy.

4.3.2. Indistinguishable positronium formation and positron absorption
Theoretically, the direct and indirect routes to the same final pair annihila-
tion channel interfere with each other in general. Conventionally, however,
they have been distinguished as completely different processes, one as a rear-
rangement collision due only to the Coulomb Hamiltonian, and the other as
pair annihilation during the collision. This is based on the observation of two
extremely different time scales; the lifetime 10−10n3 s or longer of Ps(ns) and
the time less than 10−16 s of the passage of a positron with a kinetic energy
of 1 eV or higher for a distance of 1 a.u. A positronium is quite stable during
the collision and begins to annihilate long after the collision is over.

On the other hand, Ps formation is a good theoretical atomic physics exam-
ple of the processes that Baz’ considered, although the original objective of
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the Baz’ threshold law was applications to nuclear reactions. The theory does
not depend on the particular type of decay mechanism. Annihilation is cer-
tainly one of the decay modes covered by this theory. Thus, the second and
third processes in Eq. (114), namely, Ps formation and pair annihilation, or
positron absorption, should be described collectively by the threshold-law
formula (104).

Then, according to the statement below Eq. (106), the absorption cross
section below the Ps formation threshold Eth and within the energy range
of applicability of the Baz’ law is derivable from the knowledge of the Ps
formation cross section above Eth, in spite of the fact that these two cross
sections are conventionally obtained completely independently. The absorp-
tion cross section below Eth must smoothly connect to the Ps formation cross
section above Eth according to a single known formula (104).

Nevertheless, the conventional absorption cross section is known to
diverge as the collision energy approaches Eth from below [18, 19]. On the
other hand, the conventional Ps formation cross section starts from zero at
Eth and grows rapidly as the positron energy increases. These unphysical
results stem from the complete neglect of the uncertainty in the threshold
energy Eth. They should be remedied by a proper account of the width of the
Ps energy due to the absorption potential in the Schrödinger equation. Fur-
thermore, the sharp dip cusp in the elastic positron–hydrogen scattering at
Eth found in Ref. [175] would have been rounded off if the uncertainty in the
Ps energy were properly taken into account, although this change should be
too slight to be discernible in the relevant figure in Ref. [175].

These theoretical expectations will be confirmed by accurate calculations
in the following. Naturally, it turns out that most of the interesting effects of
the uncertainty 0 in the threshold energy are observable only in the energy
region of the transition from positron absorption to Ps formation, i.e., in
an extremely narrow region of the order of several 0, which is inaccessible
by experiment. This is to be easily expected also from the much longer Ps
lifetime than the typical collision time. Nonetheless, these actually unmea-
surable effects on the collisional pair annihilation are theoretically accessible
and play the role of a good prototype of more general processes exhibiting a
typical threshold behavior for the formation of a QBS of any level width 0.
Careful examination of accurately calculable examples would be valuable for
the purpose of generalizing the physical understanding for cases of larger 0.
Finally, it should be noted that the Baz’ formula (104) is applicable in a much
broader energy region than the transition region and that the known relation
between the cross sections for positron absorption below the threshold and
Ps formation above the threshold is valuable.

4.3.3. Physical interpretation of the divergent and smooth threshold laws
A proper quantum mechanical means to allow for the uncertainty in the
Ps formation threshold in a positron scattering problem is to introduce the
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absorption potential −i(1,3Vabs) of Section 4.2 into the Schrödinger equa-
tion. For simplicity of description, we will discuss singlet or triplet positron
scattering by the hydrogen atom H(1s) at energies below the threshold for
excitation of H(n= 2). The positron flux loss due to −i(1,3Vabs), which is
the incident positron velocity v times the absorption cross section 1,3σabs, is
calculable by [13]

v(1,3σabs) = (2/~)(1,39|1,3Vabs|
1,39) (115)

if the wavefunction 1,39 of the total system is normalized to the unit flux of
incident wave and satisfies the wave equation

[1,3H − E ] 1,39 = [HC − i(1,3Vabs)− E ] 1,39 = 0. (116)

Here, HC is the Coulomb-three-body Hamiltonian like Eq. (3), and E is a real-
valued energy of the whole system, i.e., the sum of the collision energy and
the energy of the target state before collision. For spin-unpolarized positron
and atomic beams, the total annihilation cross section is calculated by the
statistically weighted average

σ tot
abs = (

1σabs + 3 3σabs)/4. (117)

The absorption potential −i(1,3Vabs) is quite weak compared with the
Coulomb potential, as is noted below Eq. (109). Therefore, 1,39 in Eq. (115)
can normally be replaced by the solution 8 of the spin-independent
Coulomb Schrödinger equation

[HC − E ]8 = 0 (118)

for the same real-valued energy E, so that we have

1,3σabs '
1,3σ

(0)
abs ≡

2
v~
(8|1,3Vabs|8) =

2
v~

(
e2

aB

)
(1,3C) αS+3(8|δ(r)|8), (119)

except in the very vicinity of a Ps formation threshold (in accordance with the
argument in Section 4.1). This is the well-established method of calculating
the annihilation rate [11, 17], as applied to positron collisions with hydrogen
atoms, e+ +H.

The absorption cross section 1,3σabs of Eq. (115) contains both Ps for-
mation and direct collisional absorption. The uncertainty in the threshold
energy is negligible for |ε| � 1, which means that the absorption potential
is negligible there. Therefore, 1,3σabs for ε�− 1 is safely approximated by
the conventional absorption cross section 1,3σ

(0)
abs of Eq. (119). Furthermore,
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1,3σabs for ε � 1 is practically the same as the conventional Ps formation
cross section σ (0)Ps from the Coulomb three-body treatment. There is no dif-
ference between the singlet and triplet collisions in the Coulomb three-body
treatment, so that we have

1σabs(E) = 3σabs(E) = σ
(0)
Ps (E) for ε � 1. (120)

It also follows from Eq. (119) that

3σabs(E) = 3σ
(0)
abs(E) = β31

1σ
(0)
abs(E) = β31

1σabs(E) for ε � − 1 (121)

with a constant β31 (' 10−3) of Eq. (110).
Furthermore, comparison of Eq. (120) with Eq. (106) for the S wave shows

that the constant C0 in the latter equation is nearly the same for both singlet
and triplet scattering. Then, it follows from Eq. (105) that

3σabs(
3ε)/1σabs(

1ε) = (30/10)1/2
= β

1/2
31 (122)

for L = 0 in the energy region of validity of the Baz’ threshold law. Here,
the singlet–triplet comparison is made for functions of the reduced energy ε,
which is different for the singlet and triplet scattering by definition (hence, 3ε

and 1ε). In this way, there exist various simple relations between the singlet
and triplet cross sections derived for different energy regions.

The asymptotic outgoing wavefunction for a Ps formation channel, Ps+
p, is

ψPs(r)f (R̂, ε) exp(iKR)/R, (123)

where ψPs(r) is the wavefunction of the positronium, f (R̂, ε) is the amplitude
of this channel, R is the Ps-p distance vector, and K is the wave number of
the motion in R. This wave number is complex in general because of the
imaginary potential, and will be denoted by Kre+ iKim. The behavior of the
absorption cross section for E'Eth may be examined by inserting Eq. (123)
into the wavefunction in Eq. (115) or in Eq. (119), other contributions to this
cross section being slowly varying close to Eth. Then, the integral of Eq. (115)
or Eq. (119) is expressible as

0F(ε)
∫
∞

dR exp(−2KimR) = 0F(ε)/(2Kim)+ G(ε), (124)

where the term G(ε), arising from small values of R, is slowly varying with
ε. The factor 0 results from the expectation value of δ(r) with respect to
the positronium wavefunction ψPs(r); see Eq. (111). Thus, it arises even for
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Eq. (119), which was derived with the assumption of no uncertainty in
the threshold energy. The quantity F(ε) is proportional to the integral of
| f (R̂, ε)|2 over the angle R̂, which behaves as ∝ |ε|L for ε' 0 according to
the Wigner law.

First, consider the Coulomb three-body wavefunction8, i.e., the case of no
uncertainty in the threshold energy Eth. If ε < 0, i.e., E<Eth, the wave num-
ber K is pure imaginary iKim and Kim∝ |ε|

1/2. As |ε|→ 0, the factor F(ε)/Kim

in Eq. (124) behaves as ∝ |ε|L−1/2. It decreases toward zero for L≥ 1, but
diverges as |ε|−1/2 for L= 0. This unphysical result is a clear indication of the
breakdown of the first-order perturbation approximation (119).

The reason for this divergence can be understood as follows. The integral
(124) represents the cumulative intra-positronium annihilation as positro-
nium leaves away from the proton until the channel wavefunction decays
as exp(−KimR)/R. The extremely slow decay of this wavefunction near
ε= 0, together with the nearly constant F(ε) as |ε|→ 0, causes the S-wave
divergence.

The introduction of the absorption potential into the Schrödinger equation
produces an imaginary part −i0/2 in the energy of the positronium, and in
turn, also in the relative kinetic energy between the departing pair Ps and p in
the positronium channel since the total energy E is unchanged and is real; the
kinetic energy E−Eth is changed into E− (Eth− i0/2) = (0/2)(ε + i), which
appears in the Baz’ formula (104). The wave number K is complex even
for ε > 0. This turns the positronium channel into a closed channel even for
ε > 0 since the channel wavefunction behaves as exp(−KimR) exp(iKreR)/R. It
follows for both ε > 0 and ε < 0 that

Kre = 0
1/2[(ε2

+ 1)1/2
+ ε]1/2,

Kim = 0
1/2[(ε2

+ 1)1/2
− ε]1/2

(125)

and that KreKim=0. The integral (124) combined with Eq. (125) reproduces
the Baz’ formula (105), which is now seen to be proportional to K−1

im . This
argument deals with both energy regions E<Eth and E>Eth collectively
without any distinction. The smooth continuity of the “absorption” cross
section below Eth to the “Ps formation” cross section above Eth is guaranteed,
and these two kinds of process are indeed indistinguishable near E=Eth.

It is known from Eq. (125) that the exponent 2Kim in the integral (124)
decreases from 2(20|ε|)1/2 for ε � −1 to 201/2 for ε= 0, and further to
(20/ε)1/2 for ε � 1. The decrease becomes rapid for |ε| � 1. This shows that
the annihilation in the Ps channel occurs only at short distances R if E � Eth.
As E approaches Eth, the annihilation region suddenly extends to large dis-
tances R. As E departs further from Eth, the annihilation region extends even
further.
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4.3.4. Annihilation calculations with an absorption potential
The exact energy region of the applicability of a threshold law is normally
unknown from the theory. To study the validity of the S-wave threshold for-
mula (105), the behavior of the higher partial waves, and the smoothing
effects on the cusp structure in the elastic cross section, a rigorous treat-
ment of the Schrödinger equation (116) is indispensable. For this purpose, the
HSCC equations involving an imaginary potential were solved for positron–
hydrogen collisions in Refs. [15, 16] at energies close to the “threshold” for
the formation of para-Ps(1s 1S) and that for ortho-Ps(1s 3S) in the ground
state. The two thresholds are separated from each other by a hyperfine
splitting of 0.841 meV, which is artificially introduced into the Schrödinger
equation.

The S-wave contributions to 1,3σabs are plotted as full curves in Figure 4.18
versus the reduced energy ε, which is actually defined with different param-
eters Eth and 0 depending on the spin. In the energy region across the
threshold for Ps(1s), covered in Figure 4.18, the circles representing the Baz’
threshold law (105) are seen to be quite accurate. Also, the simple relation
(122) is observed quite well. The absorption cross sections 1,3σ

(0)
abs (broken

curves) calculated in the conventional manner (119) digress from the full
curves close to the threshold and diverge. The Ps formation cross sections
σ
(0)
Ps (dotted curves) calculated from the Coulomb three-body Hamiltonian

start to grow from the threshold according to the Wigner threshold law (103)
or (106) and approach the full curves as well as the Baz’ formula.

0
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Figure 4.18 The near-threshold S-wave singlet (S= 0) and triplet (S= 1) absorption cross
sections in e+ + H(1s) scattering, plotted versus reduced energy ε= (E− Eth)/(0/2). The
threshold energy Eth and the width0 differ depending on the spin S. Full curves: cross section
1,3σabs of Eq. (115) from hyperspherical close-coupling calculations including the absorption
potential−i(1,3Vabs). Dotted curves for ε > 0: positronium formation cross section calculated
without −i(1,3Vabs). Broken curves for ε < 0: absorption cross section 1,3σ

(0)
abs of Eq. (119) cal-

culated without −i(1,3Vabs) (first-order perturbation approximation). Circles: Baz’ threshold
formula fitted to the full curves. Figure from Ref. [16].
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Figure 4.19 The partial-wave singlet (full curves) and triplet (broken curves) absorption
cross sections in e+ + H(1s) collisions, plotted versus the incident positron energy measured
from the threshold energy for positronium formation. Results of hyperspherical close-
coupling calculations including the absorption potential−iVabs in the Hamiltonian. Note that
the thresholds Eth for the full and broken curves are different by 0.841 meV, the hyperfine
splitting. Figure from Ref. [16].

The three lowest partial-wave cross sections for singlet (full curves) and
triplet (broken curves) annihilation are shown in Figure 4.19 in a broader
energy range than Figure 4.18 above the thresholds. The singlet and triplet
thresholds are adjusted to lie at the same position in Figure 4.19. As is evident
from the data in Figure 4.18 at ε= 0, the ratio 3σabs(E= 3Eth)/

1σabs(E= 1Eth) of
the S-wave cross sections is β1/2

31 , and the ratio 3σabs(E)/1σabs(E) approaches
1.0 as the energy E increases; see Eqs. (122) and (120). Each higher partial-
wave cross section starts from a constant value near ε= 0 that depends on S
and L but satisfies Eq. (121) valid for ε � − 1, namely, 3σabs/

1σabs = β31. This
is because these cross sections remain almost constant down to the region
ε � − 1. As E increases, the P- and D-wave cross sections in Figure 4.19
(as well as the F- and G-wave cross sections found in Ref. [15]) gradually
approach the Wigner-type form (103) independent of the spin S due to the
relation (120).

A procedure in this time-independent approach that corresponds to
following the time evolution of the collision system would be to study
the annihilation function 1,3P(ρ) defined in terms of the hyperspherical
coordinates by

1,3σ(E) =
∫

1,3P(ρ)dρ =
2

v~

∫
ρ5dρ (1,39|1,3Vabs|

1,39)�. (126)

The annihilation function 1,3P(ρ) may be decomposed into three contri-
butions, namely, that from the direct-collision channels in 1,39, that from
the Ps-formation channels, and the cross terms (or the interference terms)
between the two kinds of channels. This decomposition is arbitrary to some
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Figure 4.20 The 1S-wave annihilation function P(ρ) defined by Eq. (126), ρ being the hyper-
radius, for e+ + H(1s) scattering at an energy of 10−6 a.u. above the positronium formation
threshold. The total P(ρ) is decomposed into the contributions from the direct channels
e+ + H, the positronium formation channels p+ Ps, and the interference between them.
Results of hyperspherical close-coupling calculations including the absorption potential
−iVabs in the Hamiltonian. Figure from Ref. [16].

extent since the channels are well defined only in the asymptotic regions
of the configuration space. Nevertheless, it would be of interest to decom-
pose 1,3P(ρ) based on the definition of channels in terms of the hyperspherical
coordinates to gain some idea of the interference effects.

Figure 4.20 shows an example of such a decomposition, calculated at E
slightly above the threshold Eth. At this energy, the direct annihilation has
a large peak at small values of ρ, and after it decreases, annihilation via Ps
formation begins to contribute and keeps contributing up to very large ρ.
Significant interference is clearly seen at intermediate values of ρ. Its absolute
magnitude depends on the energy E and on the particular definition of the
channels. However, Figure 4.20 illustrates at least the inseparability of the
two different mechanisms of positron absorption at energies E close to Eth.

Finally, the cusp structure in the elastic cross section at the threshold
energy for Ps(1s) production is examined. This structure was pointed out by
Humberston et al. [175] reporting an elaborate variational calculation for the
Coulomb three-body problem of e+ +H(1s) scattering. Another calculation
based on the HSCC equations for the Hamiltonian including the absorption
potential, carried out by Igarashi (unpublished), yields the results shown in
Figure 4.21. The left figure is quite similar to the corresponding one in Ref.
[175], clearly exhibiting a dip cusp. A closer view of a very narrow energy
range around the threshold (right figure) reveals that the cross section is quite
smooth across the threshold. This is due to the effects of the uncertainty in
the threshold energy introduced by the absorption potential.
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Figure 4.21 The 1S-wave elastic cross section for e+ + H(1s) scattering near the positro-
nium formation threshold Eth, plotted versus reduced energy (E− Eth)/(0/2). Results of
hyperspherical close-coupling (HSCC) calculations including the absorption potential−iVabs

in the Hamiltonian to account for the pair annihilation. Left: global view including the cusp
structure. Right: an enlargement of the threshold vicinity with a smooth energy dependence.
Calculations and figures: courtesy to A. Igarashi.

5. CONCLUSION

Converged numerical calculations are possible on many few-body contin-
uum processes. They are particularly suitable for testing various methods
of resonance analysis and for attaining deeper understanding of the QBS
dynamics. Out of a wide variety of resonance analysis techniques found
in the literature, only a few have been discussed in this article. A compre-
hensive review of computational methods for numerical values of resonance
parameters has not been attempted in this article.

Eigenvalues of the time-delay matrix, calculable from the S matrix, are
a powerful tool for analyzing complicated resonances, such as a few over-
lapping resonances and resonances obscured by another much stronger
resonance or by a strong background. Illustrative applications have been
presented. The eigenvectors of the time-delay matrix provide the concept
of completely separate resonance channel space and nonresonance chan-
nel space. Only the former is associated with resonances, and the latter is
irrelevant to any resonances.

Hyperspherical coordinates provide another powerful tool for precise
three-body calculations, on one hand, and for visual understanding of QBS
dynamics in terms of hyperspherical potentials playing a role similar to
molecular adiabatic potentials. Adiabatic hyperspherical potentials exhibit
many avoided crossings, which often must be cast into diabatic potentials to
extract essential physics.

Decay of a QBS can be described by a flux loss into channels that
are not treated explicitly. This is possible by introducing an imaginary,
absorption potential. Theoretical formulations are independent of the decay
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mechanisms. Electron–positron pair annihilation has been discussed in detail
as an example. Positronium, regarded as a QBS, illustrates phenomena asso-
ciated with ambiguous threshold energy for a new channel. The Wigner
threshold law for the cross sections needs modification for ambiguous
threshold.
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Abstract Resonant states play a governing role in many charge-changing processes in
atoms; the photoionization of atoms in gas phase and the corresponding
time-reversed process of dielectronic recombinations being the two most
prominent and well-known examples. This is so thanks to their strongly local-
ized character, which leads to large transition matrix elements and to the
unusually long timescale at which their dynamics unfolds, if compared to
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free-electron wave packets. Many resonances correspond also to highly cor-
related electronic states. Hence, on the one hand, high-resolution extreme
ultraviolet (XUV) and soft x-ray photoelectron spectroscopy, which give
access to electronic resonances, provide unique insight into the effects of
electronic correlation in the energy domain; on the other hand, new laser
techniques able to produce light pulses of sub-femtosecond duration give
a complementary, much needed, view of electronic correlation resolved in
time. Here, we discuss resonances in atoms and atomic ions in all these
respects. First, we survey how resonances can be accurately localized and
characterized with complex scaling, standard scattering techniques and, for
heavy ions, with relativistic many-body theory. The need for high precision is
particularly stringent in the latter case since resonances located just above
the ionization threshold, and thus whose parameters are most affected by
numerical uncertainties, are often the most important for recombination.
Second, we examine how the spectral properties of resonances translate in
the time domain and how the course of the ionization process can be steered
with external ultra-short driving laser pulses.

1. INTRODUCTION

Resonances can be described as states that are mainly localized but with
a coupling to the ionization continuum, and they are of special interest to
describe fragmentation processes induced when atomic system interact with
electromagnetic fields or with impinging particles. The coupling may, for
example, be due to electron–electron interaction (Auger effect) or due to
static or time-dependent external fields (field ionization). The large spatial
overlap between resonance states and bound states can result in substantial
transfer of population from the latter to the former when the system absorbs
energy. Due to the coupling to the continuum, the net result is an efficient
path to ionization, often manifested in strong peaks in ionization spectra.

Despite being called a state, a resonance does not show up as an eigen-
state of an Hermitian Hamiltonian. However, as it represents a particle state
that is localized in space for some time and that delocalizes with a small but
finite rate, a resonance is reminiscent of a stationary state, but with a decay-
ing norm. Indeed, it can be shown that we can represent resonance states as
eigenstates of a non-Hermitian Hamiltonian, whose complex eigenvalues lie
in the lower half of the complex plane.

Sigert [1] defined resonance states as corresponding to solutions of the
Schrödinger equation with asymptotically purely outgoing behavior. For a
very simple, but illustrative, example on how the requirement of purely
outgoing waves yields solutions of the Schrödinger equation with complex
energies, which in addition can be identified with poles of the scattering
amplitude, see Ref. [2]. A rigorous discussion can be found in Ref. [3].
A truly widespread theoretical approach to find such outgoing solutions
is that of complex scaling (also called complex rotation) [3–9]. A more
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recent discussion on some aspects of the method can be found, for exam-
ple, in Ref. [10]. In complex scaling, the radial coordinate is scaled by a
complex phase factor. As a consequence, the Hamiltonian becomes non-
Hermitian; easily implemented boundary conditions will allow for outgoing,
not for incoming, waves. With such an Hamiltonian we do find resonances as
eigenstates. Their eigenvalues are complex: energy positions and half widths
are obtained as their real and imaginary parts, respectively. The latter gives
directly the transition rate from the localized part of a resonance state to the
continuum. For states that decay through Auger emission, the method, in its
traditional form of uniform scaling, has been combined with a number of cal-
culation schemes such as Hylleraas wavefunctions [8, 11–13], configuration
interaction [14], many-body perturbation theory (MBPT) [15–18], paramet-
ric coordinates [19, 20], or hyperspherical harmonics [21]. Most studies have
focused on the determination of resonance parameters, but the method has
also been employed to calculate resonances in the photoabsorption cross
section [22–25] as well as electron–ion recombination cross sections, both in
a nonrelativistic and in a relativistic framework [26–36]. Also states that cou-
ple to the continuum due to the interaction with a static electric field have
been successfully treated with complex rotation [37–40].

Complex rotation can be usefully applied also to the case of the inter-
action of an atom with a time-dependent perturbation. With the Floquet
formalism by Shirley [41], it was shown that, for a time-periodic field, the
dressed states of the combined atom–field system can be characterized non-
perturbatively by the eigenstates of a time-independent, infinite-dimensional
matrix. The combination of the Floquet approach with complex rotation, pro-
posed by Chu, Reinhardt, and coworkers [37, 42, 43], permits to account for
the field-induced coupling to the continuum in an efficient way. As in the
time-independent case, this results in complex eigenvalues (this time to the
Floquet Hamiltonian matrix) and again the imaginary parts give the transi-
tion rate to the continuum. This combination has since then been successfully
used to examine various strong field phenomena; a review can be found in
Ref. [44].

An alternative to uniform complex scaling (used in the studies mentioned
so far) is exterior complex scaling [45, 46], where the scaling of the coordinates
starts at some finite distance from the origin. This approach has been used
extensively on electron scattering problems in the absence of resonances,
for example, in Refs. [47–50], for a review see Ref. [51], as well as to obtain
resonance parameters in connection with electronic autoionization [52, 53].

A key feature of exterior complex scaling, especially important for scatter-
ing problems, is that the unaltered inner region allows extraction of physical
quantities from the amplitude of the wavefunction or from the outgoing
flux, in the same manner as if it had been the eigenstate of an Hermitian
Hamiltonian. The unaltered inner region is also an important property of
complex absorbing potentials, i.e., artificial potentials introduced in the asymp-
totic region to prevent unphysical reflections caused by the use of finite basis
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sets or grids. The aim is again to allow for outgoing waves only. As with
complex scaling, the Hamiltonian becomes non-Hermitian, and again res-
onances can be found as eigenstates with complex eigenvalues. An early
example of a calculation of resonance parameters in this way can be found
in Ref. [54]. The relation between complex absorbing potentials and exte-
rior complex scaling has been studied by several authors, see, for example,
Refs. [55–58]. It can be shown that in the limit of vanishing reflection from the
artificial potential the methods should produce the same resonance parame-
ters [55], and Moiseyev [57] has discussed how an (exterior) complex scaled
Hamiltonian, under certain constraints, can be recast in the form of an Hamil-
tonian with an absorbing potential. A variety of absorbing potentials have
been used in the literature [59]. The most common and simple approach con-
sists in adding to the Hamiltonian an imaginary monomial term of the form
−iV0(r− r0)

nθ(r− r0), but more elaborate complex potentials can be used to
minimize the reflection.

The last decade has seen a rapid development of the ability to produce
laser pulses of increasingly shorter time duration. Through techniques such
as high harmonic generation and new machines such as free-electron lasers,
atomic and molecular systems can be studied at the femto- and attosecond
timescales. Fast processes such as ionization and charge transfer can thus
to an increasing extent be monitored in real time, thereby promising new
insights in these fundamental processes, as well as new possibilities to steer
and control them. The possibility to follow the population and depopula-
tion of metastable states is here especially intriguing: resonances are often
intermediate steps in those processes that require high electronic excitation
and are thus natural targets for altering the path of a reaction. For a review
of the many interesting aspects of rapidly growing field opened by sub-
femtosecond pulses, see, for example, Ref. [60]. Although uniform complex
scaling has been used in connection with short light pulses [61–63], exterior
complex scaling, and, to an even larger extent, absorbing boundaries have
been much more utilized. In the following, we present calculations done with
both methods.

This review is organized as follows. In Section 2, we discuss the con-
cept of resonance and how a resonance can be characterized, with particular
reference to the method of complex rotation. In Section 3, we discuss the
crucial role of autoionizing states to predict and understand electron–ion
recombination. In this context, complex scaling has been a very important
tool, especially in its relativistic formulation. Section 4 discusses in more
detail the method of complex rotation applied to the solution of the Dirac
equation. Finally, in Section 5, we turn to the investigation of resonance
states in the time domain. In particular, we illustrate simulations of realistic
XUV-pump IR-probe experiments, which allow to show how autoionization
occurs through collision-like events even in the lowest lying resonances and
which give the possibility to control the branching ratios of multichannel
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above-the-threshold ionization. The method developed for these studies is
outlined in Section 5.1.

2. RESONANCE CHARACTERIZATION

As anticipated in the introduction, a resonance does not show up as an eigen-
state of an Hermitian Hamiltonian. However, as it represents a particle state
that is localized in space for some time and delocalizes at a small rate, it is
natural to think of it as a stationary state with a decaying norm. How do we
obtain a description that fits this physical picture? In order to lay the ground
for the answer offered to this question by the method of complex scaling,
let us first briefly summarize how resonances are characterized in the frame
of classical scattering theory, i.e., the theory of the continuous spectrum
of Hamiltonian operator in quantum mechanics. Formally, resonances are
defined as single-rank poles of the scattering matrix S(E) [Eq. (70)] [64, 65]
in the lower half part of the complex energy plane [66–69]. This means that,
close to an isolated resonance, the scattering matrix can be parametrized in
the following way

S(E) = Sbg(E)1/2

(
1− i0

uu†

E− E0 + i0/2

)
S1/2

bg (E), u†u = 1, (1)

where Sbg(E) is a slowly varying background factor. The middle factor
has a pole at z = E0 − i0/2, where E0 and 0 are the resonance energy and
width, respectively. The square modules of the components of the vector
0u†S1/2

bg (E) give the partial widths of the resonance, i.e., the probability that
the resonance decays in a given channel.

In order to determine the resonance energy and total width alone, it is
sufficient to look for the poles of the determinant of S(E)

det S(E) = e2iϕt(E), ϕt(E) =
open∑
α

ϕα(E), (2)

where ϕα(E) are the eigenphases of S(E) and ϕt(E) is the total phase shift.
Indeed, due to the minimal rank assumption on the poles of S(E), its deter-
minant clearly has the same poles as the matrix itself. Since the scattering
matrix is unitary, its determinant det S(E) is a unimodular function on the
real axis, therefore, it can be parametrized in the vicinity of an isolated pole
with a Breit–Wigner phase factor [70]:

e2iφ(E;Er ,0r) =
E− Er − i0r/2
E− Er + i0r/2

, φ(E; Er,0r) = arctan [2(E− Er)/0r]+
π

2
, (3)
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where Er and 0r are, respectively, the energy and the width of the rth res-
onance (to be more precise, both Er and 0r are smooth functions of the
energy, which can be continued analytically in the complex energy plane.
The complex resonance energies are given by the solutions to the equation
z− [Er(z)− i0r(z)/2] in the lower half of the complex plane). From Eq. (3), we
see that in correspondence to each resonance the total phase shift increases
by π . This means that the derivative of ϕt/π can be interpreted as a density
of states

ρ(E) =
1
π

dϕt(E)
dE

. (4)

The density of states so defined can be shown to be connected to the time
delay that an electron experiences when scattering off the parent ion. The
connection between time delay and energy derivative of the phase shift in
the single channel case was first discussed by Eisenbud and Wigner [71, 72],
and later generalized and extended, with the concept of “dwell time,” to the
multichannel case by Smith [73]. Smith introduced a time-delay matrix Q,
defined as

Q = i~ SdS†/dE, (5)

whose diagonal elements Qii represent the average, over the final channels,
of the retardation experienced by an electron that impinges on the parent ion
in the channel i. It is easy to demonstrate that the trace of Q corresponds to
the density of states times the Plank’s constant,

tr Q = 2~
dϕt(E)

dE
= hρ(E). (6)

In the case of a single-channel, this relation reduces to the well-known
expression for the Eisenbud–Wigner–Smith time delay

τ = 2~
dϕt(E)

dE
. (7)

Conversely, a coherent superposition of continuum states with a popu-
lation closely reproducing an isolated peak in the density of states, which
corresponds to a resonance, can be built in such a way to give rise to a local-
ized state. From this localized state, there will be an outward probability
density flux, i.e., it will have a finite lifetime. In the limit of a resonance posi-
tion far from any ionization threshold and a narrow energy width, the decay
rate will be exponential with the rate constant 0/~. The decay is to all the
available open channels, in proportion to their partial widths.
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For energy intervals comprising Nres resonances and which are not too
large, det S(E) can be approximated with a product of Nres Breit–Wigner
phase factors times a smooth background phase factor:

det S(E) = exp

[
2i

Nres∑
r=1

φ(E; Er,0r)+ 2iφbg(E)

]
.

Therefore, if the total phase shift is known as a function of the energy, the
positions of the resonances can be determined by fitting it with a linear com-
bination of arctangent functions plus a smooth polynomial background. See,
for example, Ref. [74] and references therein.

In Figure 5.1, we illustrate this fitting procedure for the case of an iso-
lated multiplet of 1Po doubly excited states in helium, below the N = 5 single
ionization threshold. The total phase shift used for this example has been
determined by solving the multichannel e–He+ scattering problem with the
K-matrix B-spline method [75], which is briefly outlined in Section 5.1. The
multiplet comprises nine resonances, classified here with the Stark approx-
imate quantum numbers [N1N2m]A (for a review of the several different
approximate classification schemes for the doubly excited states of helium,
see Ref. [76] and references therein). The total phase shift divided by π ,
around an isolated doubly excited states multiplet in helium manifold is
reported as a function of energy together with its derivative (scaled to
fit in the plot). The fitting function (nine resonance terms plus a polyno-
mial background of fourth degree) is superposed to the phase shift as a

−2
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[031]+14

[121]+13
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Figure 5.1 Total phase shift and state density for an isolated multiplet in the 1P o helium below N = 5
ionization threshold.
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Table 5.1 Parameters of a selected group of 1P o

helium resonances below N = 5 ionization threshold,
corresponding to the peaks shown in Figure 5.1

[N1N2m]A E (au) 0/2 (a.u.)

[031]+14 −0.084 080 6.79[−5]
−0.084 092 6.29[−5]a

[121]+13 −0.083 935 4.19[−5]
−0.083 966 5.68[−5]a

[211]+12 −0.083 729 5.76[−5]
−0.083 737 5.97[−5]a

[301]+10 −0.084 087 2.38[−5]
−0.084 103 2.48[−5]a

[040]−14 −0.083 682 2.76[−6]
−0.083 678 2.87[−6]a

[130]−13 −0.083 918 7.79[−6]
−0.083 919 7.60[−6]a

[220]−12 −0.084 073 4.76[−6]
−0.084 079 5.84[−6]a

[310]−11 −0.084 160 6.37[−6]
−0.084 169 5.77[−6]a

[400]−10 −0.083 805 3.77[−7]
−0.083 820 3.21[−7]a

aRost et al. (1997) [76].

thicker line. The resonance parameters obtained through the fitting are listed
in Table 5.1 alongside those computed by Rost et al. with the method of
complex scaling [76].

2.1. The method of complex rotation

We saw above that the increased density of states associated with a pole in
the scattering matrix is proportional to the time delay experienced by an elec-
tron that scatters off the parent ion. This means that it can be interpreted
as the lifetime of the transient state the particle forms around the ion. The
lifetime is associated with a spread in energy, i.e., an energy width. As dis-
cussed in the introduction, if we want to describe the transient state, not
as a density of states, but as a state with a single energy, it is natural that
this energy should be complex. A negative imaginary part gives directly a
decaying norm, which in turn signals that there is a dissipation. Hence, if
the state is to be an eigenstate of an Hamiltonian, then this Hamiltonian
cannot possibly be Hermitian. Conceptually, the simplest way to construct
a non-Hermitian Hamiltonian whose complex eigenenergies correspond to
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the positions of the resonances of the system, would be to impose purely
outgoings waves, cf. Refs. [1, 3], through perfectly absorbing boundaries.
Such boundary conditions are not trivial to construct though. Complex rota-
tion [3, 5–7, 9] provides a more elegant solution, which over the years has
proven easy to implement and reliable to use. As discussed in the introduc-
tion, numerous implementations exist in the literature. The simple scaling of
the radial variable generates a non-Hermitian Hamiltonian with well-known
analytical properties. Namely, such a rotated Hamiltonian will, in addition to
bound states with real energies, have eigenstates above the ionization limit
with complex energies independent of the actual rotation angle (provided it
is large enough). This property can be shown for the so-called dilatation ana-
lytic potentials, including the important case of the many-particle Coulomb
interaction, see, for example, the discussions in Refs. [9, 77, 78]. The complex
energies are associated with resonances: the real part gives the energy posi-
tion and the imaginary part the half width, 0/2, so that the norm of such a
state will decay with a decay constant 0/~. That the complex scaling tech-
nique, which originally was introduced [6] for scattering problems, could
be used to calculate the width of atomic autoionizing state, was first clari-
fied by Simon [7, 79]. Finally, in addition to the bound and resonance states,
a third class of eigenstates of the complex rotated Hamiltonian exists; those
belonging to the continuum. Their energies are rotation angle dependant and
complex and will be discussed more below.

Although the most obvious benefit offered by the method of complex scal-
ing is the straightforward calculation of resonance parameters, the method
has also other advantages. When it is used to calculate other atomic processes
that involve the coupling to the continuum, for example, photoabsorp-
tion, convergence with respect to the number of basis states is achieved
with surprisingly few states. The reason behind this is the properties of
the so-called pseudo-continuum states, produced upon discretization of the
complex rotated Hamiltonian. Such a pseudo-continuum state can repre-
sent outgoing electron flux in a much broader energy range than is possible
with a unscaled Hamiltonian [62]. We illustrate this in Figure 5.2. Here, the
hydrogen atom is exposed to a light pulse, and the probability that the atom
remains in the ground state is displayed as a function of time. The black solid
line shows the result using uniform complex scaling with only 30 basis func-
tions (expressed in B-splines) per angular symmetry (`). Without complex
rotation many more basis states have to be used. Eventually, with 100 basis
functions, we see that it seems as the result is converging toward the com-
plex scaling result. The properties of the complex rotated pseudo-continuum
will be discussed more below.

Complex rotation of the Hamiltonian, H→ Hθ , is usually performed by a
direct transformation of the radial variable: either uniformly,

r→ reiθ , (8)
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Figure 5.2 Hydrogen exposed to an electromagnetic field pulse with peak intensity
5.0 · 1013 W/cm2 and carrier frequency ω = 0.6 a.u.≈ 16 eV/~. Upper panel: Population
of the ground state computed without complex rotation (line with circles and line with
triangles, respectively, 50 and 100 atomic states for each angular symmetry) and with com-
plex rotation (black solid line, 20◦ and 30 states). The energy width associated with each
rotated pseudo-continuum state explains the improved description. Lower panel: The vector
potential describing the pulse.

or just outside some radius R0 (exterior complex scaling), for example, in the
form

r→ R0 + (r− R0) eiθ , for r > R0. (9)

With the scaling in Eq. (8), the one-particle hydrogen-like Schrödinger
equation without external fields transforms as

H =
p2

2 m
−

Ze2

4πε0r
→ Hθ

=
p2

2 m
e−2iθ
−

Ze2

4πε0r
e−iθ , (10)

while the sharp exterior scaling in Eq. (9) gives the Hamiltonian

Hθ
=

{
p2

2 m −
Ze2

4πε0r for r < R0,
p2

2 m e−2iθ
−

Ze2

4πε0r e−iθ for r > R0.
(11)

The fact that the transformation in Eq. (9) has a cusp at r = R0 and the
implications for the Hamiltonian in Eq. (11), and its eigenstates have been
discussed in Refs. [51, 58, 80].

At first sight, one might think that complex scaling is just a variable trans-
formation. Since one does not expect a variable transformation to change
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the description of the physics, one might wonder how useful it could be.
In reality, however, we impose also some reasonable boundary conditions
on the wavefunctions, and hereby we do affect which physical situation
we describe. A solution to the unrotated Hamiltonian in (10) that lies in
the continuum, that is, with a positive energy and a sinusoidal wavefunc-
tion at infinity, will after rotation grow exponentially as r→∞. Conversely,
if one insists in seeking the solution to the secular problem in the space
of square integrable functions, we will necessarily find nonreal eigenval-
ues. Indeed, the eigenvalues of the continuum of the rotated Hamiltonian,
Eq. (10), are generally complex. The fact that this complexity arises due
to the boundary conditions has been discussed in a pedagogically way by
Reinhardt [9], and can be seen as follows. For large r, the continuum solu-
tion to the Schrödinger equation for hydrogen-like systems, the (regular)
Coulomb function, is proportional to

∼ sin
(

kr+
Z

ka0
ln
(
2kr
)
−
`π

2
+ σ`

)
, (12)

where a0 is the Bohr radius and σ` is the Coulomb phase shift. Now, for
uniform complex scaling r→ r exp (iθ), and Eq. (12) transforms to

∼ sin
(

kreiθ
+

Z
ka0

ln
(
2kreiθ

)
−
`π

2
+ σ`

)
. (13)

The requirement that all eigenvectors, both the proper and the generalized
ones, remain finite as r→∞

lim sup
r→∞

|9(r)| <∞, (14)

leads to the conclusion that k must also be rotated into the complex plane
to compensate for the rotation of r. Since Eq. (12) approaches sin

(
kr
)

when
r→∞ this amounts to the transformation k→ k exp (−iθ), leading to

Ek → Eke−2iθ . (15)

In practical implementations of complex scaling, the Hamiltonian is regu-
larly discretized in finite space, for example, in a box of radius R. This yields a
discrete pseudo-continuum with energies that fulfill | Ek | e−2iθ for Z = 0 and
approaches it with increasing k and R for Z 6= 0. If exterior complex scaling
is made in such a finite box, Eq. (15) is adjusted to

Ek → Eke−2iθ ′ , tan θ ′ = (1− R0/R) tan θ , (16)
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where R0 is the scaling radius in Eq. (9). Equation (15) is recovered in the
limit when R→∞. In conclusion, it is a combination of complex rotation
and boundary conditions that results in complex energies for the pseudo-
continuum. Although well known, see, for example, Ref. [81], this is not
always pointed out in the literature on complex rotation.

It is illustrative to consider how a real calculation is done in some detail.
In practice, a finite set of L2(R) functions, able to adequately describe the
desired solutions, will span the domain to which the rotated Hamiltonian is
eventually restricted. It is through the specification of these functions that
the boundary conditions are enforced. With several widespread numerical
basis functions, like, for example, B-splines [82] and finite-element discrete-
variable-representation functions [83], this typically means that the functions
themselves are restricted to a finite radial box and that they are capable of
reproducing only a limited number of nodes. These approaches have the
advantage of keeping the dimension of the space small, thus reducing com-
putational costs. However, the use of any other suitable finite set of L2(R)
functions will lead to equivalent results. Approximate eigenstates of the
Hamiltonian can now be found by diagonalization of its matrix represen-
tation on the finite space. As a consequence of these restrictions, instead of
a whole branching cut, we recover of course just a finite number of posi-
tive energy solutions, the so-called pseudo-continuum. Notice that one of the
restrictions applied to the basis functions, i.e., that to a box of finite radius
R, is equivalent to the addition of a potential V (r)→∞ for r ≥ R, to the
Hamiltonian. The original Hamiltonian and that of which we have a matrix
representation will then only have those eigenstates in common, which are
still adequately described within the restricted space. At first sight, it might
seem as a severe limitation that the pseudo-continuum is so unphysical; in
fact, it can thereby be an even better tool for the expansion of the physical
continuum states. Before giving evidence of this claim, however, we need to
discuss a more fundamental question, that is, how the inner product between
functions of the complex scaled radius is to be defined.

2.1.1. Non-Hermitian Hamiltonians and the inner product
The correct form of the inner product is often just mentioned in passing when
complex rotation is discussed, and then usually only for a rotation of an origi-
nally real matrix representation of the Hamiltonian. A clearer understanding
can be obtained by going back to matrix algebra where the form of the inner
product is a direct consequence of the symmetry of the matrix.

A general diagonalizable n× n matrix has n right (column) eigenvectors,
Ri, corresponding to n eigenvalues, λi. It also has n left (row) eigenvectors, Li,
corresponding to the same n eigenvalues. Left and right eigenvectors associ-
ated with different eigenvalues are orthogonal to each other, i.e., Li · Rj = 0 if
λi 6= λj. As is well known, the left eigenvector of a symmetric matrix (real or
complex) is identical to the transpose of the corresponding right eigenvector,
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while for a Hermitian matrix it also has to be complex conjugated. Below we
derive a general relation between right and left eigenvectors to any matrix
representing an initially Hermitian operator that has been complex rotated.
The matrix representation of an unrotated Hermitian operator is a Hermitian
matrix B;

B = BRe + iBIm, (17)

where BRe and BIm are real and imaginary matrices. Since B is Hermitian, BRe

is symmetric and BIm is antisymmetric, i.e.,

BT
= BRe − iBIm. (18)

The matrix elements in both BRe and BIm will, for both uniform and exterior
complex scaling, be built from terms which, when the matrix representation
of the rotated operator is constructed, are multiplied with complex con-
stants. This will make the matrices BRe and BIm complex, but they will still
be symmetric and antisymmetric, respectively, with respect to transposition,
i.e., (

Bθ
)T
= Bθ

Re − iBθ

Im. (19)

We now return to the question of how a left eigenvector to a matrix relates
to the corresponding right eigenvector. According to the definition, a left
eigenvector to a matrix B is a row vector, L, that fulfills

LB = λL. (20)

When the transpose is taken of both the left- and the right-hand side of
Eq. (20), it reads

(LB)T
= λLT

⇐⇒

BTLT
= λLT.

(21)

Before proceeding, we note that if B is symmetric, BT
= B, Eq. (21) is iden-

tical to the corresponding right eigenvalue equation and thus LT
= R. If we

further take the complex conjugate of Eq. (21), we get

BT∗LT∗
= λ∗LT∗

⇐⇒

B†L†
= λ∗L†.

(22)

We see that if B is Hermitian, i.e., B†
= B, λ is real and Eq. (22) is identical to

the corresponding right eigenvalue equation, and consequently L†
= R. For
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the matrix in Eq. (19), which has the symmetry of the matrix representation
of the rotated Hermitian Hamiltonian, we have(

Bθ
)†
=
(
Bθ

Re

)∗
+ i

(
Bθ

Im

)∗
. (23)

Since all the complexity in the matrices BRe and BIm comes from the com-
plex constants introduced through complex rotation, complex conjugation
simply means that exp (iθ)→ exp (−iθ), which identically gives the matrix
representation of the operator rotated with −θ , i.e.,(

Bθ
)†
= B−θRe + iB−θIm = B−θ . (24)

From Eq. (22) it now follows that(
Bθ
)†

L†
= λ∗L†,

B−θL†
= λ∗L†, (25)

and we can conclude that the left eigenvectors of the matrix after rotation
with θ are the complex conjugated transpose of the right eigenvectors to the
matrix after rotation with −θ ,

Lθ
=
(
R−θ

)†
, (26)

where the eigenvalue associated with R−θ is λ∗ if that associated with Lθ is λ.
Equation (26) is valid for left eigenvectors of all matrices, symmetric or not,
produced by complex rotation of an initially Hermitian matrix. The ordinary
Hermitian relation is found as a special case when θ = 0. Likewise, the com-
plexity of the eigenvectors of a complex symmetric matrix, obtained when an
originally real matrix is complex rotated, originates from the complex rota-
tion only, and thus R−θ = R∗. Then, Eq. (26) gives the familiar result that the
left eigenvectors are just the transpose of the right ones. For the general case,
for example, when the interaction with an external field is treated in veloc-
ity gauge no easy recipe exists to find the left eigenfunctions and one has to
restore to Eq. (26).

2.1.2. Continuum representation
We can now return to the question of the representation of an outgoing wave
with a complex rotated pseudo-continuum. An interesting example is the
outgoing component of a resonance state, for example, a doubly excited state
in a two-electron system, for example, with the Hamiltonian

H12 =

∑
i=1,2

(
−

~2

2 m
∇

2
i −

e2

4πε0

Z
ri

)
+

e2

4πε0

1
r12

. (27)
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For transparency, we now use exterior complex scaling [Eq. (9)]. With Z = 2
the lowest resonance of 1S-symmetry is known to be ∼ −0.78 a.u., see, for
example, Ref. [15]. The bound part is dominated by 2s2 and the outgoing
component is 1s εs. Projection of the resonance wavefunction onto 1s should
then, for large enough r, gives an outgoing Coulomb wave

φk
`=0 (r) = −iA

{
G`

(
η, kr

)
+ iF`

(
η, kr

)}
ei(δ), η = −

e2

4πε0

Zm
~2k

, (28)

composed of regular (F) and irregular (G) Coulomb functions and which
asymptotically approaches,

φk
`=0 (r) ∼ Aei(kr−ηln(2kr)− `π2 +σ`)eiδ, (29)

where σ` is the Coulomb phase and δ is an additional resonance phase
shift. The resonance wavefunction has a complex eigenenergy, resulting in
a complex k

ki =

√
2 m (E− Ei)

~
=

√
2 m
~

√
|E− Ei|e−iγi/2, γi = arctan

0/2
Er − Ei

, (30)

where Ei is the energy of the remaining ion. We note in passing that the
imaginary part is negative and will cause eikr to grow exponentially with r.
A constraint on the complex rotation of the radial coordinate r is thus that it
has to be large enough to compensate this growth in order for the resonance
wavefunction to be normalizable. For uniform complex scaling, this gives the
familiar condition θ > γi/2. For exterior complex scaling, the same condition
holds for θ ′ in Eq. (16), and thus a larger angle is needed for finite values
of R0/R. The projection of the resonance wavefunction onto 1s is shown in
Figure 5.3. The dashed line shows the extracted component of the numerical
resonance wavefunction, while the thin line shows the comparison with the
analytic Coulomb function in Eq. (28), generated with the routine provided
in Ref. [84], and then scaled and phase shifted to fit. Only the imaginary
parts of the complex wavefunctions are plotted for clarity. The agreement
is nearly perfect in the unscaled region r < R0, here R0 = 20 Bohr radii. A
small difference is found only close to the nucleus, basically inside the 1s-
electron probability density, as can be seen in Figure 5.4. This difference
reflects the effect on the resonance wavefunction from the non-Columbic
potential. Outside R0 the extracted component of the numerical resonance
wavefunction is rapidly decaying due to the exponential suppression of eikr

from the imaginary part of r.
It is evident that the pseudo-continuum states are able to give a good

representation of the outgoing wave. In fact, this representation is even supe-
rior with complex rotation, as indicated in Figure 5.2. The reason for this
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Figure 5.3 Thick dashed line: A wavefunction, associated with the (2s2)1S resonance in
helium, projected onto He+ (1s). The obtained function describes the outgoing wave (here
only the imaginary part of the wavefunctions is plotted). The radial coordinate is complex
rotated for r > 20 Bohr radii. Thin solid line: Coulomb function with complex k. Phase shifted
and scaled to fit.
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Figure 5.4 The same functions as displayed in Figure 5.3, but for the innermost region.

is that the energy interval represented by a certain pseudo-continuum state
increases in the complex rotated case, and this interval increases further with
scaling angle. This phenomenon is illustrated in the case of uniform complex
scaling in Figure 5.5, which shows the projections of a particular box normal-
ized complex rotated eigenstate, 8θ

n,`,m(r), onto rotated continuum functions
for the hydrogen atom, ψout

k,`,m(reiθ), where the radial part is given by Eq. (28).
More specifically, the figure shows

Fθn,`,m(k) ≡

R∫
0

(
8−θn,`,m(r)

)∗
ψout

k,`,m(reiθ)e3iθdV, (31)
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Figure 5.5 The figure shows the projection of a box normalized pseudo-continuum state
onto rotated analytical continuum states with outgoing, plane wave asymptotic behavior,
i.e., F θn,`,m in Eq. (31). The x-axis shows the energy of the analytical continuum states. The half
width of the distribution increases with increasing θ . More specifically, the width of |F θn,`,m|

2

coincides quite well with twice the absolute value of the imaginary part of the energy of
the box normalized pseudo-continuum state, Im(En). This particular case corresponds to the
` = 0 channel with the scaling angle θ = 5◦ and a box state with Re(En) = 2.0 a.u.

where the factor e3iθ is just due to the choice of normalization [62]. The left
function, (8−θn,`,m(r))∗, coincides with 8θ

n,`,m since all complexity arises from
the complex scaling in this case. The eigenenergy corresponding to the box
normalized state in Figure 5.5 is complex, whereas the eigenenergies of the
ψout

k,`,m-states are real. For the illustration in Figure 5.5, a “box energy” Eθ
n with

a real part of 2.0 a.u. is chosen, the angular quantum number ` is zero and the
scaling angle θ is 5◦. The figure clearly shows a broad distribution in the pro-
jection Fθn,`=0 centered around the real part of Eθ

n. The width of the distribution
is dictated by the scaling angle θ .

If we, in the ` = 0 channel, neglect the Coulomb potential, both the out-
going wave and the pseudo-continuum states have very simple analytical
forms; the reduced wavefunctions are r exp(iθ)ψout

k,`=0 =
√

2/π exp(ikr exp(iθ))
and r exp(iθ)8θ

n,`,m(r) =
√

2/R sin(knr) with kn = nπ/R. The latter wavefunc-
tion is thus unaffected by the complex scaling, although the energy Eθ

n is, as
in the Coulomb case, complex: Eθ

n = (~kn)
2 exp(−2iθ)/2 m, cf. the relation in

Eq. (15). In this context, the projections Fθn,` may be found analytically:

∣∣Fθn,`=0

∣∣2 = 2~2

πmR
|Eθ

n|

|Eθ
n|

2 + ε2
k − 2|Eθ

n| εk cos(2θ)
, (32)

with εk ≡ (~k)2/2 m. Although the neglect of the Coulomb potential is a rather
crude approximation, the simple function of Eq. (32) exhibits most of the
relevant features of the one that includes the Coulomb potential. For fixed
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“box energy” Eθ
n, the function has its maximum value for

εk = |Eθ

n| cos(2θ) = Re(Eθ

n), (33)

and the half width is

1εk

2
= |Eθ

n| sin(2θ) = Im(Eθ

n). (34)

Numerical inspection shows that the identification of the maximum of |Fθn,`|
2

with the real part of Eθ
n, as well as that of the half width of |Fθn,`|

2 with
the imaginary part of Eθ

n, remains very reasonable estimates also when the
Coulomb potential is included. This analysis explains the much improved
basis set convergence with complex scaling discussed in connection with
Figure 5.2.

3. RESONANCES IN ELECTRON–ION RECOMBINATION

As an example of a process where resonances are truly important, we
will now discuss electron–ion recombination. The interest in this process is
due to several practical applications and to very fundamental questions. It
appears as an important process in astrophysical plasmas [85], the chemistry
of interstellar clouds [86], modeling of supernova reminiscence, and earth
atmosphere, and in fusion plasma [87]. Recombination can cause significant
energy losses from plasma as being a source for radiation. This radiation
has, on the other hand, proven to be a valuable tool for plasma diagnos-
tics. In fact, the resonant process dielectronic recombination (DR) (see below)
was postulated to explain discrepancies in the ionization balance of the solar
corona [88, 89]. Much of the energy transport and reactions in these plasma
and media occur as electrons collide with atomic and molecular ions. In
such collisions, the ions can be excited or further ionized, or the electrons
can recombine leading to emission of photons, excitation of ions, or dis-
sociation of molecules. Electron–ion recombination occurring in fusion or
astrophysical plasma provides also a tool for their spectroscopic investiga-
tions. On the fundamental level, studies of electron–ion impact phenomena
can be very useful for developing our understanding of the structure and
decay modes in many electron systems. During the last decade, recombina-
tion studies obtained a decisive role also in fundamental atomic spectroscopy
[16, 27–35, 90–95]. This is due to the possibilities given by coolers in storage
rings and by electron-beam ion traps (EBITs), which allow measurements
of electron-impact ionization and recombination with unprecedented reso-
lution and luminosity. They can serve, for example, as testing grounds for
highly accurate calculations of energy levels in few electron ions.
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The most fundamental process in the interaction of free electrons with
ions is radiative recombination (RR). Here, a photon is directly emitted
with the capture of an electron into the quantum state n of the ion A(q−1),
cf. process (35). This process can happen for any collision energy, i.e., it is
nonresonant. In DR, process (36), on the other hand, a free electron is cap-
tured simultaneously with the excitation of a bound electron in the ion. Due
to energy conservation, the binding of the captured electron plus its kinetic
energy must equal the excitation energy of the bound electron, the process
can thus only happen when the incoming electron is on resonance. The result-
ing resonance (or doubly excited) state (n′, n′′) will generally have a very
large probability to autoionize and loose the electron again, but it may emit
a photon and end up in a state (n′′′) below the ionization threshold. This last
step completes DR. RR and DR are the dominating processes for electron–
ion recombination in dilute plasma. Additional processes have though to
be considered for dense and cold plasma (three-body recombination) and
for molecules (dissociative recombination). Schematically, we write RR and
DR as

Aq+
+ e− −→ A(q−1)+(n)+ ~ω, (35)

+ e− −→ A(q−1)+(n′, n′′) −→ A(q−1)+(n′′′)+ ~ω, (q < Z) (36)

and note that these processes are the time-inverse of photoionization. In
Eqs. (35) and (36), Z is the nuclear charge and q is the charge state. Both
processes can be described as photorecombination and can in principle pro-
vide two different pathways between the same initial and final states (that
is when n = n′′′), thus there is a possibility of interference which would lead
to asymmetric line profiles [96] in the recombination spectra. In contrast to
the situation for photoionization, however, such an interference is seldom
seen in experiments. There are several reasons for this. First, overlapping
resonance profiles often mask the underlying asymmetry. Overlapping res-
onances are much less seen in photoionization due to the high selectivity
for the dominating dipole transitions. Here, resonances of all angular and
spin symmetries will contribute rather equally. Second, process (35) popu-
lates mainly the ground state, while process (36) predominantly populates
excited states. Thus, the dominating contributions are really to different final
states and do not contribute to any asymmetry. Measurements that sum over
all final states that contribute to recombination, as storage ring experiments,
will then hardly see any asymmetry. In EBITs, however, both the recombined
ion and the photon in Eqs. (35) and (36) are detected. Then, the recombina-
tion to a single final state can be isolated, and Fano profiles have indeed
been reported [97, 98]. These studies were also made on highly charged
ions, resulting in an increased yield of the RR process and thereby also in
an increased asymmetry.
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It is worth noting that the cross section for recombination scales as the
inverse of the collisional energy, and thus goes to infinity when the elec-
tron energy goes to zero, which is another way of saying that the probability
for recombination then goes to unity. The rate coefficients, i.e., the cross
section times the electron velocity is, however, always finite. Still it is pri-
marily the lowest energy region that can be dominated by recombination
through process (35). The left panel of Figure 5.6 shows a storage ring mea-
surement [99, 100] (shaded area) of sodium-like silicon recombining into
magnesium-like silicon. The peak at zero relative energy is due to RR. The
remaining spectrum is, however, completely dominated by the resonant pro-
cess of DR. The rate coefficient maps out the resonances of the ion , which is
clearly seen when the experimental data are shown together with the level
scheme of the doubly excited states as it is done in Figure 5.6. The energy
region displayed is just up to 1.4 eV above the Si2+ ionization threshold, and
the recombination is due to 28 resonances, mostly of 3p4`-type. For systems
with a more complicated shell structure, the density of resonances can be
much higher. So high in fact that individual resonances cannot be distin-
guished and are only seen as an increased recombination level. One of the
most prominent example of this phenomena is the system of Au25+ [101]. For
such cases, the predictive power of theory is still very small. Evidently, meth-
ods that have been developed for an accurate description of every resonance
might not be the best way forward. One possibility would be to use statistical
methods as has been advocated by Gribakin et al. [102–104].
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e− + Si3+
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Figure 5.6 The left panel shows storage ring results [100] in the form of rate coeffi-
cients (shaded area) for Si3+ recombining into Si2+. The thick line is the calculated cross
section [100] folded with the electron beam temperature. The energies of the resonant states
(doubly excited states) in Si2+ are shown in the form of a level scheme. It is obvious that the
rate coefficients map out the energy level scheme. The right panel shows the rate coefficients
as a function of temperature. The upper black line shows the storage ring results folded with
a Maxwellian energy distribution, see [99], while the lower grey curve shows a theoretical
prediction [107].
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In storage rings, cold electrons collide with cold ions and the recom-
bination can be studied as a function of the tunable relative energy, see
Refs. [105, 106] for recent reviews. For plasma physics applications, it is
more common to show the rate coefficient as a function of temperature. In
a plasma, it is the finite energy distribution, given by the temperature, that
can tune the electrons into resonance with the doubly excited states of the
recombined ion. Rate coefficients displayed in this way are shown in the
right panel of Figure 5.6. Here, the black (upper) line shows the storage
ring results from the left panel (although for a wider energy range) folded
with a Maxwellian energy distribution, see [99] for details, while the grey
(lower) curve shows a calculated prediction [107]. In Ref. [107], data for 22
sodium-like ions between Mg+ and Xe43+ were presented as a part of a larger
effort to provide recombination data for all astrophysically relevant ions. Cal-
culated data, obtained with the so-called AUTOSTRUCTURE code, was then
converted to a simple formula with fitting coefficients. We can see that the
agreement is good for high temperatures. In this region, the recombination
rate is given by a large number of resonances where the exact position of
each is not very crucial. For low temperatures (and thus mainly low col-
lision energies), the situation is very different. Details in the treatment of
the system-like many-body effects, relativistic effects, etc. are able to shift
resonances below, closer to, or further away from threshold, thereby dra-
matically changing the recombination rate prediction. This energy region is
accordingly not at all as well represented with the data from the codes devel-
oped to efficiently address a large number of resonances and here we see
a large discrepancy in Figure 5.6. Now, sodium- and magnesium-like ions
have in fact a rather simple electronic structure and hence it is possible to
perform full many-body calculations for these systems. Such a calculation is
of course more tedious and can in practice only be carried out for selected
cases and selected energy ranges. The solid black line in the left picture of
Figure 5.6 shows results from such a more dedicated effort with relativistic
MBPT (RMBPT) [100]. It is clear that it agrees well and on an absolute scale
with the experiment. Figure 5.7 shows more details from the calculation. For
such low-charged systems as Si2+ and Si3+, it is the electron correlation that
provides the largest obstacle for the calculation, and from Figure 5.7, it is evi-
dent that precise determination of many resonance positions is necessary for
good agreement with experiment. However, relativistic effects are not at all
unimportant for light systems. One obvious example can be the broad peak
around 0.2 eV in Figure 5.7. The three calculated peaks, slightly shifted com-
pared to each other, are the three fine-structure components of a resonance
of 3F-symmetry. A more important relativistic effect is though that several
resonances are only coupled to the continuum due to spin–orbit coupling,
i.e., without relativistic effects they would neither autoionize nor contribute
to recombination. One example of this is the narrow peak at ∼0.1 eV. It has
odd parity and is of 1D-symmetry, but in the decay channel 3sε`j an odd `
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Figure 5.7 (a) Individual cross sections of the low-energy DR resonances, obtained by the
RMBPT calculation, are shown by thin solid lines with the corresponding electron configura-
tions indicated by vertical bars. The thick solid line (black) shows the total DR cross section
(sum of all individual DR resonances). Dots show the rate coefficients obtained from the con-
volution of the total DR cross section with the velocity distribution of the electrons from
the experiment. (b) A zoomed view of the individual DR cross sections, to emphasize the
wide resonances.

cannot couple to total L = 2, and this would prohibit Auger decay, as well
as dielectronic capture, in a nonrelativistic description. Still the contribu-
tion to the recombination rate is important, and this is due to the fact that
recombination depends on the probability to form the resonance state times
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the probability that is stabilize, i.e., to

Ac
a

∑
i Ai

r∑
k Ak

r +
∑

j Aj
a

, (37)

where Ac
a denote the dielectronic capture rate (equal to the Auger rate), Ar

a radiative rate, and the sum over i runs over all photon transitions leading
to a state below the ionization thresholds, while those over k and j over all
possible transitions from the state through either radiative or Auger decay.
For resonances lying closely above the ionization threshold autoionization is
usually a very strong process with a probability roughly scaling as 1/εe, the
energy of the ejected electron. It dominates thus over radiative transitions
with many orders of magnitude, and just over the first ionization thresh-
old, Eq. (37) will then approximately equal

∑
i Ai

r. Even if autoionization has
to occur through an LS-forbidden channel, its rate is often larger, or of the
same order as, the radiative rate, and thus the recombination rate is not much
affected. This is the reason why nonrelativistically forbidden transitions can
have a large influence.

3.1. Precision studies through resonances in electron–ion
recombination

Finally, we would like to mention the development of DR studies into a new
spectroscopical tool. An early example where such resonances were used to
accurately determine an excitation energy in a highly charged ion was the
4p1/2– 4s splitting in copper-like lead [29] which was determined with an
accuracy of ∼1 meV, corresponding to a precision of 8× 10−6. During later
years, it has been possible to study hyperfine structure and isotope shifts
through DR resonances [95, 108, 109]. In Ref. [95], the 2s1/2–2p3/2 transition
energy in lithium-like scandium was determined with an accuracy of 4.6
ppm. Hereby, the evaluation of radiative contributions such as self-energy
and vacuum polarization in a many electron environment can be put to a
stringent test as discussed in Ref. [95]. We will discuss the method with this
system as the example.

The method is based on the nearly complete cancellation between the tar-
get excitation energy and the binding energy of the attached electron for
certain low-energy resonances. For a lithium-like system, a resonance can
be formed in the following way;

e− + Aq+
(
1s22s1/2

)
−→ A(q−1)+

(
1s22pjn`j′

)
, (38)

where E(1s22pjn`j′) > E(1s22s1/2). For a highly charged system, the state n`j′

will be a Rydberg state; for lithium-like Sc18+, the lowest resonances are
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found for n = 10 and for Kr33+ for n = 15. The resonance will be found at
energies

ε = E
(
1s22pj

)
− E

(
1s22s

)
−1E, (39)

where 1E is the binding energy of the outer Rydberg electron. This binding
energy can be accurately determined by calculations since it is dominated
by the Dirac energy and only small corrections are given by many-body
effects. With Z = 18, the Dirac hydrogen-like binding energy is 44.114 29 eV
for 10d3/2 and 44.101 57 eV for 10d5/2. This value is thus obtained under the
assumption that the core screens exactly three units of charge. If we include
the interaction with the inner 1s2 core through the Dirac–Fock potential we
obtain instead 44.213 87 and 44.200 09 eV, respectively, and adding also the
Breit interaction and true correlation effects from the 1s2 core we get a fur-
ther, but slight, change to 44.214 58 and 44.200 93 eV. It remains now to add
the interaction with the 2p-electron. This interaction is term dependent and
we see in Table 5.2 the results for the three lowest resonances (2p3/210d3/2)J=2,
(2p3/210d3/2)J=3, and (2p3/210d5/2)J=4. The first line, labeled first-order Coulomb
interaction, gives the results after diagonalization of the Hamiltonian matrix
of all 2pj10`j′ configurations, coupled to one specific J. In particular, this
means that (2p3/210d3/2)J and (2p3/210d5/2)J are allowed to mix. We see in

Table 5.2 Binding energies for the lowest lying Sc17+(1s22p3/210dj)J resonances relative
Sc18+(1s22p3/2) (results in eV)

J = 2 J = 3 J = 4

Orbital energies (see text) +
Coulomb interaction first

order 44.27255 44.23494 44.27570
Breit interaction first order −0.00063 0.00002 0.00013
Mass polarization first order 0.00002 0.00001 0.00005
Coulomb interaction second

order 0.00288 0.00574 0.00383
Breit–Coulomb second order 0.00000 0.00002 0.00000
Higher-order Coulomb

correlation 0.00008 0.00001 −0.00011
Core polarization of 2p3/210dj

interaction −0.00011 −0.00004 −0.00044

Total 44.27480 (11) 44.24071 (9) 44.27916 (11)
Experimental [95] 0.03465 (10) 0.06861 (10) 0.03036 (10)
Extracted energy splitting

in Si18+ 1s22p3/2–1s22s1/2 44.30945 (15) 44.30932 (15) 44.30952 (15)



To protect the rights of the author(s) and publisher we inform you that this PDF is an uncorrected proof for internal business
use only by the author(s), editor(s), reviewer(s), Elsevier and typesetter diacriTech. It is not allowed to publish this proof online
or in print. This proof copy is the copyright property of the publisher and is confidential until formal publication.

AQC 09-ch05-247-308-9780123970091 2012/1/30 12:40 Page 271 #25

Atomic Resonance States and Their Role in Charge-Changing Processes 271

Table 5.2 that the results for the three terms are now changed by up to 70 meV
compared to the situation before adding the detailed interaction with the 2p
electron. After inspection of the other entries in Table 5.2, we can conclude
that only two types of contributions, namely from the core Dirac–Fock poten-
tial discussed above and from the first-order Coulomb matrix element, are in
the 10 meV range. These effects are well defined and can be unambiguously
calculated. At the next level, contributions of a few meV are coming from true
electron correlation, while additional interactions and higher-order effects
give even smaller contributions. It is the smallness of all these contributions
that gives the high accuracy with which the binding energy can be calcu-
lated for a Rydberg electron. The errors given for the calculated values in
Table 5.2 represent neglected contributions from high partial-wave angular
momenta (` = 12–∞) contributions to the second-order correlation energy as
well as uncalculated higher-order correlation, conservatively estimated from
the calculated all-order ladder diagram (sixth line in Table 5.2). Now these
calculated Rydberg electron binding energies can be combined with the mea-
sured resonance positions [95] to extract the target excitation energy. Since
we have results for three resonances, it can be done in three different ways.
The results are shown in Table 5.2. The three resonances provide slightly dif-
ferent results for the 2p3/2–2s1/2 energy splitting, but the differences are within
the estimated error bars confirming the expected accuracy of the method.

4. COMPLEX ROTATION AND THE DIRAC EQUATION

There is a large number of nonrelativistic studies with complex rotation in
the literature. Although much less is done with the Dirac equation, calcula-
tions on resonant electron–ion recombination (cf. Section 3) and on unstable
core-hole states in heavy elements [110, 111], as well on Stark Shift [39] have
been shown to give reliable results. In the case of electron–ion recombination,
the relativistic effects are much larger than one would naively assume. In
most systems, there are states above the ionization limit that cannot autoion-
ize in LS-coupling, of symmetry reasons. Neither can they then contribute to
recombination. In many cases, some admixture of an other spin or angu-
lar momentum symmetry, generated by spin–orbit coupling, would open
the path to autoionization. Although it may seem contra intuitive, this non
relativistically forbidden decay mode can be the most probable decay path
the state takes after being formed in an electron–ion collision, even for rather
lighticons ions. This can be understood from the fact that when autoioniza-
tion is nonrelativistically allowed it often dominates over radiative decay
with orders of magnitude and thus even a tiny admixture of a component
that can decay by autoionization, can suffice to make this path important. In
connection with a process such as DR, these states can then contribute signif-
icantly. Important nonrelativistically forbidden resonances have been found
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in the recombination spectra of most Li-like ions and in some cases, as for
recombination of C3+ [27], they are dominating.

We start from the Dirac one-particle Hamiltonian for an electron bound to
a point nucleus

h = cα · p+ (β − 1)mc2
−

e2

4πε0

Z
r
=

(
−

e2

4πε0

Z
r cσ · p

cσ · p −
e2

4πε0

Z
r + 2 mc2

)
. (40)

The scaling of the radial coordinate with a complex constant, eiθ , as in Eq. (8)
gives then the scaled Hamiltonian

h =

(
−

e2

4πε0

Z
reiθ cσ · p e−iθ

cσ · p e−iθ
−

e2

4πε0

Z
reiθ + 2 mc2

)
. (41)

Following the discussion in Section 2.1, we will use a matrix representation
of the Dirac Hamiltonian. One possibility is to discretize Eq. (40) on a lattice
in a spherical box as described in Ref. [112], yielding an eigenvalue problem
that can be solved using standard matrix techniques. With complex rotation,
the real symmetric matrix in Ref. [112] will instead be complex symmetric.
In Section 2.1, we discussed that the pseudo-continuum solutions, found as
eigenstates to the matrix representation of the Schrödinger equation, have
complex energies that approximately scale as Ek → Eke−2iθ , see Eqs. (13)–
(15). In the relativistic case, we will find the same behavior for low-energy
pseudo-continuum states. This is illustrated in Figure 5.8 where the solid line
shows the expected rotation of 2θ and the dots the calculated s1/2-spectrum
energies for one electron in the potential from a helium nucleus, showing
clearly this trend above zero energy. The dots falling on the x-axis are eigen-
values to the bound states well represented in the box. For energy states with
a kinetic energy much larger than mc2, the diagonal terms in Eq. (41) will be

0.0

0.0

Im
 (

E
) 

a.
u.

Re (E) a.u.

−0.2

−2.0 +2.0

−0.4

Figure 5.8 Energy eigenvalues (dots) of the discretized and complex rotated one-particle
Dirac Hamiltonian with s-symmetry. Bound states that are well represented in the box and on
the grid are lying on the x-axis. The low-energy pseudo-continuum states are rotated with an
angle of approximately 2θ (where θ is the complex rotation angle) down from the real axis,
as indicated with the straight solid line.
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−2 mc2
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Im
 (

E
)

Re (E)

Figure 5.9 Energy eigenvalues (dots) to the discretized and complex rotated one-particle
Dirac Hamiltonian with s-symmetry. The high-energy pseudo-continuum states are rotated
with an angle θ (indicated with the dashed line) down from the real axis, where θ is the
complex rotation angle. For low energies, the line of dots bends and approaches the solid
line, which indicates the expected rotation of 2θ in the nonrelativistic domain.

small and the equation will tend toward uncoupled first-order differential
equations leading to Re (E) /Im (E) = − tan θ . This is illustrated in Figure 5.9
where the calculated points tend to the dashed line for high energies. The dif-
ferent behavior for low-energy states close to zero energy is seen as a bending
when the calculated points approach the dashed line.

An important point to consider when the Dirac equation, Eq. (40), is
considered is that it has also eigenstates with energies below −2 mc2. This
negative energy continuum should be considered as filled in vacuum and
is only available for electrons if an electron–positron pair has been previously
created. The situation is similar to that when there is a more or less inert core
inside the active electrons. The Pauli principle then prevents transitions into
the core states if not a hole has been previously created. Two choices are
then possible: either one is satisfied with the inert core approximation or one
keeps track of the creation and refilling of core-holes, with the help of second
quantization. To create a real electron–positron pair, at least 2 mc2 of energy is
needed. Although virtual pairs do still contribute to all bound state energies,
the large energy difference between positive and negative energy solutions
makes the virtual pair contribution very small, of the order α3Z3 a.u., and
thus this is a rather insignificant effect for all but the heaviest atoms. The con-
tribution has been calculated for the helium ground state in Ref. [113] and is
there found to be below 10−7 a.u. For doubly excited states, the contribution
should be even smaller and virtual creation of electron–positron pairs can
usually be safely neglected, i.e., the vacuum can be treated as an inert core.
The negative energy continuum states should then not be allowed to mix
into the wavefunction, which formally means that the two-electron oper-
ators in the two-particle Hamiltonian should be surrounded by projection
operators [114]

H =
2∑

i=1

hi + V12 =

2∑
i=1

hi +3
+

1 3
+

2 V123
+

1 3
+

2 . (42)
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When working on a positive energy solution, the operators 3+ give unity,
but on a negative energy solution, they give zero. The eigenstates to a matrix
representation of Eq. (40) can conveniently be used to express the 3± oper-
ators. The electron–electron interaction operator, V12, is dominated by the
Coulomb interaction, which when complex rotation is used is written

e2

4πε0

1
r12

e−iθ . (43)

In addition, V12 should include corrections due to the finite speed of the elec-
tromagnetic interaction, as well as magnetic contributions present due to the
electron spin. An approximate way to account for these effects, correct to
order α2 a.u., is provided by the Breit operator [115]

−
e2

4πε0

1
2

(
α1 · α2

r12
+
(α1 · r12) (α2 · r12)

r3
12

)
e−iθ , (44)

here with the complex scaling added. The use of Eqs. (43) and (44) implies
that we work in the so-called Coulomb gauge. Other choices are possible, but
it has been shown that Coulomb gauge is the most practical choice for mod-
estly charged systems [116, 117]. Since Eq. (44) works on both the spin and
the orbital part of the wavefunction it may, as the usual spin–orbit interac-
tion, cause departure from LS-coupling. A third two-particle operator arises
from nuclear recoil. Nonrelativistically, it has the well-known form

p1 · p2

M
e−i2θ , (45)

again with the proper complex scaling constant and is readily derived from
the relation between nuclear and electronic momenta in the center of mass
system: pN

= −
∑

i pe
i . The full relativistic form can be found in Refs. [118,

119].

4.1. Perturbation expansion from an extended model space

MBPT starts with the partition of the Hamiltonian into H = H0 + V. The basic
idea is to use the known eigenstates of H0 as the starting point to find the
eigenstates of H. The most advanced solutions to this problem, such as the
coupled-cluster method, are iterative: well-defined classes of contributions
are iterated until convergence, meaning that the perturbation is treated to all
orders. Iterative MBPT methods have many advantages. First, they are eco-
nomical and still capable of high accuracy. Only a few selected states are
treated and the size of a calculation scales thus modestly with the basis set
used to carry out the perturbation expansion. Radial basis sets that are com-
plete in some discretized space can be used [112, 120, 121], and the basis



To protect the rights of the author(s) and publisher we inform you that this PDF is an uncorrected proof for internal business
use only by the author(s), editor(s), reviewer(s), Elsevier and typesetter diacriTech. It is not allowed to publish this proof online
or in print. This proof copy is the copyright property of the publisher and is confidential until formal publication.

AQC 09-ch05-247-308-9780123970091 2012/1/30 12:40 Page 275 #29

Atomic Resonance States and Their Role in Charge-Changing Processes 275

set dependence can be more or less eliminated. Second, MBPT approaches
are applicable on true many-electron atoms. This is in contrast to methods
that indeed are capable of higher accuracy; with perimetric coordinates, the
partial wave expansion of the electron–electron interaction is avoided and
extremely precise results can be obtained, see, for example, Ref. [20]. Meth-
ods of this type are however hardly extendable beyond pure three-body
systems. They are also hard to extend to relativistic calculations. For exam-
ple, the implementation of projection operators, Eq. (42), would be far from
straight forward, while it is trivial for an MBPT expansion based on finite
basis sets [112, 120, 121].

The drawback with perturbative approaches is of course that there is no
guarantee that they will converge. There is a vast literature on coupled
cluster methods in general and their convergence properties in particular,
see, for example, Refs. [122–125]. A first concern is the presence of degen-
erate or quasi-degenerate solutions to H0. In relativistic calculations, these
are encountered even more often than nonrelativistically. For example, a state
dominated by the 2s2p configuration would relativistically generally be a
mixture of the 2s2p1/2 and 2s2p3/2 configurations, close in energy and often
with rather equal weights. The proximity of these configurations is of course
even more pronounced for light systems and for low enough nuclear charges
it will eventually be impossible to start a perturbation expansion from one of
the configurations, see, for example, the discussion in Ref. [126]. The remedy
in this situation is to start the perturbation expansion from a mixture of the
close configurations through the use of an extended model space, also called
a multireference scheme.

A multireference scheme [124], applicable also on (quasi) degenerate
states, divides the full space into the model space (P space) and the compli-
mentary space (Q space). The interaction within P is treated exactly (through
direct diagonalization of the Hamiltonian), while that between P and Q is
handled through the perturbation expansion. With an ideal choice of P,
the interaction between P and Q should be weak, usually due to a large
energy gap. When the perturbation expansion is carried out to all orders,
it should now, provided the model space is well chosen, converge fast. In
relativistic calculations, it is natural to form the model space from all the
fine-structure components of the configuration of interest. For example, for a
2p2 configuration, the model space will include the 2p2

1/2, 2p2
3/2, and 2p1/22p3/2

configurations. It is also possible, and sometimes advantageous, to include
the whole n`jn′`′j′ manifold, i.e., in this case also the 2s2

1/2 configuration.
With this approach, a large number of open shell atoms and ions can be
treated successfully. More information about the application of this method
to relativistic calculations can be found in Refs. [30, 126].

Unfortunately, there are still systems where problems are encountered,
and the main reason is that it is not possible to find a suitable model space,
i.e., one with the properties mentioned above. Relativistic and nonrelativistic
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systems do not really differ in this respect, instead it is the calculation of
resonance states that is especially plagued by the so-called intruder states;
states emerging from Q space that couple strongly with one or several
P states and prevent convergence. An obvious solution would be to change
the partition into P and Q so that the intruder is absorbed in P, but in many
cases this only leads to the appearance of new intruders. This happens when
an ionization threshold happens to lie in the middle of a manifold or when
manifolds are overlapping. An example of the former is the two

(
4s4pj

)
J=1

states in Ni16+ [33]. The two configurations with j = 1/2 and j = 3/2 are
quasi-degenerate, couple strongly and should both be in the model space.
The lower energy state, which dominantly has triplet character, is however
bound and mixes strongly with the Rydberg series, which prevents con-
vergence. This affects then also the other J = 1 state, dominantly of singlet
character, since both states are spanned by the same model space. It would
for many applications be interesting with a method that allowed calculation
of, in this example, the higher lying singlet state without an explicit rep-
resentation of the triplet state. One possibility is to introduce a intermediate
space [127], which is placed between P and Q and acts as a buffer. Several
promising studies have been done with such an approach [128–133], and at
least one attempt has been made to use this idea on resonance states [18].

In spite of the intruder state problem, there is a range a systems where
(relativistic) MBPT can produce reliable and accurate results for energies and
width of resonance states. A few examples are given below.

4.2. Some examples

4.2.1. Helium and helium-like ions
The doubly excited states of helium have been the subject of a large num-
ber of studies, some of these extremely accurate [19, 20], but very few have
considered relativistic corrections. The reason might be that the interest in
very accurate methods is motivated mainly by highly excited regions with a
dense spectrum of resonances, where relativistic effects play little role. Still
the potentially interesting question of the stability of the most narrow reso-
nances can only be answered, if relativistic effects are considered. A group
of such very narrow resonances is found among the lowest helium doubly
excited states; 2p2 3PJ states cannot autoionize nonrelativistically since they
are below all 3Pe continua. Auger decay is however still possible due to spin–
orbit coupling. For example, the J = 2 state may mix slightly with 2p2 1D2

with a leading mixing coefficient scaling as α2Z4/1E, where1E is the energy
difference to 2p2 1D2. The autoionization rate will then scale as the square
of this times the rate of the 2p2 1D2 state itself. Since the nonrelativistic rate
to a first approximation is independent of nuclear charge and the energy
splitting between two states belonging to the same configuration scales as
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Z, we expect a rate ∼α4Z6. For the J = 1 state, there is no state within the
configuration to mix with and we expect a slower increase with Z; ∼ α4Z4.

To find the eigenstates of the many-body Hamiltonian in Eq. (42), the
electron–electron interaction is written as a multipole expansion, and partial
waves up to ` = 10 is included in the wavefunctions, this expansion is fur-
ther extrapolated. In practice, we have here separated out the nonrelativistic
part [15] and followed the relativistic corrections separately. The perturba-
tion expansion is made first with Coulomb interaction only and then with
both Coulomb and Breit interactions. These results are given separately in
Tables 5.3–5.5, first relativistic corrections without the Breit contributions,
and then the Breit contributions by themselves. The resonance energies
should in principle be independent of the rotation angle. Due to numerical
imperfections, this is not completely true. To test the dependence on the rota-
tion angle, we have made three separate calculations rotated 10◦, 15◦, and 20◦,
which are in all other respects identical. The real part of the energies differ at
most with a few units in the ninth figure. For the resonances with LS-allowed
autoionization rates, these rates are stable to five or six digits. Numerical
uncertainties arise also from discretization of the grid. Such uncertainties are
well under control for energy positions and allowed autoionization widths.
Some of the forbidden autoionization rates are however extremely narrow
and requires stability with up to 12 figures. To handle this situation, we have
chosen to perform calculations for a few different values of the fine-structure
constant, α. The widths grow fast with it, ∼α4, and for larger values, the
numerical stability is much better. We then scale the results to the recom-
mended value α = 1/137.035 999 11. The result for J = 0 can be trusted to
within one unit in the given figure in Table 5.5. For J = 1, the result should

Table 5.3 The total binding energy (E) and autoionization half width (0/2) for the helium
doubly excited states of odd parity below He+(n = 2)

2s2p 1P1 2s2p 3P0 2s2p 3P1 2s2p 3P2

Energy
Nonrelativistic [15] −0.693135 −0.760492 −0.760492 −0.760492
Mass polarization 0.0000021 −0.0000004 −0.0000004 −0.0000004
Relativistic

corrections −0.0000279 −0.0000452 −0.0000395 −0.0000280
Breit corrections 0.0000002 0.0000019 0.0000004 0.0000004

Total −0.693161 −0.760536 −0.760532 −0.760520
0/2 autoionization 0.000686 0.000150 0.000150 0.000150

The results are given in atomic units. To convert to eV use 1 a.u. = 27.211 384 5 M/(M+me)eV
= 27.207 653 eV.
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Table 5.4 The total binding energy and autoionization half width (0/2)
for the helium doubly excited even parity states below He+ (n = 2), where
autoionization is nonrelativistically allowed

2s2 1S0 2p2 1S0 2p2 1D2

Energy
Nonrelativistic [15] −0.777868 −0.621926 −0.701946
Mass polarization −0.0000004 0.0000101 0.0000008
Relativistic corrections −0.0000420 −0.0000231 −0.0000195
Breit corrections 0.0000002 0.0000008 −0.0000007

Total −0.777910 −0.621938 −0.701965
0/2 autoionization 0.002271 0.000108 0.001181

The results are given in atomic units, see Table 5.3.

be correct to within 10%, while the much larger rate for J = 2 can be trusted
to around 1%. It is the relatively strong mixing with the nearby rather broad(
2p2
)1

D2 state, which yields the much broader width of that fine-structure
component.

The leading contribution to the widths in Table 5.5 is due to spin–orbit
mixing in the field of the nucleus, but also the electronic field contribute
although with a weaker Z-scaling. The contributions from the Breit interac-
tion to the energy is very small for a light system as helium, but the spin–spin
and spin–orbit interactions included in this way are of the same formal order
as the spin–orbit interaction from the Coulomb part of the electronic interac-
tion. The Breit interaction is in fact also of relatively large importance for the
decay rate of the most long-lived states.

There were some studies of relativistic corrections to the doubly excited
states of helium already in the eighties. Chung and Davis [134] used nonrel-
ativistic wavefunctions and calculated the effects of the relativistic correction
operators. Their result for the relativistic and mass polarization corrections
to the energy position of the 2s2p1P state yielded −0.26 · 10−4 a.u., which
agrees to within all given figures with the present calculation. Aspromallis
et al. [135] used the Breit–Pauli Hamiltonian and calculated among other
things the fine-structure splittings in 2p3P to: 8.490× 10−6, 5.792× 10−6,
and 1.43× 10−5 a.u., for the 3P2 −

3P1, 3P1 −
3P0, and 3P2 −

3P0 splittings,
respectively, which agree to within 2% with the results in Table 5.5.

The forbidden autoionization rates increase strongly with nuclear charge.
As discussed above, we expect the width of (2p2)3PJ=0 and (2p2)3PJ=2 to scale
as Z6 since they can mix with states formed from the same configuration that
can autoionize nonrelativistically, while the width of (2p2)3PJ=1 is expected to
grow as Z4. This is illustrated in Figure 5.10, which also shows that for Z = 20
the difference between forbidden and allowed transitions has vanished.
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Table 5.5 The total binding energy (E) and autoionization half width (0/2) for the helium doubly excited states of even parity, and where
autoionization is nonrelativistically forbidden, below He+(n = 2)

2p2 3P0 2p2 3P1 2p2 3P2

E [a.u.] 0/2
[
10−9 a.u.

]
E [a.u.] 0/2

[
10−9 a.u.

]
E [a.u.] 0/2

[
10−9 a.u.

]
Nonrelativistic [15] −0.710500 0.000 −0.710500 0.000 −0.710500 0.000
Mass polarization 0.0000064 0.000 0.0000064 0.000 0.0000064 0.000
Relativistic corrections −0.0000292 0.003 −0.0000238 0.002 −0.0000131 0.933
Breit corrections 0.0000013 0.003 0.0000017 0.033 −0.0000007 0.216

Total −0.710522 0.006 −0.710516 0.035 −0.710507 1.149

The results are given in atomic units, see Table 5.3.
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Figure 5.10 The variation of the autoionization width of the helium n1 = n2 = 2 resonances
of even parity as a function of nuclear charge, Z. The three dashed lines show the widths
for the 2p2 3PJ resonances that cannot autoionize nonrelativistically, short dashed line ( J =
0), long dashed line ( J = 1), and long-short dashed line ( J = 2). The three solid lines show
the width of the three resonances for which autoionization is nonrelativistically allowed for
comparison. A logarithmic scale is used to highlight the Z-dependence.

4.2.2. Beryllium-like ions
The nonrelativistically forbidden autoionization rates in Table 5.5 are still
rather slow. One reason for this is that the ionization has to be to the n = 1
state of He+, which is rather far away in energy. For Be-like systems the situa-
tion is very different. For the neutral system, even the state Be(1s22p2 1S0) is a
resonance, lying only 0.00456± 0.00002 a.u. [136] above the ionization limit,
Be+(1s22s 1S0). For Be-like ions, we will find that the lowest 1s22pn` resonance
appears for higher and higher n. For Be-like carbon, n has to be equal to 4 or
more [27, 36], for nitrogen equal to 5 [28], for fluorine equal to 6 [30], and
for sodium equal to 7 [34]. For heavier elements, the 1s22p1/2n` and 1s22p3/2n`
form separate series; for example, in Be-like krypton, the first resonances in
the former series are for n = 11, but in the latter series the resonances begin
at n = 15 [31]. In many cases, the ionization threshold falls in the middle of
a manifold making some states bound, while others are placed in the contin-
uum. The threshold can even fall within a fine-structure multiplet; in Be-like
fluorine, the two lowest energy resonances are dominantly of 2p6p 3P sym-
metry, while the third component (J = 0) is bound. Although the former two
can only autoionize through spin–orbit coupling, they are broad, the lowest
(J = 1) state ∼25 meV and the J = 2 state ∼0.1 meV.

For a process like electron–ion recombination, the presence of resonances
closely above the ionization threshold has a large impact on the recombina-
tion rate. A number of storage ring measurements, which can map out the
resonances in great detail, have clearly shown that one cannot dismiss such
resonances just because they would not be able to ionize in LS-coupling.



To protect the rights of the author(s) and publisher we inform you that this PDF is an uncorrected proof for internal business
use only by the author(s), editor(s), reviewer(s), Elsevier and typesetter diacriTech. It is not allowed to publish this proof online
or in print. This proof copy is the copyright property of the publisher and is confidential until formal publication.

AQC 09-ch05-247-308-9780123970091 2012/1/30 12:40 Page 281 #35

Atomic Resonance States and Their Role in Charge-Changing Processes 281

Table 5.6 Calculated energies and widths
for the lowest energy resonances in C2+

Level Energy Width
Term J (eV) (meV)

2p4d 3D 1 0.176 0.09
2 0.177 0.18
3 0.180 0.08

2p4f 1F 3 0.236 0.10
2p4f 3F 2 0.240 0.001

3 0.242 0.25
4 0.243 0.33

The energies are given relative the
C3+(1s22s) threshold.

It is interesting to look at a light ion in this respect. In Be-like carbon, all
the resonances listed in Table 5.6 would not autoionize in a nonrelativistic
framework, still they dominate the recombination spectrum [27].

5. RESONANCES IN THE TIME DOMAIN

The rearrangement of atoms in molecules in the course of a chemical reaction
takes place on the same timescale as the molecular vibrations, 10–1000 fs.
Here, a prominent example of recent progress is the detailed and quantita-
tive understanding of each step in the dissociation of the simplest molecules
(H2, D2, H+2 , D+2 ), see, for example, Refs. [137–141] and references therein.
The more recently opened attosecond regime is relevant to investigate the
time development of electronic wave packets in both atoms and molecules.
With the novel ultra-short pump and probe technique made possible by high-
harmonic generation in connection with sophisticated phase-stabilization
and gating techniques, a sub-femtosecond XUV (pump) pulse initiates a pro-
cess in the atomic target, usually involving high-lying electronic states, and
a second probe pulse takes “snapshots” of its evolution. As mentioned in
the introduction, such pump-probe schemes bear the ultimate promise of
filming atomic events. A very interesting target for such studies is core-hole
creation and decay. The appearance of a core-hole triggers electron dynam-
ics on a range of different timescales, leading to electron rearrangement and
further ionization. Especially when the hole decay is coupled to the envi-
ronment (atoms adsorbed on surfaces or embedded in larger molecules),
time-resolved studies may give a handle on physics that cannot be studied in
the frequency domain. A pioneering experiment was made when Drescher
et al. used a pump–probe setup to follow the decay of an inner-shell vacancy in
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krypton in the time domain [142]. Later studies have also demonstrated con-
trol over energy and energy spread of the Auger electron through the delay
between two pulses [143]. In more complicated systems, several processes,
on different timescales compete. One example can be the lifetime of a 4d hole
in xenon adsorbed on a surface [144]. Potentially, such a measurement could
be sensitive to solid-states effects, i.e., to the coupling between the electron
dynamics induced in the surface due to the creation of the core-hole and
the decay of the core-hole itself. Likewise, studies of photoelectrons emit-
ted from a tungsten surface irradiated by an XUV [145] pulse that measured
a ∼100 as time delay between photoelectrons emitted from localized core
states and delocalized conduction-band states promise possibilities to inves-
tigate the timescale of a variety of processes; charge transfer and screening,
image charge screening and decay, electron scattering, etc. The interpretation
of such experiments is, however, far from trivial. This is underlined by recent
atomic studies, where a∼20 as delay between the emission of electrons from
the 2p orbitals of neon atoms after exposure to a sub-100 as light pulse, with
respect to those released from the 2s orbital, has been measured [146]. Even in
such a relatively simple system, the quantitative understanding is still under
development [147, 148]. This is underlined by subsequent measurements on
argon [149].

It is clear that a core-hole represents a very interesting example of an unsta-
ble state in the continuum. It is, however, also rather complicated [150].
A simpler system with similar characteristics is a doubly excited state in
few-body systems, as helium. Here, it is possible [151–153] to simulate the
whole sequence of events that take place when the interaction with a short
light pulse first creates a wave packet in the continuum, including dou-
bly excited states, and the metastable components subsequently decay on
a timescale that is comparable to the characteristic time evolution of the
electronic wave packet itself. On the experimental side, techniques for such
studies are emerging. Mauritsson et al. [154] studied recently the time evolu-
tion of a bound wave packet in He, created by an ultra-short (350 as) pulse and
monitored by an IR probe pulse, and Gilbertson et al. [155] demonstrated that
they could monitor and control helium autoionization. Below, we describe
how a simulation of a possible pump-probe experiment, targeting resonance
states in helium, can be made.

5.1. Analysis of time-dependent wave packets in terms of
scattering states – why and how

The pump-probe spectroscopic time-resolved study of autoionization pro-
cesses in atoms and molecules uses an ultra-short (100–500 as) XUV pulses
for the pump stage in conjunction with an intense (1012–1014 W/cm2), few-
cycle IR pulse as probe. Traditional time-independent approaches are inad-
equate to interpret these kind of experiments. This is so because, on the
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one hand, due to the time-energy uncertainty relation, the spectrum of a
sub-femtosecond XUV pump pulse spans an energy interval that is several
electronvolts wide; as a result, many dynamical ionization regimes, multiply
excited autoionizing states, multichannel single ionization states and, pos-
sibly, multiple ionization states as well, are activated at the same time. On
the other hand, the intense IR pulse causes multiphoton or even nonpertur-
bative transitions (e.g., tunneling and over-the-barrier ionization) from the
coherent superposition of the diverse ionization states created by the XUV,
and its duration is often too short to be well approximated with a stationary
nonperturbative approach, like the Floquet method.

The most effective way to reproduce the outcomes of the experiments
carried out with the new light sources is, rather, the direct integration
of the time-dependent Schrödinger equation. Such an approach, however,
also poses problems on its own right. A typical photofragmentation exper-
iment results in the multicoincidence detection, resolved in energy and
angles [156, 157], of the photofragments, which emerge from the interaction
of the target with the ionizing radiation. Therefore, the central question in
time-dependent theoretical approaches is: How do we extract this kind of
information from the time-dependent wave packet obtained in a simulation?

This question has a considerable relevance not only for the comparison
with experiment but also from a purely theoretical perspective. If we want
to acquire insight into the mechanism of the ionization reaction while it
unfolds, we need to devise meaningful ways of inspecting the wavefunction
also before the interaction with the external laser field is over. The unique
ability of theoretical simulation to constantly monitor the wave packet is
arguably helpful to devise efficient control protocols of the course of the
fragmentation process itself.

As far as the purely experimental aspect of the question is concerned, the
answer is well known: the scattering states of the radiationless Hamilto-
nian provide the complete, time-invariant characterization of the unbound
time-dependent wave packet we look for. At large distances, the interaction
between the two charged fragments that emerge from the ionization (in this
chapter, we will not be concerned with multiple ionization) is reduced to the
Coulomb potential. Therefore, a continuum (generalized) eigenstate of the
full Hamiltonian, corresponding to a certain energy E, can be further labeled
with the quantum numbers of a complete set of observables commuting with
the asymptotic Hamiltonian H0, i.e., the quantum numbers of the parent ion,
and those characterizing the motion of an electron in a Coulomb field,

H0ϕαE = EϕαE, 〈ϕαE|ϕβE′〉 = δαβδ(E− E′), (46)

where α indicates the set of such additional quantum numbers. The cor-
respondence between the eigenstates of the full and of the asymptotic
Hamiltonian can be accomplished in two alternative ways, which result in
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scattering states fulfilling either incoming (ψ−αE) or outgoing (ψ+αE) boundary
conditions,

Hψ±
αE = Eψ±

αE, 〈ψ±
αE|ψ

±

βE′〉 = δαβδ(E− E′). (47)

The states ψ±αE correspond to wave packet controlled in the far past and in the
far future, respectively. Let us see what this means. In the absence of exter-
nal time-dependent fields, the scattering component of the time-dependent
wave function ψ(t) can be expanded in terms of either of the two sets of
scattering states; for example, those with incoming boundary conditions

9(t) =
∑
α

∑∫
dε ψ−

αε
e−iεt cα(ε), (48)

where cα(E) = 〈ψ−αE|9(0)〉. The scattering states with incoming boundary con-
ditions are “controlled” in the far future in the sense that eiH0t9(t) converges
in norm to a superposition of eigenstates ϕαε of the unperturbed Hamiltonian
H0, with the same expansion coefficients as in Eq. (48) [65]

as t→∞ eiH0t9(t)⇒
∑
α

∑∫
dε ϕαε cα(ε). (49)

As a consequence, the probability Pα(E) of measuring the asymptotically
good quantum numbers (E,α) at the end of the propagation is given by the
square module of the coefficients cα(E)

Pα(E) = |cα(E)|2, (50)

and can be computed in two alternative ways: either by projecting, at any
time after the external field is over, the time-dependent wavefunction on
the scattering states of the full Hamiltonian; or, by projecting, at infinite
time the time-dependent wavefunction on the eigenstates of the asymptotic
Hamiltonian

Pα(E) =


∣∣ 〈ψ−αE|9(t)〉

∣∣2 ∀ t, (a)

limt→∞ | 〈ϕαE|9(t)〉 |
2 . (b)

(51)

The convenience of using scattering states is striking. The outcome of an
experiment can be evaluated as soon as the external time-dependent field
is over (method a), without having to wait until the ionizing wave packet
reaches the asymptotic region (method b). We will later argue that scat-
tering states are also good candidates for the second aspect of our initial
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question, i.e., on how the wavefunction could be inspected during the time
propagation.

All the methods that require the wavefunction to reach the asymptotic
region (approach b) face the same problem. The propagation of the fully
correlated wavefunction for long times and at large distances is compu-
tationally expensive. This limitation can become particularly severe since
continuum wave packets can take an arbitrarily long time to reach a relatively
small radius. This is the case, for example, of the states lying just above an
ionization threshold; then the wave packet comprises components with van-
ishingly small kinetic energy. If several channels with different thresholds
are simultaneously open, then slow and fast photoelectrons are present at
the same time. In this case, in order for the slowest part of the wavefunction
to reach the asymptotic region, the propagation box must be large enough to
accommodate also the fastest components and, as a result, the computational
cost of the simulation easily swells beyond manageable proportions.

A second example, perhaps the most relevant in the present context, where
approach (b) is a dead-end, is provided by resonant states in general, and by
Rydberg series of doubly excited states, a commonplace of atomic photoion-
ization spectra, in particular. First, the convergence of the resonant profiles
in those channels, where the excited resonances decay, takes a time pro-
portional to the lifetime of the longest-lived resonance, which is excited in
the simulation. Second, doubly excited states have, in general, nonvanish-
ing scalar products with all the eigenstates of the unperturbed Hamiltonian,
but these scalar products are particularly large with some of those channel
functions of H0 in which the doubly excited states eventually do not decay.

Despite all the caveats associated to method (b), method (a) has at times
been deemed impractical [158] due to the alleged overcomplexity associated
to the calculation of the correlated ionization wavefunctions of the radia-
tionless Hamiltonian. To be sure, computing the continuum eigenstates of a
multi-electron system is by no means a trivial task. As a matter of fact, how-
ever, this task has been already accomplished successfully in the course of the
last four decades or so [159–172]. Today, we have several accurate methods
at our disposal capable of computing multi-electron single-ionization scatter-
ing states, see, for example, Refs. [75, 173–184] and references therein. In the
following, we briefly survey one of them, the B-spline K-matrix method [75],
and we illustrate the convenience of following the approach (a) by apply-
ing the scattering states obtained with it to the analysis of the XUV-pump
IR-probe investigation of doubly excited states in helium [153]. Reliable accu-
rate methods to disentangle the double escape channels have also recently
emerged [51, 177, 178, 181, 182, 185–190].

5.1.1. Calculation of the single-ionization scattering states of helium
The L2 K-matrix method [191, 192] is a technique to carry out configura-
tion interaction in the continuum, on the line of the pioneering paper by
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Fano [96]. The K-matrix method has been successfully applied to a number
of problems in atomic physics [167, 193], particularly in conjunction with B-
splines [75, 194–200]. B-splines are a convenient tool to represent accurately
in finite boxes the radial component of continuum atomic orbitals [82], their
major feature being a property known as effective completeness [201].

The B-spline K-matrix method follows the close-coupling prescription: a
complete set of stationary eigenfunctions of the Hamiltonian ψP

αE in the con-
tinuum is approximated with a linear combination of partial wave channels
(PWCs) φαE plus a localized (or pseudostate) channel (LC):

ψP
αE = φαE +

∑
γ

∑∫
dε φγ ε

P
E− ε

Kγ ε,αE, (52)

where the index α runs over the open channels at energy E, while the index
γ runs over all available channels (open and closed) including the LC.

A PWC function is defined as an (N − 1)-electron bound parent state (atom
or ion) 8Iα with well-defined spin, parity, angular momentum and energy
Iα ≡ (Sα, 5α, Lα, Eα), coupled first to the spin-angular part of a single-particle
state for the Nth electron, with definite orbital angular momentum `α, to
form a state with definite parity 5, spin S, angular momentum L, and their
projections 6 and M (for brevity, we indicate these global quantum numbers
with the collective index 0)

80

α
=

∑
σασ
mαm

CS6
Sασα 1

2 σ
CLM

Lαmα`αm8
σαmα
Iα (x1, . . . , xN−1)

2χσ (ζN)Y`αm(r̂N), (53)

where xi = (Eri, ζi) indicate the space-spin coordinates of the ith electron, and
second to a radial orbital for the Nth electron, with asymptotic energy E− Eα,
to form an antisymmetric N electron function

φ0
αE = fA 80

α
(x1, . . . , xN−1; r̂N, ζN)ϕ

0

αE(rN), (54)

where A is the antisymmetrizer for N particles and f is a normalization con-
stant. It is understood that all the expressions that follow refer to the same
global symmetry 0; hence, from now on, we will avoid to indicate this sym-
bol, unless necessary. The orbital ϕαE is defined, up to a constant factor, by
requiring that the Hamiltonian is diagonal within each (α) subspace,

〈φαE|H |φαE′〉 = E δ(E− E′), E > Eα, (55)

〈φαEi |H |φαEj〉 = Ei δij, Ei, Ej < Eα. (56)

The normalization of ϕαε and the factor f are fixed, for states whose energy Ei

lies below the threshold Eα, by the two requirements

〈φαEi |φαEi〉 = 1, 〈ϕαEi |ϕαEi〉 = 1. (57)
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For energies lying above the threshold, the radial orbital fulfills the asymp-
totic behavior

ϕαE ∼

√
2kα
π
8α

sin θα(r)
kαr

, θα(r) = kαr+
Z
kα

ln 2kαr− `απ/2+ σ`α + δα, (58)

where kα =
√

2(E− Eα), Z is the charge of the parent ion, σ`α (kα) is the
Coulomb phase shift, and δα(kα) is an additional phase shift characteristic of
the channel; finally, the factor f is determined by imposing the normalization

〈φαE|φαE′〉 = δ(E− E′). (59)

In the energy region comprised between two excitation thresholds of the
parent ion, a first good approximation to the scattering states is obtained
by including, in the close-coupling expansion, only those channels whose
spectrum superpose with the energy interval. These comprise all the open
channels and those few closed channels whose Rydberg states give rise to
Feshback resonances in that energy region.

However, to obtain results with good accuracy, it is also necessary to
include a pseudostate (or localized) channel, which accounts for those closed
channels that have not been included, as well as for the multiple ionization
channels, since the set of single-ionization PWCs alone would be incom-
plete. The localized channel may comprise a large number of normalized
many-electron functions χi built from localized orbitals

χi =

∑
j

[∧
k

ϕkj

]
LS

ci
j, 〈χi|χj〉 = δij, (60)

and which separately diagonalize the Hamiltonian

〈χi|H|χj〉 = δijEi. (61)

To avoid numerical instabilities due to the inevitable redundancies between
the LC and the PWCs, it is generally good practice to enforce as an additional
requirement the quasi-orthogonality of the localized functions to the PWCs

∀α, 〈χi|Pα|χj〉 = 0, Pα =

∑∫
dE|φαE〉〈φαE|. (62)

When the PWCs are orthogonal among themselves (an assumption which
is in fact not necessary and that thus far was not made) and to the localized
channel, as is the case for the present treatment of the helium atom, the close-
coupling ansatz [Eq. (52)] is equivalent to the Lippmann–Schwinger equation
with the principal-value Green function [65]

ψP
αE = φαE + GP

o (E)Vψ
P
αE, (63)
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with V ≡ H −H0 and

H0 =

∑
α

∑∫
dE |φαE〉E〈φαE|, (64)

where the sum over the channels includes also the localized one. The off-shell
reaction matrix K is then given by

Kγ ε,αE ≡ 〈φαε|V|ψPαE〉. (65)

Equation (52) may be solved for the off-shell reaction K-matrix func-
tions by requiring ψP

αE to be an eigenfunction of the complete projected
Hamiltonian with eigenvalue E:

〈φβE′ |E−H |ψPαE〉 = 0 ∀β, E′.

This leads to a system of integral equations for the of-shell reaction matrix K:

KβE′ ,αE −

∑
γ

∑∫
dεVβE′ ,γ ε(E)

P
E− ε

Kγ ε,αE = VβE′ ,αE(E), (66)

where the effective potential V(E) is defined as a linear combination of the
Hamiltonian matrix H and the overlap matrix S

Vαε,βε′(E) = 〈φαε|H− E |φβε′〉(1− δαβ) =
[
Hαε,βε′ − E Sαε,βε′

]
(1− δαβ).

The system of integral equations [Eq. (66)] is eventually discretized and
solved with numerical linear algebra procedures. At each energy, the sys-
tem (66) must be solved for each of the open channels. A complete set of
linearly independent degenerate real (i.e., stationary) continuum solutions
ψP
αE is thus obtained. The stationary scattering states ψP

αE are not orthogonal;
it can be shown that their superposition is given by

〈ψP
αE|ψ

P
βE′〉 = δ(E− E′)(δαβ + π 2

[
K2(E)

]
αβ
). (67)

where Kα,β(E) ≡ KαE,βE is the on-shell reactance matrix (Sect. 7.2.3 in Ref.[65]).
The scattering states ψ±

α
fulfilling outgoing (incoming) boundary condi-

tions, i.e., which correspond to wave packets controlled in the past (future),
are given by

ψ±
αE =

∑
β

ψP
βE

[
1

1± iπK(E)
e±i1

]
βα

, 1αβ = δαβ
(
σ`α + δα − `απ/2

)
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they are orthonormal

〈ψ±
αE|ψ

±

βE′〉 = δαβδ(E− E′), (68)

and for large values of one of the N electron radial variables, say rN, the
scattering functions ψ±αE` is such that its only incoming (outgoing) compo-
nent is

[
ψ±
αE`

]
in/out
∼ ∓

√
2k
π
8α

e±i(krN+
1
k ln2krN)

2i krN
. (69)

The on-shell unitary scattering matrix S(E), defined as

〈ψ−
αE|ψ

+

βE′〉 = δ(E− E′)Sαβ(E), (70)

has the following expression in terms of the on-shell reaction matrix K

S = ei1 1− iπK
1+ iπK

ei1. (71)

Note that if the PWCs are decoupled (K = 0), the scattering matrix becomes
S(E) = exp(2i1).

To conclude, the scattering states with incoming boundary conditions,
which correspond, in the far future, to Coulomb plane waves, are a linear
combination of the ψ0(−)

αE states

ψ−
α;E�̂σ
=

∑
0`m

CLM
LαMα ,`mCS6

Sα6α , 1
2 σ

Y∗
`m(�̂)ψ

0(−)

α`E , (72)

with the normalization〈
ψ−
α;E�̂σ
|ψ−

β;E′�̂′σ ′

〉
= δαβδσσ ′δ(E− E′)δ(cos θ − cos θ ′)δ(φ − φ ′). (73)

5.1.2. Projection of the time-dependent wavefunction on the
scattering states

The channel-resolved photoelectron distribution of the time-dependent
wavefunction ψ(t) at the end of the external pulses is obtained by taking the
square module of the projection of ψ(t) with the scattering functions ψ0(−)

αE .

dP0
αE

dE
=
∣∣〈ψ0(−)

αE |ψ(t)〉
∣∣2 . (74)

In order to extract the photoelectron distribution differential in the angle,
the projection must be taken instead with the ψ−

α;E�̂σ
. Taking into account the
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azimuthal symmetry of the system, which is the case when the initial state is
totally symmetric and the external field is linearly polarized, the channel-
resolved photoelectron density as a function of both the energy and the
ejection angle with respect to the radiation polarization is given by

dPα

dE d cos θ
=

∑
6αMασ

2π∫
0

dφ
∣∣∣〈ψ−

α;E�̂σ
|ψ(t)〉

∣∣∣2 . (75)

With few passages, it can be shown that this expression reduces to

dPα

dE d cos θ
=

∑
j

2j+ 1
2

Pj(cos θ)
∑
LL′``′

5L`(−1)L+Lα+`+j
×

× C`′0
`0,j0 CL′0

L0,j0

{
L j L′

`′ Lα `

}
〈ψ(t)|ψ0(−)

α`E 〉〈ψ
0′(−)

α`′E |ψ(t)〉,

where it is understood that the total spin, the spin projection, as well as the
projection of the angular momentum are the same for both 0 and 0′.

5.2. Simulation of a He resonance population and decay

We illustrate the use of multichannel single-ionization scattering states for
the interpretation of time-resolved experiments in the case of the attosecond-
XUV-pump IR-probe attosecond interferometric spectroscopy of the doubly
excited states of helium.

The simulation is so conceived. Starting from the ground state of the
helium atom, a short XUV pump pulse with an energy peaked around 65 eV
creates a coherent superposition of 1Po continuum states across the N = 2
ionization threshold. In particular, it excites a coherent autoionizing wave
packet of doubly excited states below the threshold, and a whole interval of
unstructured continuous states, above the threshold, in the 2s and 2p chan-
nels. After a time delay of the order of few femtoseconds, a short, relatively
intense IR pulse causes the above-the-threshold ionization of the residual
population of the doubly excited states in the N = 2 channels. In the N = 2
channel, the interplay between the unstructured amplitude, from the ground
state, created by the XUV pulse, and the ATI amplitudes from the whole
group of doubly excited states, created by the IR pulse, gives rise to interfer-
ence fringes in the channel-resolved fully differential photoelectron angular
distributions, which, if collected as a function of the time delay between
the two pulses, encode the electronic dynamics of the doubly excited wave
packet.

This example incorporates several of those features that greatly benefit
from a scattering-based analysis, namely: the population of several doubly
excited states with short as well as long lifetimes and a fully differential
multichannel signal for extremely slow electrons.
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5.2.1. Time propagation
For the simulation, the time-dependent Schrödinger equation is integrated
numerically with an exponential propagator

ψ(t+ dt) = exp [−iH(t+ dt/2)dt]ψ(t), (76)

where H(t) is the atomic Hamiltonian in velocity gauge. The wavefunction
ψ is expanded in a multichannel close-coupling B-spline basis with total
angular momentum up to L = 6, and the right-hand side of Eq. (76) is eval-
uated with the Arnoldi algorithm. This second-order propagation scheme
explicitly enforces unitarity and is thus very stable.

5.2.2. Close-coupling scheme
Each subspace with definite angular momentum L comprises the 1sφL, 2sφL,
2pφL+1, and 2pφL−1 (for L > 0) close-coupling channels, where the notation
nlφl′ indicates that one electron is frozen in the nl He+ orbital, while the other
electron has the orbital angular momentum l′. In the S symmetry, the basis
includes also the Hartree–Fock 1s2

HF configuration for a better representation
of the ground state. The radial part of the atomic orbitals is expanded in a
B-spline basis of order 10, with an asymptotic spacing between consecutive
nodes of 0.5 Bohr radii, up to a given maximum radius R. To compute the
yield of the excited ions, a box with R ∼ 400 Bohr radii was found to be suf-
ficient, while for the partial differential photoelectron angular distributions
a larger box, R ∼ 800 Bohr radii, was used.

5.2.3. Absorbing boundaries
Due to the limits that are inherent to any numerical treatment, it is nec-
essary to study the atom in a restricted region of space. However, when
equations with propagating solutions are involved, like in the present case,
serious mathematical difficulties arise as a consequence. If the finite volume
is simply truncated with a hard wall unphysical reflections result. There
are several methods to deal with this complication. The most straightfor-
ward remedy is to use some kind of absorbing potential, i.e., a potential
that absorbs the outgoing wave packet at some distance from the region of
interest and thereby prevents reflection at the box boundary. However, such
potentials give rise to reflections in their own rights. The construction of a
potential that really absorbs everything instead (a so-called perfect absorber),
is a nontrivial task [59]. In our studies, we have used an approach where the
potential is different for each channel and where it has a real component that
accelerates the particles toward the boundary region and thereby minimizes
the reflection [202]. A bonus of this approach is that the absorption in each
channel can be followed in time, i.e., each decay mode can be monitored.
In formal terms, the channel-specific absorbing potential V included in the
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Hamiltonian is

V = c
∑
α

Vα, Vα = Pα(r− R0)
2 θ(r− R0)Pα, (77)

where the sum runs over all channels, Pα is the projector onto the close-
coupling channel α, and c is a complex coefficient chosen as c = −(1+
5i)10−4. R0, the radius beyond which the potential is active, is set to ∼100
Bohr radii from the box boundary. The absorbing potential V allows one to
record the annihilation rate in each channel and thus to reconstruct the yields
of all the parent ions.

5.2.4. Analysis through projection of scattering states
As detailed in Section 5.1.2, the photoelectron distribution in a channel, iden-
tified by a parent ion α = 1s, 2s, 2p is obtained by projecting the propagating
wavefunction 9(t) onto the helium scattering states, which satisfy incoming
boundary conditions

Pα(E, �̂) =
∑
mσσ ′

∣∣∣〈ψ−
α,m,σ ;E,�̂,σ ′

|9(t)〉
∣∣∣2 . (78)

In Eq. (78), E and �̂ denote the photoelectron energy and propagation
direction, respectively; the sum runs over the projection m of the angular
momentum of the electron in the parent ion, its spin σ , and the spin of
the photoelectron σ ′. The scattering states are computed with the procedure
detailed in Section 5.1.1.

5.2.5. Simulation results
The time-dependent external field in the simulation comprises two laser
pulses, an XUV pump pulse followed by an intense IR probe pulse, both with
a Gaussian envelope. In order to consider a realistic case, we use parameters
not too far from those used in experiments, compare with Ref. [154], but
the XUV pulse is in our simulation centered around the first doubly excited
states with 1Po symmetry (∼60 eV). The XUV-pump pulse is 385 ats long (full
width at half maximum of the intensity), with the energy peaked at 60.69 eV,
and an intensity of 2 · 1013 W/cm2; the probe is a Ti:sapphire 800 nm (1.55 eV)
pulse, 3.77 fs long (fwhm), with an intensity of 1012 W/cm2.

The XUV pulse populates a coherent superposition, |ψP〉, of 1Po doubly
excited states below the N = 2 threshold, mainly those belonging to the
principal sp+n series [96]:

|ψP〉 ∼

∑
n

|sp+n 〉 cn e−iZnt, (79)

where Zn = En − i0n/2 is the complex energy of the sp+n resonance, with
position En and width 0n. The localized part of each term in this series is
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approximately represented by a symmetric linear combination of sp configu-
rations, sp+n ∝ 2snp+ 2pns [96]. As a consequence, the localized part of |9P〉 is
characterized by a symmetric breathing of p and s orbitals coupled to the 2s
and 2p parent ions, respectively: With the present pulse parameters, the two
lowest doubly excited states in the sp+ series, sp+2 and sp+3 , which with the
described close-coupling scheme, lie ∼5.04 and ∼1.69 eV below the N = 2
threshold, with lifetimes of∼17.6 and∼80 fs, respectively, are by far the most
populated ones. For several tens of femtoseconds, these two states dominate
the dynamics of the metastable electron wave packet.

In Figure 5.11d, we show the electron density up to 700 Bohr radii at
t = 14.51 fs after the pump pulse. It consists of distinct wave fronts spread-
ing out with virtually constant speed; in other words, the metastable wave
packet decays by ejecting electrons in isolated bursts. This peculiar behavior

14.51 fs

(a) (b) (c)

(d) (e) (f)

15

0

0

700

R
 (

a.
u.

)
R

 (
a.

u.
)

15.09 fs

t − t XUV 

15.63 fs

Figure 5.11 Charge density after the XUV-pump pulse, at small (top row) and large (bottom
row) radii. At each breathing cycle, the metastable wave packet, formed by a coherent super-
position of doubly excited states, ejects a burst of electrons. The peak of the free electron
density originating close to the nucleus results in a wave front, which propagates outward at
almost constant speed, up to very large distances.
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can be understood in terms of interference between the long-range part of
the wavefunctions describing the two decaying sp+2 and sp+3 states. To inves-
tigate this, we traced the position of 15 consecutive wave fronts in the time
interval from 10 to 30 fs after the pump pulse, and extrapolated their evo-
lution backward in time to the moments at which they were created in the
vicinity of the nucleus. The average time interval between consecutive wave
fronts turns out to be ∼1.2 fs, very close to the beating period between the
sp+2 and the sp+3 resonances, 1.24 fs. Individual intervals vary slightly around
this average value, with a frequency corresponding to the energy difference
between the sp+3 and the sp+4 resonances.

Interestingly, enough a rather mechanistic interpretation is possible here.
The Auger decay of doubly excited states is known to be triggered by elec-
tronic correlation; one of the electrons transfers part of its excitation energy
to the other, which in turn is ejected into the continuum. Pisharody and Jones
provided a spectacular and extreme example of this mechanism [203]; they
showed that the decay of some autoionizing states of helium, where both
electrons are highly excited, takes place through a single violent electron–
electron collision. A similar picture applies also when only one of the
two electrons is highly excited [204]. In this case, the autoionization is found
to take place at the encounter of the external electron satellite with the
excited core. In the present case, though, neither of the two electrons is
highly excited. In fact, the metastable wave packet has the smallest excita-
tion possible, it lacks a clear semiclassical analogue, and the two electrons
are constantly in close interaction.

The panels in the first and last columns in Figure 5.11 correspond to two
selected consecutive times at which a wave front originates close to the
nucleus, 14.51 and 15.63 fs, while the central column corresponds to a time
halfway between these two. In the upper row of Figure 5.11, we show the
electron density within 15 Bohr radii from the nucleus; its breathing motion
is evident: At t = 14.51 fs (a) the central part of the wave packet is at the
peak of its contraction. At t = 15.09 fs (b) it reaches its maximal expansion.
Finally, at t = 15.63 fs (c), it is contracted again. Thus, the relation between
the breathing of the electron density at small radii and the ejection of iso-
lated electron density bursts is more subtle than the obvious correspondence
between their periodicities. Indeed, the instants at which the wave fronts are
born in the vicinity of the nucleus correspond closely to the stages of max-
imum contraction of the localized part of the metastable wave packet. This
evidence supports the idea that the collisional description of the autoioniza-
tion dynamics of the doubly excited state of helium holds down to the least
excited ones.

So far we have considered the absorption of an XUV pump pulse with
attosecond extension. The next step in the simulation is to apply a probe
pulse. During the time between the pump and the probe, the system under-
goes two different kinds of temporal evolution. One is the semiperiodic
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breathing of the localized part of the wavefunction due to the superposi-
tion of many metastable states with different energies. The other is the decay
of the doubly excited states by autoionization into the 1sϕp channel. Through
the selection of a particular time delay between the two pulses, we probe this
evolution at different stages. We consider next probing with a 1012 W/cm2

IR pulse (800 nm or 1.55 eV). Although there is a lot of interest in possible
experiments with short wavelength XUV probe pulses, most experiments
use Ti:sapphire IR pulses similar to what we have considered.

At the intensity 1012 W/cm2, the IR probe pulse has little effect on the com-
ponent of the wavefunction still in the 1s2 ground state, but it has a profound
effect on the ionization of the doubly excited states. In addition to the decay
by electron emission (Auger), they can now also decay through photoion-
ization into the He+(n = 2) channels (predominately). They can further be
photoexcited to nearby resonances of different symmetries from which sub-
sequent Auger decay can take place, albeit with a different rate than from the
original 1Po states. To illustrate the result from such a calculation, Figure 5.12
shows the angular resolved photoelectron spectrum for a specific time delay
between the two pulses. It shows the situation at a given time after the sec-
ond pulse, long enough that the photoelectrons from the first (XUV) pulse
have been absorbed by the boundaries, cf. Eq. (77). The He+(1s), He+(2s),
and He+(2p) channels are shown separately. The elastic He+(1s) channel is
also shown in more detail to highlight the large number of doubly excited
states of a variety of symmetries that are populated.

Figure 5.13 shows the angular resolved spectrum in the He+(2p) channel,
i.e., the right upper panel in Figure 5.12, in more detail. First, Figure 5.13a
shows the spectrum after the (XUV) pump pulse but before the IR-pulse,
then Figure 5.13b–d shows it after the IR-pulse for three different time delays.
The fringes (which are also visible in Figure 5.12) come from the interference
between the continuum created by the XUV-pulse and that created by the
IR-pulse. The probe pulse ionizes the atom from the doubly excited state
generating a short series of peaks above the N = 2 threshold, which interfere
with the XUV direct-ionization amplitude. Such fringes have already been
observed in helium close to the N = 1 threshold [154]. In the lapse between
the two pulses, the direct-ionization amplitude accumulates a phase, which,
to a first approximation, is linear in both energy and time delay:

ϕdirect(E, t) = ϕdirect(E, t0)+ E(t− t0) (80)

[in Eq. (80) we are neglecting the Coulomb–Volkov phase; see Ref. [205]
for more details]. As a consequence, prominent interference fringes, with a
characteristic energy spacing 1E ∼ 2π/(t− t0), emerge. For a time delay of
around 16 fs, we thus expect an energy spacing of ∼0.01 a.u. between two
consecutive maxima. The sp+2 and sp+3 1Po resonances are separated from the
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Figure 5.12 Double differential photoelectron spectrum (logarithmic scale) of the helium
atom after exposure to two short pulses (see text and the inset, where one atomic unit
of time is ≈24.19 · 10−18 s). The three upper columns show different ionization channels:
where the parent ion H+ is left in 1s, 2s, or 2p. The x-axis shows the cosine of the photoelec-
tron ejection angle with respect to the (linear) polarization of the laser light, and the y-axis
shows the total energy in atomic units (1 a.u. ≈ 27.21 eV). The two magnifications show in
more detail the region below the second ionization threshold, which is crowded with doubly
excited states (autoionizing resonances). The first (XUV) pulse populates only states with 1Po

symmetry. From these, the second (IR) pulse populates, through multiphoton transitions, all
the nearby resonances. The subsequent Auger decay of these states results in the depicted
photoelectron spectrum where the angular distribution reveals the angular momentum of
the outgoing electron. The nodal structure of the resonant peaks, clearly visible in the most
detailed picture, follows the assignment of the resonances, which are reported schematically
on the side.

N = 2 ionization threshold by roughly the energy of three and one IR pho-
tons, respectively. Since the absorption of an odd number of photons by a 1Po

state results in an even parity state, the 2p multiphoton ionization amplitude,
created by the IR pulse, should have odd parity right above the threshold and
change to even parity for photoelectron energies around 1.4 eV (correspond-
ing to absorption of four IR photons from the sp+2 resonance and two from
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Figure 5.13 Helium photoelectron angular distribution in the He+(2p) channel (logarithmic
scale). x-Axis: cosine of the electron ejection angle relative the laser polarization, y-axis:
total energy (1 a.u. ∼ 27 eV). (a) After the XUV-pulse after the IR-pulse for three different
time delays, separated from each other by half the IR-pulse period, 15.53 fs (b), 16.87 fs(c),
and 18.21 (d). The fringes in (b)–(d) arise due to the interference between the (XUV-pulse)
direct ionization from the ground state and the (IR-pulse) ionization from the doubly excited
populated by the XUV-pulse.

the sp+3 ). Indeed, the interference pattern between multiphoton and direct
ionization amplitudes (Figure 5.13b) is asymmetric with respect to cos θ close
to the threshold, and symmetric above E = −0.45 a.u. At each increase of the
time delay by half an IR cycle, the relative phase between direct and indi-
rect multiphoton amplitudes changes by π close to the threshold, while it
remains the same one-photon energy above. This can be seen by compar-
ing Figure 5.13b with Figure 5.13c, which indeed are approximately mirror
images of each other, while Figure 5.13d again is similar to Figure 5.13b.

In Figure 5.14, we have plotted the total yield of the 2s and 2p excited
states of the He+ parent ion as a function of the time delay between the
two pulses. Each point here represents thus a whole panel in Figure 5.13,
integrated over angles and energies. Both ion yields are modulated by an
approximately sinusoidal oscillation with the same period and with a quite
substantial amplitude. The frequency of the oscillation is readily recognized
as that of the beating between the two lowest 1Po resonances belonging to the
most strongly populated resonances series, cf. Figure 5.11. When fitted with
the function

A · sin(ωt+ φ)+ c0 + c1t+ c2t2,

the two curves in Figure 5.14 give the same ω = 0.121(3) a.u., i.e., the energy
difference between the two lowest sp+ resonances, 1E = 0.123 a.u. What the
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Figure 5.14 The helium ionization yield for the ion being left in the He+(2s) and He+(2p)
excited states as a function of the time delay between the initial XUV pump pulse and the
IR probe pulse. The oscillations are due to breathing between different doubly excited states
(resonances).

plot shows is the enhanced or reduced ionization of the atom during its
breathing in space, accomplished due to the superposition of different res-
onances. Interestingly enough, the two oscillations are out of phase by as
much as 60◦, indicating that the transition to the two channels sample dif-
ferent stages of the electronic breathing. Moreover, the population of the sp+2
resonance immediately after the pump pulse is larger than that of the sp+3
resonance. Since the sp+2 lifetime is the shortest, there is a moment at which
the decay rates of the two resonances become comparable. At this point, the
beating between the two resonances is maximal. This feature suggests the
possibility to control the branching ratio of the two ionization-excitation
channels and, in turn, to alter the course of reactions where metastable
electronic states play a dominant role.

5.2.6. Perspectives
In principle, with the scattering wavefunctions at one’s disposal, it is possible
to segment a complex superposition of single-ionization states in to portions
belonging to different symmetries, channels, and spectral domains. Indeed,

if we indicate with
{
W0

αj

}
j=1,N0

α

a partition of unity of the (0,α) spectrum

N0
α∑

j=1

W0

αj(E) = 1, (81)
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we can write the resolution of the identity as

1̂ =
∑
0α j

∑∫
dεW0

αj(ε)|ψ
0(±)

αε
〉〈ψ0(±)

αε
|. (82)

The propagating wavefunction at a given time t0 after a pump pulse can, in
turn, be expressed as

|ψ(t0)〉 =
∑
0α j

|ψ0

αj(t0)〉, (83)

|ψ0

αj(t0)〉 =
∑∫

dεW0

αj(ε)|ψ
0(±)

αε
〉〈ψ0(±)

αε
|ψ(t0)〉. (84)

Given this partition (or any partition, for what that matters), thanks to the
linearity of the Schrödinger equation, it is then possible to follow the effect
of a pump pulse on each and every segment separately

|ψ(t)〉 =
∑
0α j

|ψ(0αj;t0)(t)〉, (85)

|ψ(0α j;t0)(t)〉 = T exp

−i

t∫
t0

H(τ )dτ

 |ψ0

αj(t0)〉, (86)

thus providing useful insight into the interferometric spectroscopy of the
ionizing states created by the pump stage:

dP0
α,E

dE
=

∑
0′β i

∑
0′′γ j

〈ψ
0(−)

αE |ψ(0′′γ j;t0)(t)〉〈ψ(0′βi;t0)(t)|ψ
0(−)

αE 〉. (87)

Stated otherwise, in this way, it is possible to disentangle from the energy
and angle-resolved interferometric pattern in photoelectron distributions
recorded experimentally, the contribution of those amplitudes that corre-
spond to a definite intermediate step along the path that leads to the
ionization.
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[28] P. Glans, E. Lindroth, N.R. Badnell, N. Eklöw, W. Zong, E. Justiniano, et al., Dielectronic
recombination of N4+, Phys. Rev. A 64 (2001) 043609.

[29] E. Lindroth, H. Danared, P. Glans, Z. Pešić, M. Tokman, G. Vikor, et al., QED effects in
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Abstract Inner-shell ionization of atoms, molecules, and clusters often leads to cre-
ation of highly excited ionic states that are embedded into double (or even
multiple) ionization continua and decay by electron emission. The most com-
mon electronic decay process triggered by core ionization is known as Auger
effect. The dynamics of the Auger decay is usually assumed to be expo-
nential, and the process is characterized by a decay rate. The advent of the
high-intensity x-ray free-electron lasers and their envisaged applications in
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molecular imaging have made it necessary to consider Auger-type processes
in polyatomic systems under conditions of multiple ionization, both in the
core and in the valence shells. Here, we review our recent theoretical work
on the theory of electronic decay in multiply charged molecules and clus-
ters. Particular attention is given to the effects of the spectator vacancies on
the Auger decay rates, trapping of the Auger electron in a multiply charged
system, and collective decay of two vacancies.

1. INTRODUCTION

In 1925, Pierre Auger discovered a “compound photoelectric effect” [1] that
constituted emission of secondary electrons with kinetic energies indepen-
dent of the energy of the ionizing photon. This phenomenon, now known
as Auger effect [2], is a consequence of the electron-electron interaction in
an atom (or a molecule) bearing an inner-shell vacancy. If the energy of the
inner-shell-ionized state is higher than the double ionization potential, one
of the outer-shell electrons can recombine into the vacant inner-shell orbital
(see Figure 6.1) giving another outer-shell electron (Auger electron) enough
energy to be ionized. Auger effect is, thus, a basic manifestation of electronic
correlation in matter. Since the kinetic energies of the Auger electrons are
related to the quantized energies of the singly and the doubly ionized states,
they can serve as a fingerprint of a given atom. A small shift of the atomic
Auger energies due to the chemical environment (chemical shift) can pro-
vide further information on the studied species. This makes Auger electron
spectroscopy [2] particularly useful for surface analysis [3].

The first theory of Auger effect was given by G. Wentzel (1927) in his
seminal work on nonradiative quantum jumps [4]. Wentzel used hydro-
genic bound-state functions and the asymptotic forms of the free electron

Continuum

Valence

Core

Figure 6.1 Schematic representation of one of the channels of the 1s−1 Ne+ Auger decay:
one of the valence electrons (2s) is filling the core vacancy while another one (2p) is ejected
into continuum. The same final state results also from the 2p→ 1s recombination and 2s
ionization (not shown here). The former (“direct” ) and the latter (“exchange”) contributions
interfere due to electron indistinguishability.
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waves to predict the order of magnitude of an electronic decay rate in a two-
electron system. Adapted to a single Auger decay channel leading to a singlet
final state of the dication (see Figure 6.1), Wentzel’s expression reads

0 = π

∣∣∣∣〈ϕval(Er1)ϕ
′

val(Er2)

∣∣∣∣ 1
r12

∣∣∣∣ϕcore(Er1)ϕε(Er2)

〉
+

〈
ϕval(Er1)ϕ

′

val(Er2)

∣∣∣∣ 1
r12

∣∣∣∣ϕcore(Er2)ϕε(Er1)

〉∣∣∣∣2 , (1)

It embodies the idea that one of the electrons participating in the Auger tran-
sition “jumps” from a valence orbital, ϕval, to the core orbital, ϕcore, while the
second electron is ejected from another valence orbital, ϕ ′val, to the contin-
uum with the kinetic energy ε (cf. Figure 6.1). Electron indistinguishability
leads to two interfering pathways for such a jump, often called “direct” and
“exchange.” Despite the strong approximations used in Wentzel’s original
theory (e.g., use of very approximate electronic orbitals), it does predict the
order of magnitude of the Auger rate almost well (1 fs−1, to be compared
with 0.1–0.5 fs−1 for the K-shell Auger of second row elements [5]).

Auger decay can be triggered by photoionization of a core electron using
x-ray radiation. Recently, new-generation x-ray sources – x-ray free electron
lasers (XFELs) – have become available at a number of facilities around the
world [6]. These sources are characterized by uncommonly high intensities
(up to ∼1018 W/cm2) and, prospectively, also by very short pulse dura-
tions (down to ∼1 fs) [6]. This unique characteristics of XFEL radiation led
researchers to propose that it can be suitable for imaging of macromolecules
in gas phase by single-molecule x-ray diffraction [7]. Significant experimen-
tal progress with nanometer-resolution XFEL imaging has been achieved
recently [8]. Feasibility of extending this fascinating idea to atomic-resolution
measurements depends on the extent of the radiation damage caused by
the XFEL radiation. Thus, theoretical simulations of the radiation damage
could be very helpful in choosing the optimal pulse characteristics for the
envisaged atomic-resolution imaging.

State-of-the-art molecular mechanics simulations of macromolecule–XFEL
interaction [7] rely on the classical description of atomic and electronic
motion, in combination with quantum-mechanical rates for the electronic
processes induced by the high-intensity x-rays. The latter include pho-
toionization, predominantly of inner-shell electrons, and Auger processes
following the creation of the corresponding inner-shell vacancies. In the
high-intensity regime necessary for obtaining the diffraction picture of a
single molecule with atomic resolution, the target species become multiply
ionized well within the XFEL pulse duration [7, 9, 10]. It could be expected,
therefore, that many of the electronic processes leading to the radiation
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damage are modified by the presence of multiple positive charges. Con-
centrating specifically on the Auger decay, the core hole lifetimes could be
affected by additional positive charges residing both on the atom bearing the
core vacancy and on the neighboring atoms. Several important aspects make
electronic decay in such multiply ionized systems different from the ones in
free atoms. First, the rate of the exponential decay in the field of a positive
charge (or charges) does not have to match the one in the singly core-ionized
molecule. Furthermore, multiple ionization can lead to Auger electrons trap-
ping, changing Auger dynamics qualitatively from exponential to oscillatory
one. Finally, a collective decay of two vacancies becomes possible. Here, we
review our recent progress in ab initio studies of Auger dynamics under con-
ditions of multiple ionization. The general theoretical framework is given in
Section 2. Applications of the ab initio theory to Auger decay in the pre-
sence of single or multiple spectator charges are given in Section 3. Several
directions for future studies are outlined in Section 4.

2. FANO-ADC THEORY OF ELECTRONIC DECAY WIDTHS

Dynamics of the electronic decay in isolated atomic and small molecular
systems ionized by low-intensity (e.g., synchrotron) radiation is understood
fairly well [2, 11]. At high enough energies of the ionizing photon, the
inner-shell ionization event and the decay of the resulting vacancy state
can be treated separately, with the latter being described as a nonradia-
tive transition. The concept of sudden ionization and the validity of the
two-step description of the Auger transition are discussed, for example,
in Refs. [12, 13]. The nonradiative electronic decay process can be treated
within a number of theoretical formalisms, including, for example, that of
non-Hermitian quantum mechanics [14, 15]. In Auger physics, we are typi-
cally dealing with long-lived resonances for which the Fano theory [16, 17]
provides a particularly useful theoretical framework. Within this formalism,
the nonradiative transition occurs due to coupling between the artificially
constructed bound-like state, 8, describing the inner-shell-ionized system
with the energy above the double ionization threshold and the continuum
states of the same energy, χβ,εβ describing the doubly ionized system in its
βth state with the energy Eβ and the emitted Auger electron with kinetic
energy εβ . In Fano approach, the continuum states χβ,εβ are constructed in
such a way that, to a good approximation, they are not coupled by the full
Hamiltonian Ĥ:

〈χβ ′ ,ε′ |Ĥ|χβ,ε〉 ≈ (Eβ + ε) δβ ′ ,β δ(Eβ ′ + ε
′

− Eβ − ε) . (2)



To protect the rights of the author(s) and publisher we inform you that this PDF is an uncorrected proof for internal business
use only by the author(s), editor(s), reviewer(s), Elsevier and typesetter diacriTech. It is not allowed to publish this proof online
or in print. This proof copy is the copyright property of the publisher and is confidential until formal publication.

AQC 10-ch06-309-342-9780123970091 2012/1/30 12:44 Page 313 #5

Electronic Decay in Multiply Charged Polyatomic Systems 313

It can be shown [16, 17] that the bound-like state8, once prepared, will decay
approximately exponentially in time,

|〈8|9(t)〉|2 = e−0t/~, 9(t = 0) = 8 , (3)

where 9(t) is the full wavefunction of the system and the decay rate, 0/~, is
given through

0 =

Nc∑
β=1

0β = 2π
Nc∑
β=1

∣∣∣〈8|Ĥ − Er|χβ,εβ 〉

∣∣∣2 , (4)

where Nc is the number of the bound states of the doubly ionized system
being energetically lower than the inner-shell-ionized state 8, or in other
words, the number of the open decay channels and Er is the energy of the
decaying state.

For the result (4) to be applicable to the computation of the electronic
decay rates, one has to provide sensible approximations for the multi-
electron bound (8) and continuum (χβ,εβ ) wavefunctions. In the simplest
case of single inner-shell ionization, these are wave functions of a singly
ionized N-electron system, that is, (N − 1)-electron states. Such states can
be conveniently constructed using the technique of single-ionization alge-
braic diagrammatic construction (ADC) [18]. The ADC methodology has
been originally developed within the Green’s function formalism [19]. Here,
however, we would like to briefly review the single-ionization ADC from
a different standpoint, using the intermediate state representation (ISR) as
proposed by Schirmer [20].

Consider the Hartree–Fock (HF) ground state of the N-electron neutral
cluster,8N

0 . One can form a complete orthonormal set of the (N − 1)-electron
basis functions, 8(N−1)

J , applying the so-called physical excitation operators,
{ĈJ}, to the HF ground state:

8
(N−1)
J = ĈJ8

N
0 , (5)

{ĈJ} ≡ {ci; c†
acicj, i < j; c†

ac†
bcicjck, a < b, i < j < k; . . .} ,

where ci and c†
a are annihilation and creation operators, respectively, the

subscripts i, j, k, . . . relate to the occupied spin-orbitals and the subscripts
a, b, c, . . . relate to the unoccupied spin-orbitals. The basis set (5) is used in the
familiar configuration interaction (CI) expansion of the wavefunction. This
expansion, once truncated after some specific excitation class [ J], possesses
such important drawbacks as slow convergence and lack of size consistency.
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The ADC method overcomes these drawbacks by using a more complicated
basis for the expansion of the (N − 1)-electron wavefunctions. The idea is to
apply the physical excitation operators, {ĈJ}, to the perturbation-theoretically
corrected, or “correlated”, ground state of the neutral system,

90
J = ĈJ9

N
0 , (6)

9N
0 = 8

N
0 +9

(1)
0 +9

(2)
0 +9

(3)
0 + · · ·,

where 9 (n)
0 is the nth-order correction to the HF ground state obtained by the

standard many-body perturbation theory (see, e.g., Ref. [21]). Unfortunately,
the resulting correlated excited states (CESs), 90

J , are not orthonormal. ADC
takes care of this problem by orthonormalizing them in two steps to obtain
the so-called intermediate states, 9̃ J. First, Gram–Schmidt orthogonalization
between the excitation classes is performed to obtain the “precursor” states,9#

J :

9#
J = 9

0
J −

∑
K

[K]<[ J]

〈
9̃K|9

0
J

〉
9̃K , (7)

that is, the functions belonging to the higher [e.g., two-hole, one-particle
(2h1p) or [ J] = 2] excitation class are made orthogonal to those of all the
lower [in this case, only one-hole (1h) or [K] = 1] excitation classes. Second,
the precursor states are orthonormalized symmetrically inside each excitation
class:

9̃ J =

∑
J′

[ J′]=[ J]

(
ρ#− 1

2

)
J′ ,J
9̃ J′ ,

(
ρ#
)

J′ ,J
= 〈9#

J′ |9
#
J 〉, (8)

where
(
ρ#
)

J′ ,J
is the overlap matrix of the precursor states belonging to the

same excitation class. The above two-step procedure can be applied itera-
tively, noting that the CESs of the lowest (1h) excitation class are by definition
also the precursor states. Any state of the (N − 1)-electron system can be
represented using the orthonormal basis of the intermediate states:

9 (N−1)
q =

∑
i

∑
[ J]=i

Yq,J9̃ J . (9)

The expansion coefficients, YJ, are obtained by the diagonalization of the
Hamiltonian matrix constructed in the basis of the intermediate states. It is
a crucial feature of the ADC approach that the Hamiltonian matrix elements
of the type 〈9̃ J|H|9̃ J〉 can be expressed analytically via the orbital energies
and the electron repulsion integrals if one performs the orthonormalization



To protect the rights of the author(s) and publisher we inform you that this PDF is an uncorrected proof for internal business
use only by the author(s), editor(s), reviewer(s), Elsevier and typesetter diacriTech. It is not allowed to publish this proof online
or in print. This proof copy is the copyright property of the publisher and is confidential until formal publication.

AQC 10-ch06-309-342-9780123970091 2012/1/30 12:44 Page 315 #7

Electronic Decay in Multiply Charged Polyatomic Systems 315

procedure of Eqs. (7) and (8) approximately and consistently with the order
of the many-body perturbation theory, which is used for the construction of
the correlated ground state [see Eq. (6)]. Moreover, it can be shown [20] that
the truncation of the expansion (9) after the excitation class [ J] = m intro-
duces an error of the order of 2m, which should be compared to m+ 1 for the
slower-converging CI expansion. The accuracy of the expansion in excitation
classes (9) should be, of course, consistent with that of the perturbation the-
oretical series for the correlated ground state (6). Thus, the order, n, at which
the perturbation theoretical expansion (6) is truncated is the single parameter
defining the level of the ADC approximation. For this reason, ADC schemes
of various quality are usually denoted as ADC(n), n = 2, 3, 4, . . . in full
analogy with the well-known MP2, MP3, MP4, . . . perturbation-theoretical
techniques for the ground state of the neutral system. The ADC(2) scheme
for singly ionized states describes the many-electron wavefunctions in the
basis of 1h and 2h1p intermediate states treating the coupling between the
1h states and between 1h states and 2h1p states in the second and in the first
order, respectively. ADC(2) approximation neglects the coupling between
the different 2h1p basis functions. The extended ADC(2) scheme [ADC(2)x]
takes into account the coupling between the 2h1p states in the first order
(i.e., on CI level). The third-order ADC(3) scheme, while still confined to
the basis of 1h and 2h1p intermediate states, treats the coupling between
the 1h states and between 1h states and 2h1p states in the third and in the
second order, respectively. A detailed description of the single-ionization
ADC(2) and ADC(3) schemes, including the expressions for the Hamiltonian
matrix elements can be found in Ref. [22]. The proof of the size consistency
of the ADC(n) schemes has been given in Refs. [20]. The main limitation of
the existing ADC(n) schemes is that they are applicable to ionized and/or
excited states of closed-shell systems only.

Let us show how the ADC(n) schemes can be used for the ab initio calcula-
tions of the decay rates within Fano formalism. To this end, we need to show
that both bound (8) and continuum (χβ,εβ ) (N − 1)-electron states [see Eq. (4)]
can be approximated by the expansion in the basis of the intermediate states
(9). In order to describe a perfectly bound state, the wavefunction 8 must
not contain any component corresponding to the possible final states of the
decay. These components are to be found among the m = 2 (2h1p) and the
higher excitation classes. Indeed, the final state of the Auger decay is char-
acterized by two vacancies (“holes”) and a single electron in the continuum
(“particle”) (here we neglect the effect of satellites and double Auger decay
[2]). In a simple approximation, the 2h1p configurations corresponding to the
open decay channels originate from the (N − 2)-electron 2h configurations,
which are lower in energy than the decaying state:

E(N−2)
i,j = 〈8

(N−2)
i,j |H|8(N−2)

i,j 〉 < E8, 8
(N−2)
i,j = cicj8

N
0 . (10)
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Consequently, in order to obtain the ADC(n) approximation for 8, one can
limit the physical excitation operators used in the construction of the CESs
to those which satisfy the appropriate energy criterion:

90
J = ĈJ9

N
0 ,

{ĈJ} ≡

{
ci; c†

acicj, i < j, E(N−2)
i,j > E8; (11)

c†
ac†

bcicjck, a < b, i < j < k, E(N−3)
i,j,k > E8; . . .

}
.

Similarly, the continuum-like functions, χβ,εβ , describing the possible final
states of the electronic decay, are naturally found among the ADC(n) eigen-
states of the 2h1p character

χβ,ε ∼ 9
2h1p
q =

∑
i

∑
[ J]=i

Yq,J9̃ J , 1−
∑
[ J]=2

|Yq,J|
2

� 1 (12)

that correspond to the open decay channels. Upon the completion of the
selection process, one can construct and diagonalize the initial state and the
final state Hamiltonians on the basis of the restricted sets of the intermediate
states using the standard methods. The ADC(n) state approximating the 8
component can be identified, for example, as the one possessing the max-
imal overlap with the cluster orbital representing the initial vacancy. Since
no configurations corresponding to the open decay channels were used in
the ADC-ISR expansion for the bound-like component, 8, it will be one of
the lowest-energy eigenvectors of the ADC Hamiltonian. Therefore, a highly
efficient Davidson diagonalization technique [23] can be used to diagonalize
the matrix.

Despite the ability of ADC(n) to produce 2h1p-like wavefunctions in the
continuum region of the spectrum, there still exists a major difficulty in asso-
ciating these ADC(n) eigenstates with the approximate continuum states of
Fano theory. The difficulty stems from the fact that the ADC(n) calculations,
and ab initio quantum chemical calculations in general, are routinely per-
formed using the L2 bases, usually the Gaussian ones. As a result, the L2 and
not the scattering boundary conditions are imposed and the 92h1p

q functions
are not properly normalized,

〈92h1p
q |9

2h1p
q′ 〉 = δq,q′ (13)

[cf. Eq. (2)]. Moreover, the corresponding eigenenergies, E2h1p
q , are discrete

and are not expected to fulfill the energy conservation relation for the non-
radiative decay, E2h1p

q = E8, except by coincidence. An efficient way to deal
with the above complications is provided by the computational approach
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developed by Langhoff and Hazi and known as Stieltjes-Chebyshev moment
theory or Stieltjes imaging [24]. This approach rests in the fact that although
decay width (4) cannot be calculated using the discretized continuum func-
tions directly, the spectral moments of Eq. (4) calculated using the pseu-
dospectrum are good approximations to the spectral moments constructed
using the true continuum [24]:

∑
β

∫
Ek
∣∣∣〈8|H − Er|χβ,εβ 〉

∣∣∣2 dE ≈
∑

q

(
E2h1p

q

)k ∣∣∣〈8|H − Er|9
2h1p
q 〉

∣∣∣2 . (14)

Using the techniques of moment theory, one can recover the correct value of
the decay width (4) from the pseudospectrum through a series of consecu-
tive approximations of increasing order, nS [24]. Stieltjes imaging has been
first applied to the calculation of Auger decay widths by Carravetta and
Ågren [25]. A particularly efficient realization of the Stieltjes imaging pro-
cedure has been described in detail in Ref. [26]. Standard formulation of the
moment theory requires full diagonalization of the final state Hamiltonian
matrix, which poses a formidable challenge for polyatomic systems. This
computational bottleneck was realized already early on [27], and a number
of suggestions as to how it can be overcome exist in the literature [28]. More
recently, it has been suggested to use block-Lanczos pseudospectrum, rather
than full spectrum, as the input for the Stieltjes imaging procedure [29]. It
has been shown that the Lanczos-Stieltjes technique can be used for efficient
computation of both intra- and interatomic decay widths [30].

The Fano-ADC technique outlined above can be generalized to the case
of multiply ionized systems. Full description of the effect of the additional
vacancies requires, of course, an ab initio approach that explicitly takes into
account multiple ionization. In the case of a single additional charge, the
ADC scheme for doubly ionized states would be appropriate. Such a scheme
was developed by Schirmer and Barth [31]. The extended second-order ADC
technique for double ionization [31] treats explicitly the two-hole (2h) and
the three-hole one-particle (3h1p) excitation classes up to the second and first
orders, respectively. Fano-ADC(2)x for decay widths of doubly ionized states
embedded into triple ionization continua has been developed in Ref. [32].

3. APPLICATIONS OF FANO-ADC THEORY TO AUGER DECAY IN
THE MULTIPLY IONIZED SYSTEMS

Let us describe several recent applications of the Fano-ADC theory to Auger
decay in multiply ionized systems. We shall start with the simplest prob-
lem of this kind – effect of a single neighboring charge on the rate of atomic
Auger decay. Then, we shall explore the effect of a spectator vacancy residing
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on the core-ionized atom undergoing an Auger transition. Finally, we shall
investigate the effect of Auger electron trapping in a multiply ionized
cluster.

3.1. Auger decay in the field of a positive charge

Suppose an Auger transition occurs in the field of a stationary point charge
being at distance R from the core-ionized atom, R being in the order of 1 Å or
bigger. In such a case, Wentzel’s formula (1) suggests that the Auger rate
can be influenced by the charge through the distortions of the electronic
orbitals participating in the transition. The tightly bound core orbital, ϕcore,
is not likely to be affected, since its binding energy is typically at least two
orders of magnitude higher than interaction energy of the core electron with
a unit charge at 1 Å distance. Typical kinetic energy of an Auger electron is
also much higher than its interaction energy with the point charge. A visible
effect of the charge on the Auger rate (1) can come, nevertheless, through dis-
tortion of the valence orbitals, ϕval and ϕ ′val, especially if the latter are easily
polarizable. Indeed, binding energies of atomic valence orbitals ranging from
∼3.9 to ∼24.6 eV are of the same order of magnitude as the electron–proton
attraction at the distance of 1 Å (∼14.4 eV).

Let us look closer at the possible effect of the point charge on the Auger
rate bearing in mind the importance of the valence orbital distortion. To this
end, we shall further simplify Wentzel’s expression (1) by neglecting the
“exchange” and representing the “direct” Auger transition matrix element
as a repulsion energy between two charge clouds:

VAuger =

∫
d3r1

∫
d3r2 ϕval(Er1)ϕcore(Er1)

1
r12
ϕ ′val(Er2)ϕε(Er2) (15)

and using multipole expansion [33]:

VAuger =

∑
l,m

〈
ϕval(Er1)

∣∣rl
1Ylm(1)

∣∣ϕcore(Er1)
〉 〈
ϕ ′val(Er2)|Ylm(2)/rl+1

2 |ϕε(Er2)
〉

, (16)

where Ylm are spherical harmonics as defined in Ref. [33]. Effectively, multi-
pole expansion breaks the two-electron transition into the recombination and
the ionization parts. The lowest nonzero angular momentum contribution to
the expansion (16) defines the multiplicity of the given Auger transition.

Following Bloch [34], one can perform a crude analysis of Eq. (16) assum-
ing that the recombination matrix element scales as r l

core, where rcore is the
spatial extension of the core orbital, while the ionization matrix element
scales as 1/r l+1

val , where rval is the spatial extension of the valence orbital. Since
rcore � rval, we obtain

VAuger ∼ rl
core/r

l+1
val . (17)
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Practically, this scaling means that in order to increase the Auger rate,
one has to lower the multiplicity of the transition, l, and/or to contract the
valence orbital. Both these effects can be achieved through valence orbital
distortion by the point charge. Indeed, at atom–proton distances larger than
rval one can expect orbital distortion to result in the symmetry lowering that
naturally leads to the change in Auger transition multiplicity. At shorter dis-
tances, a proton penetrating the valence electron cloud would lead to an
effective rval smaller than that in a free system. In what follows, we shall
explore these effects quantitatively using Fano-ADC theory of the Auger
decay widths.

Let us first consider a simple Auger process with only a single decay
channel [Nc = 1, see Eq. (4)]. Although not characteristic of K-shell Auger,
such processes take place upon (n− 1)p ionization of alkaline earth atoms,
for example, in (2p−1) Mg+, where the only nonradiative decay pathway
involves the two 3s electrons: (2p−1) Mg+ → (3s−2) Mg2+

+ e−. Assume that
(2p−1) Mg+ Auger decay occurs in the field of a stationary positive charge,
say, of a proton fixed at the distance R from the Mg+ ion. Then, following
the arguments given above, we should expect the decay width, 0, to vary
as a function of R due to distortion of the valence 3s orbital. In Figure 6.2
we present the results of our Fano-ADC(2)x calculations for the 0(R) in the
(2p−1) Mg+–H+ system [35] that indeed reveals such a variation.

At large Mg–proton separations, the Fano-ADC(2)x width converges to
about 0.16 meV, in a good agreement with the theoretical value of Walters
and Bhalla for the isolated Mg atom (0.145 meV) [36]. Our results show
that at the distances below 4 Å, the decay width grows very strongly with
decreasing Mg+–H+ distance. Practically, the same result is obtained when
removing the Gaussian basis from the proton, that is, the possible transfer
of Mg electron density to the neighboring charge does not play a key role
in the effect (see Figure 6.2). Moreover, the predicted increase of the decay
width is not an artifact of the Gaussian basis set itself that, of course, also
changes with R – this is verified by repeating the Fano-ADC(2)x calculation
in full Gaussian basis, but with zero charge on the “proton,” finally, the clear
indication that the predicted effect is due to the distortion of the valence
orbital comes from another set of ab initio calculations, in which, we “freeze”
the Gaussian orbital coefficients in the Mg 3s orbital of Mg–H+ at their val-
ues at the largest considered distance of R = 6.5 Å. The results presented in
Figure 6.2 show that the strong effect of the Auger width increase practically
vanishes if the 3s orbital is frozen [35].

Further insight into the strong variation of the Auger decay width as a
function of the Mg–proton distance is gained by the qualitative analysis in
the spirit of Eqs. (16) and (17). Indeed, at R→∞ (2p−1) Mg+ Auger transi-
tion is of dipole–dipole type [l = 1, see Eq. (16)]. As the Mg–proton distance
decreases, the Mg 3s orbital is distorted such that it attains a nonzero pz com-
ponent, reducing the multiplicity of the Auger transition to l = 0 and leading
to the increase in the Auger width. This effect of the valence orbital distortion
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Figure 6.2 Auger decay width of (2p−1
z ) Mg+–H+ as a function of the Mg–proton distance,

R. z is Mg–proton axis. Diamonds and solid line: Fano-ADC(2)x calculation with atomic orbital
basis centered both on Mg and on the proton; circles and long-dashed line: Fano-ADC(2)x
calculation with atomic orbital basis centered only on Mg; stars and short-dashed line: Fano-
ADC(2)x calculation for (2p−1

z ) Mg+ alone, with atomic orbital basis centered both on Mg
and at the distance R along the z-axis, showing the so-called basis set superposition error
(BSSE); triangles and dashed-dotted line: Fano-ADC(2)x calculation with atomic orbital basis
centered on Mg only, with the 3s orbital of Mg being frozen at its shape at R = 6.5Å. The
inset shows the low-0 part of the plot on logarithmic scale. See Ref. [35] for the details of
the computation.

at R > 2.5 Å is readily seen in the data presented in Figure 6.3 [panels (a) and
(b)]. As the proton approaches the Mg+ ion further, it penetrates the valence
electron orbital and eventually leads to its contraction, see Figure 6.3, panel
(c). Thus, also at R > 2.5 Å, although the distortion of the 3s orbital along
the Mg–proton axis decreases, the orbital contraction effect [quantified by
decrease of rval – see Eq. (17)] leads to further increase of the Auger rate.

The above analysis suggests that the spectacular effect of the neighbor-
ing charge on the single-channel Mg 2p Auger decay has to do with the
polarizable Mg 3s orbital that is involved both in the recombination and
in the ionization parts of the two-electron transition. Let us consider now a
more general situation, in which a polarizable orbital is involved only in the
ejection of the Auger electron. An example of such a transition is readily pro-
vided by 2s-ionized Mg. Indeed, 2s ionization leads to the process in which
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Figure 6.3 (a) Fano-ADC(2)x result for the Auger decay width of (2p−1
z ) Mg+–H+ as a func-

tion of the Mg–proton distance, R (logarithmic scale); (b) z expectation value of the Mg
3s orbital as a function of the Mg–proton distance, R, showing the extent of the orbital
distortion along the Mg–proton axis; (c) mean radius of the Mg 3s orbital as a function of
the Mg–proton distance, R, showing the spatial extent. See Ref. [35] for the details of the
computation.

one of the 2p electrons fills the vacancy while a 3s electron is ejected into
continuum: (2s−1) Mg+ → (2p−13s−1) Mg2+

+ e−. This decay is characterized
by the recombination transition occurring within a single (n = 2) electronic
shell and as such belongs to the class of Coster-Kronig (CK) decay processes
[2]. The efficient recombination part of the transition and the relatively low
kinetic energies of the CK electrons contribute to the typically large widths
of the CK decay. In the particular case of (2s−1) Mg+, the CK transition is
by far the leading decay channel with the competing (2s−1) Mg+ → (3s−2)

Mg2+
+ e− Auger decay being much weaker.
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Figure 6.4 shows the results of the Fano-ADC(2)x calculation of the (2s−1)

Mg+ decay width in the Mg+–H+ system as a function of the Mg–proton dis-
tance. The decay is completely dominated by the CK process, accounting for
95–99% of the total electronic decay width. At large R, the Fano-ADC(2)x
result assuming no electron density on the proton is in excellent agree-
ment with the R-matrix prediction for bare (2s−1) Mg+ [37]. We observe a
well-pronounced dependence of the CK on the Mg–proton distance that
is drastically reduced by artificially “freezing” the 3s orbital at its large-R
shape. The magnitude of the neighboring charge effect is smaller than in
the case of the (2p−1) Mg+ decay, apparently because the distorted valence
orbital is only involved in the ionization part of the two-electron transition.
Noteworthy is a clearly distinguishable effect that the electronic density on
the proton has on the decay. Allowing part of the electronic density to reside
on the proton diminishes the electronic density on the core ionization site
and as a result leads to the reduction of the CK decay width (see Figure 6.4).

1 2 3 4 5 6

R (A° )

0.4

0.5

0.6

0.7

Γ 
(e

V
)

No basis on H+

Basis on H+

BSSE

3s frozen at R = 6.5A° , no basis on H+

Figure 6.4 Decay width of (2s−1) Mg+–H+ as a function of the Mg–proton distance, R.
Diamonds and solid line: Fano-ADC(2)x calculation with atomic orbital basis centered both
on Mg and on the proton; circles and long-dashed line: Fano-ADC(2)x calculation with atomic
orbital basis centered only on Mg; stars and short-dashed line: BSSE (see Figure 6.2); triangles
and dashed-dotted line: Fano-ADC(2)x calculation with atomic orbital basis centered on Mg
only, with the 3s orbital of Mg being frozen at its shape at R = 6.5Å. See Ref. [35] for the
details of the computation.
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Assuming that the neighboring charge was formed long before an instan-
taneous Mg core ionization, the physical decay width is produced by the
Fano-ADC calculation with basis set on the proton. If, on the other hand, Mg
and a neighboring site ionization occur closely in time on the scale of the CK
lifetime, the dynamics of the neighboring hole should be taken into account.
Such a hole dynamics induced by electron correlation can take place at fixed
nuclear geometries on the timescales comparable to the ones of CK or Auger
decay [38] and is expected to be strongly influenced by the nuclear motion,
at least on a bit longer timescales. Consideration of this effect should be a
subject of future studies.

In summary, ab initio results for a number of Auger-type transitions show
a pronounced dependence of the Auger width on the atom–proton dis-
tance. The origin of this dependence can be traced to the distortion of the
outer valence atomic orbital by the field of the proton. A simple qualita-
tive physical picture can be used to explain the Auger rate dependence in
terms of the change of multiplicity of Auger transitions and the valence
orbital contraction as a result of the interaction with the positive charge. The
magnitude of the predicted neighboring charge effect differs substantially
between different Auger-type transitions, but is found to be the strongest
at the atom–proton distances of about 1–2 Å, that is, at the distances of the
order of chemical bond length. At the distances of 3–4 Å, typical of the bond
lengths in van der Waals clusters, the neighboring charge effect is much less
pronounced.

3.2. K-shell Auger lifetime variation in doubly ionized Ne and
first-row hydrides

Auger decay lifetimes can be affected not only by the additional positive
charges residing on neighboring atoms but also by the multiple ionization
of the atom bearing the core vacancy. Here, we shall explore the effect of
the double ionization of a single atom on the Auger lifetimes. Since the
Auger transitions of interest for the radiation damage in single-molecule
x-ray diffraction are mainly induced by K-shell ionization of C, N, and O
atoms, we specifically target doubly (KK- and KL-) ionized states of CH4,
NH3, and H2O as model systems, comparing them with the corresponding
transition in the isoelectronic Ne atom.

Let us first consider Auger processes in doubly ionized Ne as a simple
prototype system. Auger-active states of Ne2+ can be classified as stemming
from 1s−2, 1s−12s−1 and 1s−12p−1 configurations. The first one of those, that
is, the “hollow atom,” has recently been observed in the XFEL studies [39].
Looking at the spectator–core–hole KK–KLL Auger decay process in the hol-
low Ne, one immediately notices that it has twice the number of the decay
pathways relative to the normal K–LL Auger transition. In the simplest
approximation, one would expect, thus, the KK–KLL decay rate to be just
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twice the K–LL one. Further, one notices that a couple of a bit more subtle
effects can push the hollow Ne decay rate into opposite directions. First, dou-
ble K-shell ionization leads to contraction of the valence orbitals in the initial
state of the process, making the Auger matrix elements larger. Second, the
kinetic energy of the KK–KLL Auger electrons is a bit higher than that of the
K–LL (by about 70 eV [40]) ones which could have just the opposite effect.
Looking at the theoretical values for the KK–KLL widths available in the lit-
erature, namely 707 meV (C.P. Bhalla et al., 1973 [41]), 804 meV (M.H. Chen,
1991 [42]), and 623 meV (Pelicon et al., 2001 [43]), one finds that all of them
exceed the normal Auger width in Ne (240 meV [5]) by more than twice,
suggesting that the effect of the valence orbital contraction is the dominant
one. The Voigt fit analysis of a 3 eV wide KK–KLL feature in the experimental
spectrum [40] supports this conclusion.

In the very recent work [44], the Auger decay widths were calculated
using the Fano-ADC method outlined in Section 2. Our Fano-ADC compu-
tation for the hollow Ne produces the decay width of 506 meV, which is
lower than the available literature values and extremely close to twice the
normal Auger width. In fact, it has been found that all the KK–KLL decay
channels attain about twice as larger partial widths than their K–LL coun-
terparts [44]. Noteworthy, our Fano-ADC result for the normal Auger width
251 meV agrees rather well with the recommended literature value [5], and
our partial width analysis for the K–LL transition is in good correspondence
with the available experimental and theoretical results [45] (see Table 6.1).
Nevertheless, the discrepancy between our result and the literature values
(by themselves having a spread of more than 20%, see Table 6.2) could well
result from the underestimation of the very strong relaxation effects in the
hollow atom states by the second-order ADC scheme employed in our calcu-
lation. We believe that further work on the decay lifetimes of the hollow Ne is
needed.

Auger dynamics of a hollow Ne atom presents a particular interest because
a three-electron KK–LLL process can contribute to the decay of the core
vacancies. Such a process, in which two valence electrons recombine into
the core orbital to produce an extra-energetic free electron, has been first
observed in doubly L-shell-ionized Ar atoms [52] and later in Kr and Xe [53].
The corresponding partial decay width in LL-ionized Ar was estimated to be
in the range of 0.01–1 meV. To our knowledge, there are so far no theoreti-
cal or experimental data available for such a three-electron Auger transition
in hollow Ne. Our Fano-ADC calculation for the Ne KK–LLL process gives
the partial decay width of about 0.05 meV, well within the range of the esti-
mated LL–MMM Ar values. Assuming that our calculation underestimates
the valence orbital contraction effect, this figure presents a lower bound for
the three-electron process width. Although clearly negligible relative to the
total hollow Ne decay width, the KK–LLL process can well be observable,
as in the case of heavier rare gas atoms, since it produces highly energetic
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Table 6.1 Comparison of the branching ratios of the K–LL Auger transition in singly core-ionized Ne

Ne+ Kelly Yarzhemsky Nicolaides1 Nicolaides2 Howat1 Howat2 Exp.
Transition Present [46] [45] [47] [48] [49] [49] [50, 51]

3P 0.0 0.0 0.0 – – – – –
K–L2,3L2,3

1D 50.5 61.2 58.2 67.1 66.9 57.3 61.2 60.9
1S 9.5 9.6 10.2 5.7 4.7 9.0 9.2 9.5

K–L1L2,3
3P 10.6 6.1 9.3 3.5 3.8 9.6 7.8 6.3
1P 19.5 17.0 16.8 18.4 19.5 18.5 16.7 17.2

K–L1L1
1S 9.9 6.1 5.5 5.3 5.1 5.7 5.0 6.1

Total width (meV) 251 219 242 227 230 288 244 220± 30

Branching ratios are given in %, the total widths are in meV. Howat1 and Howat2 results correspond to the Hartree–Fock and transition
state basis sets of Ref. [49] respectively. The experimental values for K–LL transition are taken from Albiez et al. [50] (branching ratios) and
from Avaldi et al. [51] (total width).
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Table 6.2 Comparison of the branching ratios of the KK–KLL Auger
transitions in doubly core-ionized Ne

Ne2+ Pelicon Chen Bhalla
Transition Present [43] [42] [41]

2P 0.0 0.3 0.4
KK−KL2,3L2,3

2D 59.0 49.2 44.0 66.2
2S 8.1 9.2 12.6

KK−KL1L2,3
2P(−) 6.9 1.1 0.7
2P(+) 22.6 33.0 31.6 25.0

KK−KL1L1
2S 3.4 7.0 10.7 7.9

Total width (meV) 506 623 805 707

Branching ratios are given in %, the total widths are in meV.

electrons well outside the energy region of the two-electron transitions.
Interestingly, an analogous “collective” interatomic three-electron process
can turn out to be the main decay channel in doubly inner-valence-ionized
clusters (see Section 3.4 and Ref. [48]).

Going from hollow Ne to core-valence-ionized Ne, one should consider
two types of configurations, namely 1s−12s−1 and 1s−12p−1 ones, which lead
to both singlet and triplet states and turn out to have distinctly different
patterns of lifetime variation with the spin multiplicity. The results of our
Fano-ADC calculations of Auger widths for core-valence-ionized Ne are
given in Table 6.3. Looking at the results of these ab initio calculations, one
readily notices that while spin multiplicity plays no role for the Auger widths
of the KL2,3 states, the widths of the KL1 states depend crucially on whether
the two holes form a singlet or a triplet. Indeed, the corresponding 1S state
decays about 1.6 times faster than the triplet state. The origin of this trend
becomes apparent if one looks at the partial widths of the KL1 states (see
Table 6.3). In the decay of the singlet initial state, the recombination from 2s
orbital to 1s one is operative and 2s−1 2p−2 and 2s−2 2p−1 electronic configura-
tions of the Ne3+ final states are about evenly populated. In the case of the
triplet decaying state, however, the single electron in the 2s orbital has the
same spin as the one in the 1s orbital and, therefore, cannot fill the 1s vacancy.
The Ne3+(2s−2 2p−1 2P) channel is still accessible but only via higher-order
processes comprising three-electron transitions. This leads to a radical drop
in efficiency by nearly 90%. This effect fully explains the difference between
the total Auger rates for the singlet 1S and triplet 3S initial states. Comparing
this situation to the decay of the KL2,3 states, one notices that the partial decay
widths for the Ne3+(2s−1 2p−1) channels remain more or less unchanged when
going from singlet to triplet initial states, up to some redistribution of inten-
sity between different terms of the 2s−12p−2 final configuration. In total, the
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Table 6.3 Fano-ADC total and partial Auger decay widths (in meV)
for doubly ionized Ne atom

1s−1 2s−1 1s−1 2s−1 1s−1 2p−1 1s−1 2p−1

Final state 1S 3S 1P 3P

2p−3 4S – 0 – 0 (0)
2p−3 2D 0 0 78 (75) 77 (76)
2p−3 2P 1 0 31 (37) 33 (37)

2s−1 2p−2 4P – 0 – 12 (11)
2s−1 2p−2 2D 127 135 7 (0) 23 (28)
2s−1 2p−2 2S 16 15 4 (0) 6 (6)
2s−1 2p−2 2P 0 0 53 (52) 26 (23)

2s−2 2p−1 2P 123 16 24 (23) 25 (23)

Total width 267 166 197 (187) 202 (204)

Electronic configurations and terms of the decaying states are specified
in the first row. The literature values in parentheses are taken from
Ref. [55]. See Ref. [44] for the details of the Fano-ADC computation.

Table 6.4 Comparison of the Fano-ADC results with the available theoretical and
experimental values for the K–LL Auger decay widths in CH4, NH3, and H2O molecules

Present Theory Experiment

[56] [57] [58] [59] [60] [61] [62]
CH4 85 75 96 96 107± 10 120± 10 83± 10 94± 1

[63]
NH3 123 106

[25] [64]
H2O 148 150 160± 5

The decay widths are in meV, citations are given in square brackets. Experimental value
for ammonia is lacking because of the vibrational broadening in the Auger electron
spectrum of ammonia [65]. See Ref. [44] for the details of the Fano-ADC computation.

decay widths of both singlet and triplet 1s−12p−1 states are about 80% of the
Ne K−LL Auger rate, which is close to what is expected on the basis of the
simple counting of the available Auger decay pathways.

Let us now consider the effect of a spectator vacancy on the Auger rate
of the C, N, and O core hole in CH4, NH3, and H2O molecules, respectively.
These molecules are isoelectronic with Ne; however, the degeneracy of the
outer valence orbitals is preserved only in the tetrahedral CH4. The Fano-
ADC Auger widths of the singly core-ionized molecules [44] are presented
in Table 6.4 alongside the available literature data. The calculated total Auger
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widths for the Auger-active main electronic states of the doubly ionized
molecules are given in Table 6.5. The results for the molecular Auger decay
widths reveal the trends analogous to the one observed in Ne atom. In par-
ticular, it has been found that inner-valence spectator vacancies in methane,
ammonia, and water play the same important role as it does in neon: the
singlet- to-triplet ratio of the decay widths ranges from 1.6 (NH3, H2O) to 1.8
(CH4). As in the case of Ne atom, this very pronounced difference is due to
the fact that the transitions involving inner-valence-core recombination are,
at least in the first order of perturbation theory, forbidden in the decay of the
triplet states. In the case of outer-valence spectator hole, the effect of the spin
multiplicity on the Auger rate is small, beyond the accuracy of our computa-
tional method. Furthermore, we find that the Fano-ADC decay widths of the
hollow (1s−2) molecules is approximately twice larger than the correspond-
ing normal Auger widths, in accordance with the doubling of the available
decay pathways. Assuming that our calculation for hollow molecules suffer
from underestimation of the relaxation in the initial state in the same way

Table 6.5 Fano-ADC total Auger decay widths (in meV) for
different electronic states of doubly ionized CH4, H2O, and
NH3 molecules

Decaying state 0 (meV) Decaying state 0 (meV)

Ne (01s−1 = 251 meV) CH4 (01a−1
1
= 85 meV)

1s−1 2p−1 1P 197 1a−1
1 1t−1

2
1T2 68

1s−1 2p−1 3P 202 1a−1
1 1t−1

2
3T2 69

1s−1 2s−1 1S 267 1a−1
1 2a−1

1
1A1 90

1s−1 2s−1 3S 166 1a−1
1 2a−1

1
3A1 49

1s−2 1S 506 1a−2
1

1A1 167

NH3 (01a−1
1
= 123 meV) H2O (01a−1

1
= 148 meV)

1a−1
1 3a−1

1
1A1 92 1a−1

1 1b−1
1

1B1 110
1a−1

1 3a−1
1

3A1 94 1a−1
1 1b−1

1
3B1 116

1a−1
1 1e−1 1E 100 1a−1

1 3a−1
1

1A1 121
1a−1

1 1e−1 3E 105 1a−1
1 3a−1

1
3A1 118

1a−1
1 1b−1

2
1B2 122

1a−1
1 1b−1

2
3B2 126

1a−1
1 2a−1

1
1A1 126 1a−1

1 2a−1
1

1A1 157
1a−1

1 2a−1
1

3A1 81 1a−1
1 2a−1

1
3A1 99

1a−2
1

1A1 230 1a−2
1

1A1 311

The Fano-ADC Auger decay widths of the single core vacancies
are given for each molecule in parentheses. To facilitate the
comparison, the Fano-ADC results for Ne atom are also given.
See Ref. [44] for the details of the Fano-ADC computation.
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as our results for hollow Ne, the true decay rates of the KK–KLL widths
of the first-row hydrides could be about 20% higher than our theoretical
predictions.

In summary, the spin state of the two holes has a major effect on the rate
of the Auger decay of one-site doubly ionized states. Although singlet core-
inner-valence-ionized states decay about as fast as the singly core-ionized
ones, their triplet counterparts decay by up to a factor of 1.8 slower. This
trend appears to be completely general and is easily explained by spin
selection rules. Interestingly, the singlet–triplet factor is largest for methane,
which leads one to believe that sp3 hybridized carbon Auger decay in gen-
eral can proceed significantly slower in the presence of an inner-valence hole.
Depending on how probable the inner-valence ionization is for the given
experimental conditions, this effect can have significant implications on the
timescale of the Auger dynamics in multiply ionized biomolecules.

3.3. Suppression of exponential Auger decay in multiply
charged systems

Up to now, we have considered the effect of an additional positive charge on
the rate of the exponential Auger decay of a core vacancy. Interestingly, the
Auger dynamics can change qualitatively in a highly ionized system. Under
conditions of multiple ionization, the kinetic energy of the Auger electron
may not suffice for leaving the system and the electron will be trapped by
the field of the positive charges surrounding the inner-shell-ionized atom
[66]. On a more formal level, the final states of the decay, χβ,ε , around the
resonance energy, Er, will no longer form a continuum, but will rather turn
into closely spaced bound states. An electron occupying one of such states
will be delocalized across the whole system, yet, will not be able to leave
it. With discrete final states, however, one cannot expect the familiar notion
of the exponential decay to remain valid and the very basics of our under-
standing of electronic decay dynamics should be reconsidered. Indeed, a
trapped (e.g., Auger) electron can participate in an “inverse Auger” process,
that is, it can fill one of the vacancies created by the Auger transition, giv-
ing a core electron enough energy to be promoted to another vacancy of the
Auger final state. Therefore, the survival probability of the core hole state
[see Eq. (3)] can exhibit oscillatory rather than exponential character. This sit-
uation is formally similar to the one encountered in the nonradiative decay
of excited electronic molecular states due to vibronic coupling. The reason
is that the final states of this type of nonradiative decay in molecules can
be bound vibrational states of a lower-energy electronic state, that is, not a
continuum. For the idealized Bixon–Jortner model assuming uniform energy
spacing between the adjacent final states, ε, and uniform initial–final states
coupling [67], one can show that the exponential decay persists for times of
the order of ~/ε. Of course, such a model could be hardly applicable to the
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complicated many-electron states involved in the electronic decay. The essen-
tial open question is therefore: Can electronic decay processes in a highly
charged environment be characterized, even approximately, by exponential
dynamics?

In Ref. [68], the character of the electronic decay dynamics in a multi-
ply charged system was investigated by constructing a simple but realistic
model based on the L1–L2,3M CK decay in Ar (see Ref. [69] and references
therein). Due to the relatively low energy of the recombination transition
within a single shell, CK processes are characterized by the emission of rel-
atively slow electrons with kinetic energies of the order of several tens of
electron volt. This circumstance makes CK decay processes in general and
the Ar L1–L2,3M decay in particular very well suited for the study of the effect
of Auger electron trapping by neighboring charges. Indeed, consider an Ar
cluster, for example, Ar13, interacting with an intense XFEL radiation. Neu-
tral Ar13 in its ground state has an icosahedral (Ih) equilibrium geometry with
the central Ar surrounded by 12 symmetry-equivalent peripheral Ar atoms
[70]. Simulations of Ar13–XFEL interaction [10] show that one could easily
reach a situation where all the Ar atoms in the cluster are singly ionized well
before the cluster geometry suffers a significant distortion. Imagine, for sim-
plicity, that the central atom of Ar13 is ionized in its 2s subshell while the
12 surrounding Ar atoms bear either 2p or outer-shell vacancies. Such a dis-
tribution of vacancies among the electronic shells is not implausible given
that the photoionization cross sections of the outer shell and 2p electrons of
Ar are higher than that of the 2s electron [71]. With the lifetime of about
0.3 fs [69], CK decay of the 2s vacancy is more than an order of magni-
tude faster than Auger decay of (2p−1) Ar+ [69, 72]. The timescale for the
second ionization of one of the Ar atoms in the case of a long (∼100 fs)
XFEL pulse is controlled by the pulse intensity and can be in the range
between 10 and 100 fs [10]. For these reasons, we assume the vacancy states
of the 12 Ar atoms surrounding the 2s-ionized one to be stationary on the
time scale of the CK process. If, nevertheless, the Auger decay or a sec-
ond photoionization event occurs, it would effectively increase the positive
charge of the cluster and lead to a stronger trapping of the would-be CK
electron.

The kinetic energies of the CK electrons generated by the L1–L2,3M decay
in isolated (2s−1) Ar+ vary between about 29 and 47 eV [69]. In a multiply
ionized Ar13 cluster, the energies of the corresponding final doubly ionized
states of the central Ar will be elevated (relative to an isolated Ar) by the
energy of the interaction of the additional central charge with the 12 periph-
eral ones. In the simple point-charge approximation, this energy elevation is
given by 1E = 12/Req, where Req is the equilibrium central–peripheral atom
distance in the neutral Ar13. With Req = 6.96 a.u. [70], 1E turns out to be just
enough to put all the (2p−13l−1) Ar2+(Ar+)12 states of the cluster above the
energy of the initial 2s vacancy. Hence, as long as the ionized cluster does
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not expand, the CK electron that left the central Ar will always be bound to
the cluster as a whole. In what follows, we would like to study the implica-
tion of the CK electron trapping in (2s−1) Ar+(Ar+)12 on the dynamics of the
electronic decay process modeling the peripheral Ar ions by point charges
(protons).

In Ref. [68], the initial and the final states of the CK decay in 2s−1 Ar+(H+)12

were calculated according to the Fano-ADC scheme (11,12):

8 = a2s9̃2s +

∑
jka

ba
jk9̃

a

jk , (18)

χn =

∑
j′k′a′

ca′(n)
j′k′ 9̃

a′

j′k′ ,

where the possible pairs of the j, k indices are restricted to the doubly ionized
configurations with energies higher than that of 92s, while the possible pairs
of the j′, k′ indices are restricted to doubly ionized configurations with ener-
gies lower than that of 92s, that is, to the open channels of the CK transition
in an isolated Ar. With the initial and final states of the nonradiative transi-
tion specified, we obtain the evolution of the initial state by propagating it in
time under the Fano type Hamiltonian, Ĥ, built in the basis of {8,χn}:

9(t) = e−iĤt/~8, Ĥ = |8〉E8〈8| +
∑

n

|χn〉En〈χn| + (|8〉γn〈χn| + c.c.) , (19)

where the initial–final coupling matrix elements are given by γn = 〈8|Ĥ|χn〉.
The survival probability of the 2s vacancy state of the central Ar atom

in the model Ar13 cluster obtained using Eqs. (3) and (19) (see Figure 6.5)
shows a roughly exponential dynamics on the short time scale. During the
initial 0.7 fs, the population of the 2s vacancy state exhibits oscillations super-
imposed over exponential decay with the mean rate being very close to
the one of the L1–L2,3M transition in an isolated Ar. A striking change of
behavior occurs, however, at t > 0.7 fs, where even the approximately expo-
nential decay pattern is suppressed completely by an oscillatory one. During
this phase of the time evolution, the 2s vacancy population rises roughly
from 1% to 10% in a clear manifestation of a partial “inverse Auger” tran-
sition and then falls back. At later times, the calculated survival probability
keeps oscillating within a similar range. Our assumption that surrounding
vacancies are stationary limits, however, the validity of the present calcu-
lation to times smaller than the Ar L2,3–MM Auger life time of t = 3.7 fs.
Another insight into the mechanism of the exponential decay suppression
comes from the examination of the properties of the many-electron wave-
function, 9(t), for example, of 〈9(t)|r2

|9(t)〉 (see Figure 6.1b). In Figure 6.5,
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Figure 6.5 (a) Solid line: survival probability of the 2s vacancy in Ar+(H+)12 plotted on the
logarithmic scale. Dashed line: same for the exponential decay of the 2s vacancy in an iso-
lated Ar+. (b) Time dependence of the r2 expectation value measuring the spatial extension
of the Ar+(H+)12 electronic wavefunction. See Ref. [68] for the details of the computation.

one can easily notice that the plots of the spatial extent of 9(t) and of the
survival probability of the 2s vacancy state behave as mirror images of each
other with the minima of the former corresponding to the maxima of the
latter. This suggests the following simple physical picture of the predicted
Auger oscillations. The Auger electron wave packet emitted by the central
ion is reflected back by the charged cluster potential, leading to peaks of
〈r2
〉(t) (Figure 6.5). Propagating back toward the central atom, the Auger elec-

tron partly recombines in an inverse Auger transition leading to the partial
revivals of |〈8|9(t)〉|2 (Figure 6.5).

In summary, the dynamics of the electronic decay of inner-shell vacan-
cies in a charged environment, such as created by interaction of a cluster
with a high intensity FEL radiation, can be qualitatively different from the
one induced by a low-intensity source. If the emitted electrons are slow
enough to be trapped by the neighboring charges, the familiar exponential
decay will be suppressed by quantum beats between the initial state and
the quasi-continuum of discrete final states. Physically, the predicted oscilla-
tions correspond to creation of the initial vacancy due to the reflections of the
emitted electron by the charged cluster potential and the subsequent inverse
Auger transition.



To protect the rights of the author(s) and publisher we inform you that this PDF is an uncorrected proof for internal business
use only by the author(s), editor(s), reviewer(s), Elsevier and typesetter diacriTech. It is not allowed to publish this proof online
or in print. This proof copy is the copyright property of the publisher and is confidential until formal publication.

AQC 10-ch06-309-342-9780123970091 2012/1/30 12:44 Page 333 #25

Electronic Decay in Multiply Charged Polyatomic Systems 333

3.4. Collective interatomic decay of multiple vacancies in clusters

In the above example, we have considered a situation where the presence of
additional positive charges leads to suppression of electronic decay through
channel closing. It would be tempting to ask whether the reverse physical
situation is possible, that is, whether multiple ionization can lead to channel
opening resulting in a decay process that occurs exclusively in a multiply
inner-shell-ionized system. In fact, an example of such a process, that is,
KK–LLL decay has been already mentioned in connection with double-core
ionization (see Section 3.2). There, however, a collective decay of two core
holes is completely overwhelmed by the much more probable normal Auger
decay. A recent theoretical work [54] shows that an analogous interatomic
collective process can be the dominant decay pathway in doubly ionized
clusters.

Interatomic Coulombic decay (ICD) is an electronic decay process that
is particularly important for those inner-shell or inner-subshell vacancies
that are not energetic enough to give rise to Auger decay. Typical examples
include inner-valence-ionized states of rare gas atoms. In isolated systems,
such vacancy states are bound to decay radiatively on the nanosecond
timescale. A rather different scenario is realized whenever such a low-energy
inner-shell-ionized species is let to interact with an environment, for exam-
ple, in a cluster. In such a case, the existence of the doubly ionized states
with positive charges residing on two different cluster units leads to an inter-
atomic (or intermolecular) decay process in which the recombination part
of the two-electron transition takes part on one unit, whereas the ioniza-
tion occurs on another one. ICD [73–75] is mediated by electronic correlation
between two atoms (or molecules). In clusters of various sizes and composi-
tions, ICD occurs on the timescale from hundreds of femtoseconds [18] down
to several femtoseconds [76–79].

Consider now an inner-shell vacancy state that is not energetic enough
to decay by either Auger or ICD mechanisms. Such are, for example, ns−1

states of Ar+, Kr+, and Xe+, either isolated or in an environment of other
rare gas atoms. Consider further two such vacancy states, say, in a Kr clus-
ter or, a bit more generally, in a mixed Kr/X cluster, where X is another atom
or molecule. Neither of the vacancies can decay by electron emission because
the energy provided by the 4p→ 4s recombination is not sufficient for 4p ion-
ization of either Kr+ (as needed for Auger decay) or a neutral Kr (as needed
for ICD). However, if two 4s-ionized kryptons recombine simultaneously, the
released energy would be enough to ionize X:

(4s−1, 4s−1)(Kr+)2X→ 2 (4p−1)Kr+ + X+ + e− . (20)

A schematic representation of such a collective decay process, or collective
ICD (CICD), is given in Figure 6.6. Simple energy considerations imply that,
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Figure 6.6 Schematic representation of collective interatomic decay of two inner-shell
vacancies, see Eq. (20).

in general, the collective decay occurs without facing a competition from
the ICD if 1.5 < (Eiv − Ec)/Eion < 2, where Eiv is the inner valence ionization
energy of the given species, Ec is the energy of Coulombic repulsion between
two singly ionized atoms or molecules (typically 3–4 eV at the equilibrium
distances of neutral van der Waals clusters) and Eion is the single ionization
energy.

Some qualitative understanding of the CICD can be gained by means of
Wentzel-type theory that treats the initial and final states of the decay as
single Slater determinants taking electronic repulsion responsible for the
transitions as a perturbation. The collective decay of two inner-shell vacan-
cies (see Figure 6.6) is a three-electron transition mediated by two-electron
interaction. Thus, the process is forbidden in the first-order perturbation the-
ory, and its rate cannot be calculated by the first-order expressions, such as
(1). Going to the second-order perturbation theory, the expression for the
collective decay width can be written as

0 = 2π

∣∣∣∣∣∑
i

〈 f |V̂|i〉〈i|V̂|0〉
E0 − Ei

∣∣∣∣∣
2

δ(Ef − E0), V̂ =
∑
p<q

e2

rpq
. (21)

Here, |0〉 is the initial doubly inner-shell-ionized [(N-2)-electron two-hole
(2h)] state that can be derived from the N-electron HF ground state of
the neutral system, |8HF

0 〉, by the application of the annihilation operators,
|0〉 = ĉjĉk|8

HF
0 〉, | f 〉 is a final state of the three-hole-one-particle (3h1p) type,

| f 〉 = ĉ†
a ĉlĉmĉn|8

HF
0 〉, and |i〉’s are the intermediate states. The δ-function of the

final–initial energy difference in Eq. (21) reflects the conservation of energy
in the course of the nonradiative transition.

Equation (21) suggests that the CICD rate is formed by a superposition
of interfering decay pathways, each of which is defined by an intermedi-
ate state, |i〉. Further analysis shows that such states can be either of 2h or of
3h1p type. Consider, for example, |i〉 = ĉlĉm|8

HF
0 〉, where ĉl,m correspond to the
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Kr outer-shell vacancies present in the final state, |f 〉. Physically, this means
that the three-electron transition consists of virtual two-electron recombina-
tion on krypton cations followed by ionization of X (see Figure 6.6). The
corresponding recombination matrix element entering Eq. (21) is

〈i|V|0〉 = 〈8HF
0 ĉ†

mĉ†
l |V̂|ĉjĉk8

HF
0 〉 (22)

= 〈ϕl(Er1)ϕm(Er2)|1/r12|ϕk(Er1)ϕj(Er2)〉 − 〈ϕl(Er1)ϕm(Er2)|1/r12|ϕj(Er1)ϕk(Er2)〉,

where the electron repulsion matrix elements involve the outer-shell (ϕl,m)
and the inner shell (ϕj,k) of the Kr’s. Assuming that ϕj,l are localized on the left
Kr while ϕk,m belong to the right Kr (see Figure 6.6), we can obtain the depen-
dence on the recombination matrix element on the interatomic distance,
RKr−Kr, in the limit of large Kr–Kr separation:

〈i|V|0〉 ≈ −〈ϕl(Er1)ϕm(Er2)|1/r12|ϕj(Er1)ϕk(Er2)〉 (23)

≈ −
1

R3
Kr−Kr

〈ϕl(Er1)|eEr1|ϕj(Er1)〉 · 〈ϕm(Er1)|eEr2|ϕk(Er1)〉,

where we have neglected the exchange contribution that decreases expo-
nentially with RKr−Kr and approximated the direct integral by the leading
(dipole–dipole) term of the multipole expansion. The last expression sug-
gests an appealing physical interpretation of the collective decay at large
internuclear distances as a two-virtual-photon transition with the two dipole
matrix elements in Eq. (23) being regarded as two virtual photons that are
“emitted” by the Kr+’s and “absorbed” by X. Within this simple picture, the
CICD is analogous to multi-photon transition while Auger decay and ICD
are analogous to a single-photon transition.

Proceeding with the large-R analysis of the ionization matrix element,
〈 f |V̂|i〉, we find that at large Kr2–X separations it decreases as 1/R2

Kr2−X. As a
result, the contribution of the two-electron recombination – ionization path-
way to the decay width depends on the cluster geometry as 1/R6

Kr−KrR
4
Kr2−X.

Since the decomposition of the (Kr+)2X cluster along the Kr+–Kr+ coordinate
automatically means elongation of the Kr2–X distance as well, the power law
exponents are effectively summed, resulting in the 1/R10

Kr−Kr dependence. A
detailed analysis shows that this type of power law is characteristic of all the
possible decay pathways.

Quantitative results for the collective interatomic decay in (4s−1, 4s−1)
(Kr+)2Ar have been obtained in Ref. [54] using Fano-ADC theory. The results
for 0 as a function of the Kr–Kr distance (at Req

Kr2−Ar = 3.3Å [54]) are shown
in Figure 6.7a. At the equilibrium Kr–Kr distance (Req

Kr2
= 4.0Å [54]), the

collective decay width reaches 1.9 meV for triplet and 2.0 meV for singlet
doubly ionized states, which corresponds to lifetimes around 300 fs. The
predicted lifetime is five orders of magnitude shorter than the one of the
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Figure 6.7 (a) Collective decay widths of (4s−1, 4s−1) (Kr+)2Ar as functions of RKr−Kr at
Req

Kr2−Ar = 3.3Å. Solid line: triplet, dashed line: singlet, dashed-dotted line: 1/R10 fit (please,
note the doubly logarithmic scale). (b) PESs of (4s−1, 4s−1) (Kr+)2Ar states, cut at Req

Kr2−Ar =

3.3Å. Solid line: triplet state, dashed line: singlet state. Shown also is the vibrational wave
packet promoted from the (4sσ−1

u ) state of (Kr2)+Ar [see panel (c)] at the moment of closest
approach of the two kryptons, tmin = 335 fs, and 73 fs later. Direction of motion of the wave
packet is shown by an arrow. (c) PESs of (4sσ−1

g,u ) (Kr2)+Ar states, cut at Req
Kr2−Ar = 3.3Å. Solid

line: ungerade state, dashed line: gerade state. Shown also is the vibrational wave packet
promoted from the ground state [see panel (d)] at t = 0 (right) and at tmin (left). Direction
of motion of the wave packet is shown by an arrow. (d) PES of the neutral (Kr2)Ar, cut at
Req

Kr2−Ar = 3.3Å. Shown also is the vibrational ground state.

radiative decay [54], which means that the process is not suppressed by
photon emission. At Kr–Kr separation above 6 Å, the collective decay width
shows the predicted 1/R10 behavior (see Figure 6.7a).

The CICD rate as a function of the Kr–Kr distance was used in the nuclear
wave packet simulation of the process within the Born–Oppenheimer picture
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[54]. The relevant cuts of the Kr2Ar potential energy surfaces (PESs) at the
symmetric geometry with RKr2−Ar frozen at its equilibrium value are shown
in Figure 6.7. It is assumed that in the beginning the cluster is in its ground
vibrational state. At some later time, 4s photoionization occurs on the Kr
atoms due to the interaction with the high-intensity FEL beam. The double
photoionization can occur either directly by a “vertical,” that is instanta-
neous transition to the (4s−1, 4s−1) (Kr+)2Ar PES or in two stages, bringing
the cluster first onto a (Kr2)+Ar PES and only later (by another vertical tran-
sition) to a doubly ionized PES (see Figure 6.7). The important difference
between the one-step and the two-step processes is that the former creates
a vibrational wave packet centered around the equilibrium distance of the
neutral (RKr−Kr = 4.0Å), while in the latter process the wave packet created
on the singly ionized PES can evolve before being promoted to the repulsive
decaying state. If at the first stage of the sequential process the (4s) σu orbital
of Kr2 is ionized, the resulting vibrational motion can explore the region of
much smaller Kr–Kr distances than in the case of the one-step double ion-
ization. Thus, two-step ionization process, in particular the one proceeding
via (4s)σu ionization, leads the system to the region of much higher collective
decay widths than the one-step double ionization and is expected to give
a higher yield of the electronic decay. Nuclear dynamics simulations have
shown that the CICD yields in the case of one-step double photoionization
are 31% and 38% (for triplet and singlet doubly ionized states, respectively),
whereas for the two-step ionization into the singlet state, the electronic decay
yield reaches 65% [54]. Thus, the nuclear dynamics simulations show that the
CICD process can compete successfully with the disintegration of the doubly
ionized cluster.

4. OUTLOOK

The results presented in this overview point at the significant impact of the
charged environment on the Auger-type processes in polyatomic systems.
The specific effects of the additional charges on the decay of inner-shell-
ionized species range from strong modulation of the exponential decay rate
to transition to nonexponential dynamics (in the case of channel closing) or,
on the contrary, onset of exponential electronic (nonradiative) decay (in the
case of channel opening). The initial work presented here is nothing but a
first step toward systematic exploration of this new inner-shell physics. Let
us outline a few directions that we think will be most relevant for the future
ab initio studies.

On the methodology side, it would be important to generalize the
Fano-ADC theory of Section 2 to the case of triple ionization using the
second-order ADC scheme of Ref. [80]. Moreover, the problem of different
level of treatment of adjacent excitation classes within the existing ADC
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schemes deserves some attention. Indeed, normal Auger dynamics can be
formally regarded as a transition between 1h and 2h1p states, which are
described by us at the moment up to second and first orders, respectively. A
balanced description would mean a more accurate (second-order) treatment
of 2h1p’s. This would require formulation of a new type of ADC schemes in
which the adjacent excitation classes are treated up to the same order. Finally,
the Fano-type computational approach presented here is by no means lim-
ited to the ADC ab initio methodology. An immediate idea would thus be to
construct the analogous schemes based on the equation of motion coupled
cluster (EOMCC) methods [81]. This could be particularly relevant for treat-
ment of inner-shell ionization of open-shell systems, for which the EOMCC
methods have been developed [82].

As far as physical applications go, Auger-type processes in multiply ion-
ized “building blocks” of biomolecules are the immediate target of the theory
with the aim to provide an accurate input for the molecular dynamics sim-
ulations of the radiation damage. Besides the K–LL Auger in C, N, and O
atoms in charged environment, the effect of inner-shell ionization of heav-
ier atoms, such as S, on the radiation damage would be very interesting to
explore. The higher-order physical processes involving more than a single
participator vacancy, such as collective decay, are extremely interesting from
the physical point of view, and their role in molecular inner-shell physics
is yet to be understood. Moreover, the effect of charged environment on
the ICD rates is yet to be investigated. Finally, it is important to take into
account the effect of the ionizing field itself, going beyond sudden ioniza-
tion paradigm and exploring the processes that are forbidden without the
presence of the external field, such as laser-enabled Auger decay [83].
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[32] P. Kolorenč, V. Averbukh, K. Gokhberg, L.S. Cederbaum, Ab initio calculation of inter-
atomic decay rates of excited doubly ionized states in clusters, J. Chem. Phys. 129 (2008)
244102.

[33] P. M. Morse, H. Feshbach, Methods of Theoretical Physics, McGraw-Hill, New York,
1953.

[34] F. Bloch, Double electron transitions in X-ray spectra, Phys. Rev. 48 (1935) 187.
[35] V. Averbukh, U. Saalmann, J.-M. Rost, Auger decay in the field of a positive charge,

submitted to Phys. Rev. A.
[36] D.L. Walters, C.P. Bhalla, Nonrelativistic Auger rates, X-ray rates, and fluorescence yields

for the 2p shell, Phys. Rev. A 4 (1971) 2164.
[37] A.G. Kochur, D. Petrini, E.P. da Silva, 2s-photoionisation of atomic magnesium: Shake

processes and Coster-Kronig radiationless decay, A&A 365 (2001) 248.
[38] J. Breidbach, L.S. Cederbaum, Migration of holes: Formalism, mechanisms, and illustra-

tive applications, J. Chem. Phys. 118 (2003) 3983; A.I. Kuleff, J. Breidbach, L.S. Cederbaum,
Multielectron wave-packet propagation: General theory and application, J. Chem. Phys.
123 (2005) 044111.

[39] L. Young et al., Femtosecond electronic response of atoms to ultra-intense X-rays, Nature
466 (2010) 56; J. Wark, Atomic physics: X-ray laser peels and cores atoms, Nature 466
(2010) 35.
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Green’s formula, 40, 92
Green’s function, 47, 68
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Half-collision process, 3
Hamiltonian, 283

decomposition of, 169–171
matrix, 314
non-Hermitian, 173–175
time-reversal symmetry of, 6
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photoelectron angular distribution, 297f
photoionization spectrum of, 215f

Hellman–Feynman theorem, 56
Hermitian lifetime matrix, 133
Hille–Yosida theorem, 60
Hylleraas wavefunctions, 249
Hyperradial wavefunctions, 214
Hyperspherical coordinates, 125, 210–212

approach, 216
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ICD, see Interatomic Coulombic decay
Ichthyoidal construction, 54f
Integral cross section (ICS), 130–132
Interaction potential, 205
Interatomic Coulombic decay (ICD), 333
Interloper, 168
Intermediate QBS, effects of, 168
Intruder, 168, 276
Ion yields, 297
Isolated narrow resonance (INR), 128
Isolated resonances, 182

analysis of, 190–192
negative time-delay, 192–194
S-matrix for, 182–183
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Jordan blocks, 61, 98

K
K-shell ionization, 323
Kinematic trapping, 125
Klein–Gordon-like equation, 63, 65, 78
K-matrix method, 286
Kodaira’s theorem, 45

L
L2 K-matrix method, 285
L2(R) functions, 258
Lanczos-Stieltjes technique, 317
Linear Stark effect, 207
Lippmann–Schwinger equation, 287
Lithium-like system, 269
Living state conditions, 76
Localized functions, expansion of, 15–17, 15f
Long-range potentials, 205–210
Lorentzian profile, 179

in time-delay spectrum, 181
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Lyapunov converter, 60

M
Many-body perturbation theory (MBPT),
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Metastable wave packet, 294
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Molecules, 67–71, 67f , 68f , 69f , 70f
Morse potential, 25
Multichannel scattering, 182, 187, 194
Multichannel technique, 69
Multiply ionized systems, 317–318
Multireference scheme, 275
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Nelson class, 97
Nevanlinna theory, 48
Non-Hermitian Hamiltonians, 173–175, 255

and inner product, 258–260
Nonradiative electronic decay process, 312
Nonrelativistic quantum mechanics, QBS in,

169
Nonself adjoint formulations, 51–52

resonances, bounds to, 52–56, 54f , 55f
time evolution, 59–65, 62f
virial theorems, 56–58, 57f , 59t
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Off-shell reaction matrix, 288
On-shell unitary scattering matrix, 289
One-dimensional potential, 5
Outer projection, 88
Overlapping resonances, 181, 194, 265

diabatic decomposition of, 201–204

P
Pade’ approximation, 129
Pair annihilation, 172

absorption potential for, 227–228
Partial wave channels (PWCs), 286, 287
Partial-wave radial wavefunction, 174
Partial-wave singlet, 235f
Pauli principle, 273
Perfect absorber, 291
Perturbation expansion, 277
PES, see Potential energy surface
Phase shift, 175–178
Photofragmentation experiment, 283
Photoionization, 191

resonance, 177
spectrum of helium, 215f
time-inverse of, 265

Photorecombination, 265
Plank’s constant, 252
Plasma physics applications, 267
Positron absorption, 172, 229–230
Positron collision processes, 173
Positron–atom collision processes, 228
Positronic bound states as QBSs, 171–173

Positronium
formation, 229–230
reduced mass of, 172

Potential energy surface (PES), 120, 337
Potential resonances, 171
Prereactive/postreactive resonances, 150–157
Probability density, 8f

of QBS, 208
Probe circles, 53
Product rovibrational branching ratios, 137
Pseudo-continuum, 255, 258, 273f
Pump-probe technique, 281
PWC, see Partial wave channels

Q
QBS, see Quantum bottleneck states;

Quasi-bound state
Q-matrix

eigenchannels and resonance eigenchannel
space, 189–191

time-delay, 187–188, 196–197
Quantization condition, 106
Quantum bottleneck states (QBS), 124
Quantum mechanical system, 2
Quantum mechanical trapping, 144
Quasi-bound state (QBS), 168–169

formation of
ambiguous threshold energy, 226–227
pair annihilation, absorption potential

for, 227–228
positronic bound states as, 171–173

R
Radial wavefunction, 168

partial-wave, 174
time-dependent, 175

Radiation field, 27
Radiative recombination (RR), 265
Rate coefficients, 267
Rayleigh–Schrödinger expansion, 87
Relativistic effect, 267
Resonance

complex energy, 18
definition of, 180
and eigenchannel space, 197–201
eigenstates, unique properties of, 21
overlapping, 181, 194
S-matrix, 175–178
trapping, 124
wavefunction, evolution of, 7–9, 7f , 8f , 10f

Resonance characterization
complex rotation method, 254, 256f

continuum representation, 260–264, 262f ,
263f



To protect the rights of the author(s) and publisher we inform you that this PDF is an uncorrected proof for internal business
use only by the author(s), editor(s), reviewer(s), Elsevier and typesetter diacriTech. It is not allowed to publish this proof online
or in print. This proof copy is the copyright property of the publisher and is confidential until formal publication.

AQC 11-ind-343-350-9780123970091 2012/1/30 13:31 Page 347 #5

Index 347

Hamiltonian, 257
non-Hermitian Hamiltonians and inner

product, 258–260
pseudo-continuum, 255

Resonance pole, 176, 181
Resonance state, 23

origin of, 24
Feshbach-type resonances, 26–28, 27f
shape-type resonances, 24–26, 26f

quantum mechanical, time-dependent
perspective

from bound state to metastable state,
4–7, 5f

dynamics, inside and outside interaction
region, 9–14, 11f , 14f

resonance wavefunction, 7–9, 7f , 8f , 10f
stationary analysis of, 14–15

localized functions, scattering states,
15–17, 15f

properties of, 18–21, 19f
stationary solutions, outgoing waves,

17–18
unified picture of, 21–22

stationary resonance state, expansion of,
22–23, 23f

Resonance–resonance interaction, 198
Riccati equation, 42, 68
Riemann sheet, 37, 51, 95

of energy plane, 97
Ritz variation principle, 56
RR, see Radiative recombination
Rydberg series, 168, 276

S
Scattering

multichannel, 182
single-channel, 175
states, 284, 288–289

projection of, 292
theory, 43–45, 46f
wavefunctions, 298

Schrödinger equation, 172, 173, 233, 248, 299
Schwartzschild singularity, 81
Self-adjoint dilation, 94
Self-references, 107
Shape resonances, 171
Shape-type resonances, 24–26, 26f
Siegert boundary conditions, 17, 18
Siegert resonance state, 19
Siegert solutions, distribution of, 19f
Siegert states, 18
Single-channel approximation, 216

Single-channel scattering, 175, 187
time delay and density of states, 179–181

Single-pole formula, 176
Slow/Smooth discretization (SVD) technique,

214
S-matrix

difficulty in representation of, 194–196
eigenchannels and eigenphases, 183–187
for isolated resonances, 182–183
resonance, 175–178

Spectral concentration, 45–50, 49f , 50f
Spectral quantization (SQ) method, 128
Stabilization method, 170
Stark effect, hydrogen atom, 38, 57f , 58, 66
Stark resonances, 4
Stark–Werner potential energy surface

(SW-PES), 138
State-specific methods, 38
Stationary resonance state

expansion of, 22–23, 23f
properties of, 18–21, 19f

Stationary scattering states, 288
Stieltjes-Chebyshev moment theory, 317
Storage rings, 266f , 267
Sturm–Liouville theory, 40
SVD, see Slow/Smooth discretization

technique
SW-PES, see Stark–Werner potential energy

surface
S-wave contributions, 234
Symmetric Jordan block representations,

98–103

T
TDSE, see Time-dependent Schrödinger

equation
Teleonomic processes, 85
Three-electron transitions, 326
Time delay, 132–134
Time domain, resonances in, 281–282

he resonance population and decay,
290–292, 298–299

simulation results, 292–298, 293f , 296f ,
297f , 298f

time-dependent wave packets, scattering
states, 282–285

single-ionization scattering states,
helium, 285–289

time-dependent wavefunction, 289
Time evolution, 59–65, 62f
Time propagation, 291
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Time-delay matrix, 187–189, 252
Time-dependent radial wavefunction, 175
Time-dependent partitioning technique,

88–91
Time-dependent Schrödinger equation

(TDSE), 2, 5, 13, 14
Time-dependent wave packets, scattering

states, 282–285
single-ionization scattering states, helium,

285–289
time-dependent wavefunction, 289

Time-dependent wavefunction, 284
Time-independent Schrödinger equation

(TISE), 2, 3, 17
Time-independent approaches, 282–283
Time-independent partitioning technique,

86–88
Time-reversal symmetry, 18
TISE, see Time-independent Schrödinger

equation
Titchmarsh–Weyl theory, 66

U
Uniform complex scaling, 249, 250
Uniform scaling, 249
Unstable states, 84

V
van der Waals (vdW) complexes, 130
Vibrational wavefunction, 27f
Vibrationally adiabatic model, 123–125
Vibrationally adiabatic theory, 123
Virial theorems, 56–58, 57f , 59t
Voigt fit analysis, 324

W
Wave packet, 9f

probability density of, 14f , 23f , 24f
properties of, 21

Wavefunctions for QBS, 168
Wave front, 13
Well-formed formulas (WFFs), 107
Weyl’s method, 71
Weyl’s theory, 39–43, 39f , 40f

and spectrum, 91–94
Weyl–Titchmarsh theory, 39
WFFs, see Well-formed formulas
Wigner’s threshold law, 180
Wigner–Eisenbud theory, 132, 133
Window function, 16

X
X-ray free electron lasers (XFELs), 311
XUV pulse, see Extreme ultraviolet pulse


